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The transverse coupling of chemical waves is investigated using a model scheme for excitable
media. Chemical waves supported on the surfaces of a semipermeable membrane couple

via diffusion through tlie membrane, resulting in new types of spatiotemporal behavior. The
model studies show that spontaneous wave sources may develop from interacting

planar waves, giving rise to a complex sequence of patterns accessible only by perturbation.
Coupled circular waves result in the spontaneous formation of spiral waves, which
subsequently develop patterns in distinct domains with characteristic features. The long time
entrainment behavior of coupled spiral waves reveals regions of 1:2 phase locking.

. INTRODUCTION

Solitary chemical waves propagate in one dimension
with a constant velocity and constant waveform deter-
mined by the properties of the medium.”™ In excitable
media supporting multiple waves, interactions between the
waves may result in intricate spatiotemporal patterns.>™
Spiral waves in 2-D and 3-D excitable media have been
scrutinized in many studies and much progress has been
made in unraveling the associated dynamical features.®!°
Recently, studies have been carried out on wave behavior
occurring on surfaces, such as on spherical beads'”!® and
membrane sheets.!” In this paper, we study the transverse
coupling of chemical waves in order to gain insights into
chemical wave activity on the surfaces of semipermeable
membranes.

We utilize a generic scheme for excitable media devel-
oped by Barkley and co-workersm“22 to investigate cross-
membrane coupling of chemical waves. The Barkley model
is modified to describe an experimental-system'? in which
Belousov—Zhabotinsky (BZ) chemical waves propagate on
the surfaces of a Nafion (perfluorosulfonic acid) mem-
brane loaded with ferroin catalyst. Because anions do not
penetrate the resin matrix and anionic bromate is an essen-
tial reactant of the BZ reaction, wave activity is restricted
to each surface of the membrane.!"*>** Diffusive transport
of neutral species from one side of the membrane to the
other results in coupling of the two chemical wave systems.
New types of spatiotemporal behavior develop in this con-
figuration including the spontaneous appearance of spiral
waves and various modes of entrainment.

Our adaptation of the Barkley model to describe the
membrane—chemical wave system is given in Sec. II. Cross-
membrane interactions of planar waves are analyzed in
Sec. ITI, and a mechanism for autonomous wave sources is

presented. Transverse coupling of circular waves giving
rise to spontaneous spiral waves is described in Sec. IV,

and the subsequent entrainment behavior of coupled spiral
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waves is examined in Sec. V. We conclude in Sec, VI with
a discussion of related work and implications of the study.

II. THE MODEL SYSTEM

We describe the Nafion-BZ system in terms of two
diffusively coupled, two-dimensional chemical wave sys-
tems. The model should account for the immobilized fer-
roin catalyst as well as the ability of the neutral autocata-
lyst bromous acid to serve as a messenger species by
diffusing through the membrane. We choose the Barkley
model’*#* because it mimics the fast-slow dynamics of the
Belousov—Zhabotinsky reaction, and it is computation-
ally efficient. The model relies on discrete Laplacian inter-
actions between grid points, with both time and space res-
olution smoothly variable. The scheme is written in terms
of fast { propagator) and slow {recovery) variables # and v:
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un=(v+ b)/a.

Parameters @ and b and the small parameter € determine
the local dynamics of the system. We allow diffusion of u
but no diffusion of v since the catalyst is immobilized. The
diffusion coefficient for  is set to unity by choosing an
appropriate 1ength scale,

The Barkley I‘ﬂouex is a good facsimile of the two-
variable Tyson—Fife’* model for the BZ reaction, with u
and v corresponding to bromous acid and ferriin. For the
homogeneous system without diffusion, the « nullcline is #
shaped and the v nullcline linear, as shown in Fig. 1. The
excitable stationary state of the system (at the nulleline
crossing) is defined as the origin of the phase plane. When
perturbed beyond the threshold u,(»), the middle branch
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FIG. 1. Phase plane representation of Barkley model. Nuliclines for the
homogeneous system defined by f(u,v) =g(%,v) =0 in Egs. (2) and limit
cycle trajectory for spiral wave of reaction—diffusion system defined by
Egs. {1). Parameters: a =0.55, b =001, §=10x10"% =002, At
= 0.02. Grid is 201 X201 and grid spacing is defined by A=L/(¥ — 1}
= 250/200.

of the u nullcline, the system moves rapidly toward the
right-hand branch (¥ =1) and then slowly upward. On
approaching the knee, the system moves rapidly toward
the other slow manifold (z ==0) and then slowly down-
ward toward the stationary state. The reaction—diffusion
system, Egs. (1), may also exhibit oscillatory behavior;
e.g., periodic oscillations in time and space occur in a me-
dium filled with spiral waves. The limit cycle trajectory in
Fig. 1 shows an example of the temporal behavior of Eqs.
(1), as a spiral wave passes through a single grid point.
The values of u and v are updated each iteration ac-
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up (0) =" + b)/a,

where «" and v" are the values after the nth time step Az
We choose an explicit Euler form for F to time step u
within the excitable region:

Fluuly) =u"+ (At/e)u(1 — u™) (1" — uy,). (4)

To enhance computational efficiency, a small boundary
layer, &, along the left-hand branch of the # nullcline is
defined. Within this boundary layer, the value of u is set to
Zero:

ut + 1 =0,

(3)
= (1 - Any"

Each surface of the membrane is described by a square
grid containing N? points in an L? area. The Laplacian
operator at grid point (i,f) is approximated by a nine-point
finite difference scheme:
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where h=L/{N — 1) is the grid spacing, and the value of
weighting factor A,, is unity for the four diagonal grid
points, four for the nearest neighbors, and zero for the
center point. The diffusion term is also time stepped by an
explicit Euler method. Thus, for every grid point in the
excitable region,

(rs=

n+1 A T2 .0
i —.t',_’,\u ’uth} + LIV Wi

and within the boundary layer,
ult = AV (8)

The Barklev model has heen used to investieate sniral

A XM uull\u.a_y FRELELS Lwd G £ 20 RN Lwiw) § R T ] MO ALVESLUIEALY Spii s

wave dynamics,?? demonstrating that transitions from sim-
ple, periodic rotations to compound, quas1penod1c rota-
tions occur via supercritical Hopf bifurcations. No entrain-
ment bands are exhibited within the quasiperiodic
osciilatory behavior, in agreement with carefui experlmen-
tal measurements of BZ spirals by Skinner and Swinney.?

For the Nafion-BZ system we write a two-dimensional
grid for side e, with variables #{a)and v(a), and another
for side B, with variables «(8) and v(3}. In order to de-
scribe the effects of transverse diffusion of & on u(a)” +1
Egs. (7) and (8) are modified by including the couplmg
term

u

—
S’

y(AR) [u(B))— u(a)j), (9)

where ¥ is the coupling constant, u(a) is the concentra-
tion after the #th time step, and (8 ) is the congcentration
at the opposite grid point on side 8. An analogous term is
added to describe the effects of transverse coupling on
u(BYj + 1, No-flux boundary conditions are applied for the
edges of each two-dimensional grid.

This model has been used to describe wave entrain-
ment behavior found in experimental studies of the
Nafion-BZ system.!® Spirals on the two sides of the mem-
brane evolve from uncoupled to fully entrained, with in-
termediate raylike domains and broken spirals much like
the behavior found in the experiments. We focus here on
the transverse coupling of planar and circular waves to
gain insights into the formation of self-sustaining wave
sources, and we extend our studies of spiral entrainment
behavior.

IIl. COUPLED PLANAR

~

WAVES

H R veas

The simplified behavior of effectively 1-D propagation
provides insights into the basic mechanism of transverse
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coupling; we therefore examine a restricted version of the
model corresponding to planar waves propagating in op-
posite directions on each side of the membrane. A coupled
double lattice of 2 X3 101 grid points is used to simulate
a narrow strip of membrane. Waves are initiated simulta-
neously every 190 iterations at each end of the strip, one
wave on side ¢ and one wave on side 5. The initiation
frequency was chosen to be close to that of the autonomous
spiral wave in the full grid. The waves are initiated by
discontinuously increasing the values of # and » in the
three points at each end of the grid to 0.9 and 0.1, respec-
tively, values far beyond the excitation threshold (cf. Fig.
1).

A plot of wave position as a function of time for a
system with no transverse coupling is shown in Fig. 2(a).
The open and closed circles show grid points on the a and
B sides, respectively, where the value of v is greater than
0.2; hence, the rise in the wave front as well as decay of the
wave back is indicated. We choose to follow v because
ferriin is the measurable component in the experimental
system; the choice of 0.2 as the cutoff, while arbitrary,
serves to distinguish between excited and excitable regions.
Figure 2(a) shows the asymptotic behavior of waves initi-
ated on the « side propagating downward and waves ini-
tiated on the 8 side propagating upward. At any time there
are either five or six waves on the o layer and the same
number on the 3 layer.

The effects of strong transverse coupling are shown in
Fig. 2(b), calculated with the same parameters and initial
conditions as Fig. 2(a) except with the coupling constant
y = 0.39. With strong coupling, waves initiated on one side
of the membrane almost immediately result in the initia-
tion of waves in the excitable medium on the other side.
Thus we see entrained waves on both sides of the mem-
brane emanating synchronously from each end, even
though initiation at each end occurs on only one side. The
double waves annihilate at the center of the grid, much like
colliding waves in thin films of solution.

At coupling strengths between these extremes, a com-
plex pattern of behavior emerges as the value of y is varied.
An example is shown in Fig. 3, calculated with the cou-
pling strength ¥ = 0.32. We see a wave emanating from an
initiation site (indicated by the upper arrow) on the ¢ side
undergoing seven crossings with waves on the 3 side and
then giving rise to a spontaneous wave initiation on the
side. An example of a wave source on the 8 side is indi-
cated by the lower arrow. The newly initiated 3 wave prop-
agates downward synchronously with the a wave; how-
ever, it also propagates upward, crossing seven waves on
the o side until it, too, gives rise to a spontaneous wave
initiation on the « side. An important feature of this pat-
tern is that it is self-sustaining, i.e., no external perturba-
tions are necessary for the ongoing initiation and propaga-
tion of the waves. The pattern in Fig. 3 was calculated
without any external perturbations for 8000 iterations.

An explanation of the self-replicating patterns is of-
fered in the schematic diagrams of Fig. 4. Diagrams (a)
and (b) show waves on each side of the membrane prop-
agating in opposite directions. Because the wave front on

(a)

DISTANCE

TIME

(b)

DISTANCE

FIG. 2. Planar waves propagating on double-layered rectangular 23
% 101 grid. Wave position defined by the value of v exceeding 0.2 shown
by open circles for o layer and filled circles for B layer. Waves on «a layer
initiated at top and waves on £ layer initiated at bottom every 190 itera-
tions. Time increments represent every fifth iteration of caleulation. (a)
Behavior after 4000 iterations in a system with no coupling between lay-
ers. (b) Behavior after 12 000 iterations in a system with the coupling
constant ¥ = 0.39, where coupling was switched on after 4000 iterations.
Parameters same as in Fig. 1 except grid spacing defined by hA=L/(N
— 1) = 65/100.

one side coincides with the refractory period of the wave
on the other side, the transverse coupling has little effect,
in uiagram \b}, uth‘:Vf:l, the orientation is such that the
front on one side aligns with the excitable region on the
other side, and a wave is spontaneously initiated in this
region. Spontaneous initiations occur symmetrically on

each side of the membrane, with waves propagating out-

‘ward from each source, as shown in diagram (d). The

outermost waves propagate synchronously with the parent
waves on the other side of the membrane; the inner waves
propagate toward each other, passing at the midpoint to
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DISTANCE

FIG. 3. Self-replicating pattern with intermediate coupling strength, ¥
= 0.32. Examples of wave sources on a and 3 layers indicated by upper
and lower arrows. Calculation carried out in a sequence of steps to assure
asymptotic behavior: perturbation induced waves for 4000 iterations as in
Fig. 2(a), coupling between layers switched on for 8000 iterations, per-
turbations switched off for 8000 iterations. Wave initiation and crossing
designation F(c¢) == 1{7)1. Parameters same as Fig. 2.

yield the configuration in diagram (a). Thus the pattern is
self-replicating, with each spontaneously initiated wave
giving rise to a spontaneous initiation on the other side of
the membrane. The pattern shown schematically in Fig. 4
can now be recognized in Fig. 3: Two waves are generated
at each wave source on the @ and 3 sides. One wave prop-
agates outward together with the parent wave; the other

yfopagatus mward, Cress;r\g with seven waves before serv-

ing as a parent of a new wave source. The patterns in Figs.
3 and 4 are the same except that there are seven wave
crossings in the former and only one in the latter. In fact,
the number of crossings varies with coupling strength and
this dependence gives rise to a complex array of patterns.

Many different patterns are exhibited in the coupled
planar wave configuration; it is therefore necessary to de-
vise an identification scheme in describing the behavior.
We shall use a scheme that simply identifies the number of
wave sources or initiation sites and the number of wave
crossings. Thus, in Fig. 3, the initiation-crossing number
I{c) = 1(7)1 since there are seven crossings between the
wave source and where the wave initiates another source
on the other side. Only self-sustaining patterns are identi-
fied; patterns that rely on external perturbations, e.g., those
in Fig. 2, are not included in the scheme.

Figure 5 shows the various f(¢) patterns exhibited as
the coupling parameter ¥ is varied. The most striking fea-
ture is that the self-sustaining patterns occur in an appar-
ent isola, i.e., they are accessible only by perturbing the
system from the homogencous steady state. The diagram
was determined by first calculating the perturbation-depen-
dent pattern in Fig. 2{(a). The calculation was carried out
until asymptotically stable behavior was exhibited at 4000
iterations; coupling was then switched on with y = 0.32.
Asymptotically stable behavior was obtained in the cou-

ACS, Voi. 1

Transverse coupling of chemical waves

{a)

(v)

FIG. 4. Schematic representation of a model for self-sustaining patterns
with coupled planar waves, Diagram (a) shows waves propagating i
opposite directions on layers « and 5. Wave fronts in diagrams {a) and
(b) coincide with refractory periods of companion waves; in diagram (c),
however, wave fronts are aligned with excitable regions and new waves
are initiated in these regions. Diagram (d) shows newly initiated waves:
One wave propagates outward synchronously with parent wave and the
other wave propagates inward. Inward propagating waves give rise to
configuration in diagram (a) and sequence repeats.

pled system after 12 000 iterations, at which time the per-
turbations were switched off. The self-sustained pattern is
much the same as the coupled pattern with perturbations,
as the waves initiated by the perturbations are annihilated
by those from the spontaneous sources near each end of the
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FIG. 5. Average wavelength as a function of coupling strength. Four
branches of patterns occur in isola. Pattern identification scheme ex-
plained in text.
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grid. In a long duration test of stability, the self-sustaining
1(7)1 pattern in Fig. 3 remained unchanged for 50 000
iterations.

Little change in the 1(7) 1 pattern occurs with increas-
ing ¥ until, at about 0.36, a qualitative change in behavior
is exhibited with the system returning to the homogeneous
steady state. Once in the steady state, the system remains
there indefinitely (in the absence of perturbations) regard-
less of variations in the coupling constant. Decreasing the
coupling constant from ¥ = 0.32 results in a more complex

“sequence of behavior for the 1{7)1 pattern. Little change
occurs until 42:0.128, where a transition to a new pattern
takes place. The new self-sustaining pattern differs from its
parent in that it has five crossings rather than seven; the

I(c) designation is therefore 1(5)1. On increasing ¥, the
new pattern undergoes a transition to the homogeneous
steady state at y=0.36; on decreasing ¥, a transition to
another pattern, 7{c) = 1(3)1, occurs at ¥=0.062. This
pattern similarly undergoes a transition at =0.36 to the
homogeneous steady state and ‘a transition at y=0.034 to
another pattern, I(¢) =1(1}1. This last pattern corre-
sponds to the schematic diagram in Fig. 4, with two wave
sources and one wave crossing. Increasing the value of y
again results in a transition to the homogeneous steady
state at y=20.36; however, now on decreasing the value of
7, a transition returns the system to the steady state rather
than to another pattern. All together, the patterns consti-
tute a four-level isola.

Two features of the transitions in Fig. 5 merit further
comment: First, although the transitions represent discon-
tinuous changes in qualitative behavior, the transient be-

-havior is often very long lived; second, due to long tran-
sients and the iterative nature of the calculations, the
transition points are only approximately determined. The
latter is especially important for the transitions at ¥ =0.36;
these transitions may all occur at the same value or there
may be an unresolved sequence similar to that at low cou-
pling strengths.

A secondary level of pattern formation is also exhib-
ited in Fig. 5. Each pattern undergoes qualitative changes
as the value of ¥ is increased until the transition to the
homogeneous steady state occurs. The exact values of y at
which these changes occur are difficult to determine be-
cause the transitions take place smoothly, with wave cross-
ings graduaily transformed into wave sources as the cou-
pling strength is increased. Figure 6 shows an example of
the changes in behavior. The pattern f{¢) = 1(3) 1, shown
in Fig. 6(a), is the result of the discontinuous transition
from pattern I{c) = 1(5)1 at low coupling strength (cf.
Fig. 5). On increasing the value of y, this pattern under-
goes a transformation to a pattern with three wave sources
separated by one crossing; hence, 7(¢) = 3{1)3, as shown
in Fig. 6(b). Further increasing y gives rise to eight
sources and no crossings, pattern I(¢) = 8 shown in Fig.
6(c), which is sustained until the transition to the homo-
gencous steady state at y¥:x0.36. The secondary patterns
fuily develep in every branch except the first, which par-
tially exhibits the transformation of crossings to sources,

(a)

DISTANCE

(b)

DISTANCE

(c)

DISTANCE

FIG. 6. Patterns of third branch of isola in Fig. 5. (a) Pattern I(¢)
= 1(3}1 at low coupling strength, ¥ = 0.06; (k) pattern f(c) = 3(1)3 at
intermediate coupling strength, ¥y =0.10; and (¢) pattern I{e) =8 at
high coupling strength, ¥ = 0.30. Values of parameters and computa-
tional method same as Fig. 2.
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but is apparently unable to develop all 16 sources that are
potentially possible.

A complex array of spatiotemporal patterns arises
from the transverse coupling of planar waves. We have
presented a description of the possibilities when the initial
perturbations are synchronous. The symmetry displayed in
Fig. 5 is particularly intriguing: /(c) numbers of 1{1)1,
1(3)1, 1(5)1, and 1{7)1 occur at low coupling strengths;
at high coupling strengths where each wave crossing is
converted into two wave sources, [(¢) numbers of 4, 8, 12,
and (potentially) 16 are exhibited. Calculations carried out
with out-of-phase perturbations show that a similar multi-
layered isola structure arises but with unsymmetrical pat-
terns. We have not systematically examined the effects of
grid length L, perturbation frequency, and excitation
threshold defined by parameters @ and b, all of which may
play a role in the overall behavior.

IV. COUPLED CIRCULAR WAVES

One of the most striking features of the Nafion-BZ
experiments is the spontaneous appearance of spiral waves.
Although some of the spirals appear to be the result of
imperfections of the experiment such as stirring induced
anisotropy, there is compelling evidence that some arise
from the transverse coupling of waves in target patterns
early in the course of the experiment. In this section, we
focus on spiral waves arising from cross-membrane cou-
pling.

Two experimental observations’® are of key impor-
tance in modeling the spontaneous spiral formation: (a)
farget patterns exhibited early in the experiment are re-
placed by counterrotating spirals appearing at wave cross-
ing sites, and (b) small differences in wavelength are ex-
hibited in spiral waves on each side of the membrane. The
latter is apparently due to small nonuniformities in stirring
efficiency; wavelength differences can also be deliberately
induced by separating two different reaction mixtures with
the membrane. Therefore, to simulate the experimental be-
havior, we utilize a coupled double lattice comprised of
2201201 grid points with differing kinetic parameters
in each layer. We choose to induce a relatively large dif-
ference by setting the parameter # in Eq. (2) to 0.010 and
0.0305 in the o and (8 layers, respectively. These values give
rise to spiral frequencies differing by about a factor of 2 in
the layers.

Initial conditions were chosen in an effort to mimic the
experiment, with a target pattern initiated in the 8 layer by
applying a perturbation (# = 0.9, v=0.1) in a 3 3 square
of grid peints every 500 iterations. The transverse coupling
is maintained constant (y =0.2) throughout the calcula-
tion. Figure 7(a) and (b) shows the resulting target pat-
tern and a cross section of the grid giving the concentration
profile of v after 1250 iterations. Due to the relatively
strong transverse coupling, a target pattern also develops
in the ¢ layer, almost completely synchronized with that in
the B layer.

As described in Sec. II, spontaneous wave sources may
develop when coupled waves propagating in opposite di-
rections interact. We therefore deliberately initiate a single
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F1G. 7. (a) Perturbation initiated target pattern on coupled double lattice
of 23201 %201 grid points after 1250 iterations. Wave position defined
by the value of v exceeding 0.3 shown by open circles for @ layer and filled
circles for B layer. Parameter & is 0.010 and 0.0305 on « and 3 layers,
respectively, and transverse coupling constant ¥ = 0.2. Other parameters
same as Fig. 1. Target pattern is initiated on S layer by applying pertur-
bation to 3X3 grid of points every 500 iterations. Second circular wave
initiated on & layer by applying perturbation to 33X 3 grid of points after
1150 iterations. (b) Cross section of grid {cut at j=99) showing con-
centration profile of v on the two layers.

wave on the o layer by applying a perturbation in a 3 X3
grid of points after 1150 iterations. This perturbation gives
rise to a circular wave on the ¢ layer, which can be seen in
Fig. 7(a) and which appears in the v concentration profile
in Fig. 7(b). The newly initiated wave propagates out ra-
dially on the o layer and, when it collides with another o
wave arising from the original source, annihilation occurs,
as shown in Fig. 8(a). The corresponding wave on the 8
layer is little affected, however.

The differing values of the parameter & in the o and 8
layers result in differing excitabilities and refractory peri-
ods in each layer: The threshold for excitation in the 8

GHAQOS, Vol. 1, No. 4, 1891 )
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(a)

(b}

{(c}

o

FIG. 8. (a) Collision of newly initiated wave on « layer with another & wave arising from original source after 1500 iterations. (b) Remaining 8 wave
gives rise to initiation of new wave on a layer after 1600 iterations. {c} New a wave evolves into counterrotating spirals after 1700 iterations.
(d) Behavior after 3900 iterations showing additional effects of transverse coupling: regions of entrainment, 1:2 phase locking, and stairstep regions

similar to those found in Nafion-BZ experiments.

layer is greater than that in the @ layer. This arrangement
leads to the initiation of a wave on the a layer by the £
wave remnant, shown in Fig. 8(b). The a wave fragment
evolves into counterrotating spirals, as shown in Fig. 8(c),
governed by the combined excitability and recovery prop-
erties of the two layers.

The general features of the newly initiated counterro-
tating spirals remain much the same for many iterations.
Figure 8(d) shows the behavior after 5900 iterations. The
spiral rotors are sufficiently close to each other that they
give rise to nearly circular waves to form a target pattern.

Aitinnnal A
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dent; for example, regions of entrainment occur where the
waves have a common directional component. We also see
stairstep regions similar to the patterns observed in the
Nafion-BZ experiments. In regions of entrainment, 1:2
phase locking is exhibited, reflecting the inherent differ-
ences of the layers. Figure 9 shows the counterrotating
spirals after 6150 iterations (top), enlarged and reoriented,

for comparison with spiral waves appearing at wave cross-
ings in the Nafion-BZ system (bottom).

Figure 10 shows the pattern after 24 750 iterations.
The counterrotating spirals have moved apart and are
more fully developed, much like the experimental patterns.
The drift of the spiral rotors is apparently due to the trans-
verse diffusion from the perturbation-generated target pat-
tern on the 3 layer. Partial entrainment in a 1:2 fashion
occurs where the waves have a common directional com-
ponent. In an experimental setting, the pacemaker of the
target pattern would likely be influenced and possibly an-

count by the calculations.

V. COUPLED SPIRAL WAVES

Following the appearance of spiral waves, the trans-
verse coupling gives rise to a complex sequence of transient
behavior, ultimately leading to some form of spatiotempo-
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ral entrainment. Previous modeling studies'® have shown
several factors to be of importance in the entrainment be-
havior: The coupling strength ¥ plays a critical role in the
duration and nature of the transient behavior and in the
final form of the entrainment; also important are the rota-
tional periods of the autonomous spirals on each side of the
membrane. The latter is dramatically illustrated in calcu-
lations with coupled spirals that have equal rotational pe-
riods; entrainment occurs but in broken waves with spatial
incoherence unlike that seen in experiment. Behavior like
that found in experiment is dependent on there being some
difference in the rotational periods of the coupled spirals.

Figure 11(a) shows uncoupled spirals with rotational
periods in an approximately 1:2 ratio (actnal ratio

VAEAT1Y whara tha highar framianay cmivnl o An tha v aida
LU L, WUCTC Uil HENCT LISy ULIivy spildil 15 U1r uic & siac

of the membrane. The stable uncoupled system (after 7000
iterations) was used as the initial conditions in subsequent
calculations of coupled waves. Figure 11(b) shows the be-
havior with coupling switched on (¥ = 0.4) for 300 itera-
tions. Although the ghost of the lower frequency spiral on
the S side is still discernible, the overall behavior is domi-
nated by the higher frequency spiral on the « side. Essen-
tially all of the B wave segments are entrained by the «

FIG. 9. Enlarged and reoriented counterrotating spirals in Fig. & after
6150 iterations (top). Spirals appearing at wave crossings in Nafion-BZ
system (bottom); see Ref. 19 for experimental details.
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FIG. 10. Behavior of counterrotating spirals in Fig. 8 after 24 750 itera-
tions.

spiral at this stage; however, there is a complicated se-
quence of patterns before the final asymptotic behavior is
exhibited at about 4000 iterations. Figure 11{c) shows an
example of the stable behavior after 24 000 iterations. We
see that wave activity near the spiral core occurs only on
the & side, a feature discussed in more detail below. We
also see 1:1 and 1:2 regions of entrained behavior. These
regions tend to drift over time; however, the overall qual-
itative features of the pattern remain the same. The first
segment of entrained B wave near the core results from a

spontaneous periodic initiation that grows while moving
outward: the overall pattern is dependent on the annear-

ward; the overall pattern is dependent on the appear
ance of this first segment.

An enlargement of the spiral core region at 12 000
iterations is shown in Fig, 12(a); the corresponding con-
centration profile of v on the 3 side is shown in Fig. 12(b).
The inability of the 8 wave to entrain near the core is of
special interest. As the coupling strength is decreased, this
region grows, eventually taking over the entire lattice of
the calculation. Although a larger grid might reveal the
presence of entrained B waves farther out from the core, it
is likely that there is a critical value of ¥ at which wave
activity on the [ side is completely suppressed. This behay-
jor is reminiscent of phase death®’ observed in coupled
CSTRs; however, because our grid size is limited, we are
unable to determine a critical coupling strength for the
behavior. The coupling strength plays another role in de-
termining the final stable behavior: As shown in our earlier
study,'® high values of ¥ tend to lock entrained waves into
broken segments, which do not give way to any particular
organizing center. Apparently, the spiral character of each
broken segment is determined by an average of the prop-
erties of the two layers, and therefore no spiral becomes
dominant. We have also found that regions of 1:2 behavior
interspersed in 1;1 behavior, as in Fig. 12, are exhibited
regardless of the autonomous spiral frequencies. Thus we
have been unable to find distinct regions of 1:3 behavior in
systems with spiral frequencies differing by a factor of 3.

to A Ié copyright, see http://ojps.aip.org/chaos/chocr.jsp
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FYG. 11. Spiral waves propagating on double-layered 22013201 grid.
(a) Uncoupled spirals on ¢ and B sides shown by open and filled circles
after 7000 ierations; wave position defined by the value of » exceeding
0.2. Period of autonomous spirals in & and 8 layers 246 and 471 iterations,
respectively. (b) Behavior after 300 iterations with ¥ = 0.4 showing re-
gions of partial entrainment. (c) Behavior after 24 000 iterations with
¥ = 0.4. Parameters same as Fig. 1.

Val. 1

{bl

l ol
flvn{“‘“\‘\‘\ l'|

l' r
a’? "‘"" "o'o‘ﬁ'ﬂ'ﬂ l‘\‘mﬂ i
ih ""Wom il

FIG. 12. (a) Enlarged region of Fig. 11 at 12 000 iterations with ¥ = 0.4.
(b) Concentration profile of v on 3 layer showing shadow of spiral core
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VI. CONCLUSION

Transverse coupling of chemic,
rich variety of reaction~diffusion behavmr, mcludmg spon-
taneous spiral formation and entrainment of one set of
waves by another. The self-sustaining patterns arising from
coupled planar waves represent a new type of autonomous
wave source, analogous to spiral and scroil waves in two-
and three-dimensional excitable media. The development
of counterrotating spirals from coupled circular waves pro-
vides insights into similar behavior found in Nafion—BZ
experiments and may represent a mechanism for the origin
of spiral wave activity in biological systems. The spiral
formation is reminiscent of Winfree’s’® spatially graded
stimulus experiment for initiating counterrotating spirals.
The subsequent interaction of spiral waves leading to var-
lOllQ fm‘mq nf‘ Pnfmmmpnt may prnvu"lp lpmnhfc intn Cross-

membrane communication in biological systems. It seems
plausible that calciom waves on the surfaces of newly fer-
tilized cells” might affect the calcium cycle® in the cell
interior via cross-membrane communication.

Our modeling of coupled chemical waves has focused
on developing insights into the Nafion-BZ system; how-
ever, this study is also relevant to other recent experimen-

Downloaded 22 Mar 2001 to 157.182.50.14. Redlsﬁlbu?bn subjec ?tg’ Alllgsaopyrlght see http://ojps.aip.org/chaos/chocr.jsp



444 Gaspér, Maselko, and Showalter: Transverse coupling of chemical waves

tal investigations. Zhabotinsky, Miiller, and Hess*' have
studied layers of chromatographic silica gel saturated with
BZ reagent. The inhibiting effect of oxygen on the reaction
gives rise to two weakly coupled chemical wave systems: a

highly excitable, oxygen poor lower layer and a less excit-
able. oxveen rich upper laver. The two lauprs are diffu-

able, oxygen rich er layer. The are
sively coupled and stairstep behavior much like that found
in the Nafion-BZ system is observed. Another study by
Linde and Engle,* based on a similar experimental config-
uration, examined spontaneous counterrotating spirals
arising from the interlayer coupling. Studies of coupled
wave systems might offer insights into the origin of certain
types of spiral wave activity in myocardium tissue.
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