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Experiments were carried out on synchronization and control of complex chaotic dynamics observed during
the dissolution of two and four coupled nickel electrodes in sulfuric acid under potentiostatic conditions. In

a given potential range the individually measured currents exhibit asynchronous chaotic oscillations. The
complexity (as measured by the correlation dimension) of the chaotic oscillations depends on the extent of
coupling among the electrodes. Thus, the effectiveness of a combined synchronization-delayed-feedback
procedure can be tested on systems with increasing complexity. We show that the asynchronous chaotic
oscillations can be converted to synchronized and simple, periodic current oscillations by a two-step procedure.
The chaotic current oscillations of coupled electrodes are first synchronized by perturbations of external resistors
that are connected individually to each electrode. Then, the desired periodic orbit is stabilized by perturbations
of the potential. We also observed that certain nonvanishing perturbations could lead to only partially
synchronized, so-called “clustered” chaotic states.

Introduction High-dimensional spatiotemporal chaotic systems are known

Control and synchronization of chaotic systems have beenin electrochemistry. For example, complex chaotic current
the subject of intense research during the past decade. Aoscillations during the anodic electrodissolution of an iron disk
comprehensive review on the topic can be found in a recently in sulfuric acid electrolyte have been observ@dlectrode
published special issue @haos! array$'-32 have been used to study spatiotemporal chaotic

Control of low-dimensional chaotic systems has been studied electrochemical processes. The array consists of a number of
both theoretically and experimentally. The goal is typically the small disks (free ends of wires embedded in an insulator). It
stabilization of unstable periodic orbits embedded in a chaotic can be regarded as a physically realistic implementation of
time signal. Several algorithms have been developed and testedcmL’s. The coupling between the sites is the result of the
in different experimental settings. For example, chaos in the complex physical (migration, diffusion) and chemical (dissolu-
Belousov-Zhabotinsky (BZj reaction was controlled by avery o 'film formation, gas evolution) processes. As the coupling
simple, proportional feedback _(Sljl%)lgorlthm. The Pyragas between the sites is mainly through the electrolyte, the array
meth_od was successfully "?‘pp"ed to _the BZnd an enzyme can be considered as a rough model of an electrode of the same
reaction® Simple and recursive proportional feedbaaiethods, -

size. Indeed, excellent agreement has been found between

adaptive learning algorithfhand the Pyragas method were o . 123
successfully applied to electrochemical systéms. Small, activation and passivation waves on arfdymnd a disk:

periodic modulation of a control parameter has been applied to It should be noted that coupling of electrochemical oscillators
stabilize periodic orbits in the chaotic BZ systé#in all these through external circuitry including resistors, capacitors, and
experiments, the chaotic systems were locked onto periodic limit inductors was investigated by Franck and Meunier some time
cycles. Recently, derivativéand time-dela¥* control methods ago?* They showed how phase locking of periodic oscillators

were successfully applied to stabilize the system on originally is produced by means of the coupling.

unstable steady states as well.

In spatiotemporal systems, however, interactions among the
sites have to be consider&t1® Control and synchronization
procedures have been employed in coupled map lattices i ) !
(CML's),17-19 coupled chaotic oscillatoR8:2! and partial dif- _contro_l of the chaotic dynamics using feedback method§. We
ferential equation& Some of these results have been recently Investigate four cases: two- and four-electrode arrays with no
reviewed?®25 Synchronization of two chaotic chemical systems and some added constant global coupling. Without feedback
has been carried out in numerical stud&38 Spatially extended ~ control, the dynamics become more complex as the number of
chemical systems were also synchronize#. elements is increased or, alternatively, as the extent of global

coupling is decreased. We thus investigate the effect of control

* Authors for correspondence. . - .

t University of Debrecen. on four base cases that have varying chaotic complexity and

* University of Virginia. spatial heterogeneity.

In recent publications we have investigated’ the spa-
tiotemporal chaotic behavior of globally coupled arrays of nickel
electrodes. In this paper, we now report on synchronization and
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ho™ I h

' external circuitry
I

electrode electrolyte

Figure 1. Equivalent circuit of the cell with two electrodes, where

is circuit potential,Cq is double-layer capacitanc® is collective
resistanceRng is individual resistancei, is total current,ix andigx

are the currents and the Faradaic currents of the electraded ( 2),
respectively. Perturbations to the circuit potential and to the individual
resistances are denoted 8y and bydr, respectively.

Experimental Section
The experimental details are given in an earlier sttfd4n

array of Ni electrodes is applied as the working electrode in a

J. Phys. Chem. B, Vol. 104, No. 31, 2000655

30,
25 .
200 |
15 |

ilmA

10}

0546 6 20 22 2¢ 26 28 30
tis

30,

25|

201

ilmA

15+

1.0¢

057 % 32 34 3% 35 40 42 4
tis
Figure 2. Chaotic time series of local currents for a two-electrode

setup. Solid line, electrode 1; dotted line, electrode 2. (a, Yop)
1.330 V,e = 0, Req = 2002, (b, bottom)V = 1.340 V,e = 0.2, Req

standard three-electrode cell. The circuit potential is held = 200@.

constant with respect to a Hg/bBOW/K,SO, reference electrode
by a potentiostat (model 273, EG&G Princeton Applied

complexity of the total current decreases while that of the

Research). The counter electrode is a Pt sheet. The electrolytendividual current goes through a maximum.

is 4.5 mol dnT3 H,SO, solution. The electrodes are connected

to the potentiostat through collective and individual resistors.

Small perturbations of the individual resistors (frequency 40
Hz, accuracyt1.17Q) and the circuit potential (frequency 200
Hz, accuracy+0.01 mV) are carried out, respectively, by a
computer-controlled resistor box (EF-499, Elektroflex, Hungary)
and an 8-bit D/A card. The local currents flowing through each

electrode were measured with zero-resistance ammeters. Controt
experiments were carried out with two or four electrodes in a

2 x 2 geometry.
Chaotic Behavior of Uncontrolled Coupled Electrodesin
previous studie®3” we investigated the effect of global

In the present work we consider two representative cases of
coupling in both two-electrode and four-electrode configurations:

(a) No added global couplin¢s = 0): maximal complexity
in the total current. There is no added coupling through
collective resistor. Without added global coupling the individual
chaotic elements oscillate almost independently. There is always
ome long-range coupling among the electrodes through the
electrolyte. The resistance of the electrolyte is smalI®hms)
which is much less than the resistance in the external circuit.
As we pointed out earlie¥ the coupling through the electrolyte
can be neglected in describing the dynamics.

coupling on the chaotic dynamics of interacting electrodes. The ~ (P) Added global coupling maximal complexity in t;f‘)e
coupling can be changed while holding all other parameters individual currents ¢ = 0.2 forn = 2 ande = 0.4 forn = 4).

constant. This is done through the use of collecti®Rgf and

In Figures 2 and 3 we show the effect of adding global

individual (Rng) resistors (Figure 1); the total external resistance coupling to the sets of two and four electrodes, respectively. In

(Riot) is held constant while the fraction dedicated to individual
currents, as opposed to the total current, is varied.

The resistance valug; that gives the total resistance of the
circuit is defined as follows:

Rt = Rean + %ﬂ (1)
wheren is the number of electrodes. As in our previous stéfdy,
we define an equivalent resistanBg, = NRqt, Which is held
constant Req = 200€2) asn is changed. Increasing the collective
resistance (while keeping both and Ry fixed) results in a
stronger global coupling. The extent of global coupling is then
given by the ratio

€= RcoII/Rtot (2)

The value ofe can be varied between 0 (no global coupling)
and 1 (maximum global coupling). The effect efon the
complexity of the individual and total currents was thoroughly
studied in a previous publicatich.The complexity of these

signals was characterized by the information dimension of the

Figure 2, time series data are presented for the two-electrode
set for no global coupling (a) and some added coupling (b).
Without coupling, the electrodes oscillate almost independently.
The added coupling brings the time series closer together. The
two signals are almost in phase but the amplitudes still vary
significantly. We use the correlation dimensidrto help
characterize the signals. The dimensions of the attractors
reconstructed from the total currents corresponding to Figure
2, aand b, are 3.5 and 2.8, respectively.

Some behavior on the four-electrode array without and with
some added global coupling is shown in Figure 3. Without added
coupling, Figure 3a, the elements oscillate almost independently.
The dimension of the attractor reconstructed from the total
current is large; the method used yields a value of 4.8 but we
note that estimates of such large values are approximate. With
added coupling, Figure 3b, the dimension calculated from the
total current is considerably lower (2.9).

We shall use the four types of behavior shown in Figures 2
and 3 as testbeds for the application of synchronization and
chaos control methods.

Synchronization and Control Procedures.We shall apply

chaotic attractors reconstructed from the corresponding time a two-step procedure for synchronization and control of the
series data. It was shown that by increasing the coupling the spatiotemporal system. We use as an observable variable the
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Figure 3. Grayscale plot of chaotic local currents of the four-electrode s&tup.1.320 V,Req = 200 Q. (a, left)e = 0, and (b, right)e = 0.4.

individual currenti(t) of each elemenk = 1, ...,n. The total TABLE 1: Procedures To Stabilize a Uniform Periodic
State for the Four Studied Systems of Different

current Complexitiest
) n procedures to stabilize the unstable P2 8rbit
Iort) = Z' W(t) ®) synchronizn synchronizn delayed feedback
k= n € D, fortargeting for control method
then characterizes the global dynamics of the system. 4 0 48 + + +
An experimentally accessible system paramatgr(the i 8 4 gg I J_r I
external resistor on each of the individual electrodes) is available , 55 5'g — _ +

that affects the local dynamics of the subsystem. Synchronization o _ ) _ )
of the subsystems can be achieved by simultaneously perturbing, " = no- of electrodese = global coupling.D, = correlation
eachry according to dimension? + required,— not required.

i, (1) coqstantC was foun_d by tri.al and error. The periadwas
or(t) = K(ik(t) - mrt1 ) ) estimated from the time series of the unperturbed systems.
. . ... Results

where K is a coupling constant. When synchronization is
successfulig(t) = iw(t)/n for all k, and the local perturbations The four test systems to which we apply synchronization and/
vanish. To avoid “explosion” of the dynamics, we set an upper Or “chaos” control, are summarized in Table 1. The systems
limit Ormaxto the perturbations such that@fri(t)| = Ormaxthen are listed in a decreasing order of complexityt < 4, € = 0),
only drmax is applied with the correct sign. (n=2€=0),nh=4€=04),and (= 2,e=0.2). The

Once the system is synchronized, a simple delayed-feedbackProcedures (in addition to the delayed feedback method) required
formulgt is applied to stabilize the desired unstable periodic to bring the systems onto synchronized periodic behavior varies
orbit of periodz by continuous perturbations (see eq 5) of a among the four cases.

global parametes (which in our work is the circuit potential): Synchronization of Chaotic Elements.We begin with a
discussion of procedures applied to the test systems with the
O0v(t) = Clig(t) — it — )] (5) goal of synchronization into a uniform chaotic state.

Figure 4 shows the synchronization of two noncoupkees(
whereC is the control constant. The perturbation(t) is also 0) chaotic electrodes. The synchronization procedure (using eq
limited t0 dvmax 4) was applied in the middle region, approximately between

The success of the two-step strategy greatly depends on= 26 andt = 77 s. Note that synchronization results in a small
properly choosing the values far K, C, andz. In the present increase in the amplitude of the chaotic total current (Figure
study, the algorithm was applied tb= 2 and 4 only because 4a), while the difference between the chaotic local currents
of the limitations in the experimental setup. We have extensively becomes negligible (Figure 4b). Synchronization requires
tested for the effectiveness of synchronization by varying the continuous perturbations of the individual resistance as that
value of coupling constari, while the best value of control ~ shown for one of the electrodes in Figure 4c. However, the
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Figure 4. Synchronization of two electrodes at= 0 (for the other

0 20

experimental conditions see Figure 2a). Synchronization was turned

on betweernt = 26.13 and 76.675 s (pericﬁ) with K= -80Q mA™

in eq 4 Prmax = 20 Q). (a, top) Time series of the total current, (b,
middle) difference between the individual currents, (c, bottom)
perturbations to the individual resistors connected to electrode 1.
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Figure 5. Extent of synchronizationpas a function of coupling
strengthK in the case of two electrodes. Solid curve= 0, dashed
curve: € = 0.2. Other data are as in Figure 2.
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perturbations are small, an order of magnitude less than therigure 6. Synchronization of four electrodeset= 0 (other conditions

individual resistors (20@) applied in the given circuit. When

are as in Figure 3). Synchronization was turned on betwee22.14

synchronization is turned off, the system becomes unsynchro-and 57.115 s (perio8) with K = —80 Q mA~ Yineq 4 Ormax= 20
nized again. The results shown in Figure 4 were obtained with Q). (a, top) Time series of the total current, (b, middle) grayscale plot

a value of the constaiit of —80 Q2 mA~1. The electrodes will
not synchronize ifK| < 80 Q mA~1

To quantify the extent of synchronization, we calculadg,
which is a measure of the size of the current distribution:

1 n
p(t) = Eg' (B — i®)/n] (6)

Note thatp(t) is identically zero for synchronized elements. We
then take an averag#t) for a timeT:

PO=2 /T o) ot (7)

of the individual currents, (c, bottom) synchronizing perturbations
applied to electrode 1.

Figure 5 shows the dependencégifon the value of coupling
constanK for two noncoupled electrodes € 0). The electrodes
become more and more synchronized as the strength of
perturbations is increased and synchronization is achievi€d at
= —-80Q mAL

Also shown in Figure 5 is a result obtained for the two-
electrode configuration with added global couplirg= 0.2);
without synchronization = 0 Q mA~1) the value of(pUis
significantly less than that obtained foer= 0. Fore = 0.2 the
value of[p[decreases with increasiiig| until synchronization
is obtained; this occurs wheld = —60 Q@ mA~1 ie, at a
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Figure 7. Extent of synchronizationip(as a function of coupling .
strengthK in the case of four electrodes. Solid curve= 0, dashed 175
curve: € = 0.4. Other conditions are as in Figure 3. "
: 104 153

slightly smaller absolute value of the constKrthan that needed ] = == _
whene = 0. e . 1 L

Similar experiments have been carried out with a four- 40 ' 3
electrode setup. Figure 6& shows synchronization of chaotic
oscillations of four noncoupled electrodes £ 0). Again, — _ . ]
synchronization results in an increase in the amplitude of the R —— — 11 fows
chaotic total current (Figure 6a). The synchronization, shown e ]
by a grayscale plot of the individual currents in Figure 6b,

10378

[0oal7

requires the continuous perturbations of the individual resistance 104 0352
values. Note in Figure 6c that the perturbations are a bit larger lo.17
than those applied earlier at the two-electrode setup. When : looo1
synchronization is turned off, the system becomes unsynchro- "'0 T . 3 N s

nized again (Figure 6b).

The [plversusK plot for the four-electrode setup is shown
in Figure 7. For noncoupled electrodes=€ 0) the curve is 10,
similar to that observed for two noncoupled electrodes. How-
ever, for coupled electrodegs & 0.4) a maximum has been
found atk = —40 Q mA~1. The grayscale plot of the individual
currents (Figure 8a) reveals that at this value of coupling
constant the electrodes form two groups (clusters) and the system
is only partially synchronized: electrodes 1, 2, and 4 oscillate
in the same phase, while electrode 3 is out-of-phase. Note in 010 20" 30 40 50 60 70
Figure 8b,c that, perhaps due to the partial synchronization, both tls
the total and local currents oscillate in a less chaotic fashion.

Electrode number

~N o ©
T
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(=2

w O

Controlling Chaos. Once the chaotic electrodes are syn- 301
chronized, the continuous delayed-feedback algorithm that was 25}
described above can be applied to stabilize the desired unstable <,
periodic orbit through perturbations of the applied potential. E~
Figure 9a,b shows control of period-2 current oscillations of S
two and four noncoupled electrodes, respectively. The space 1.0t
time plot of the four-electrode experiment is shown in Figure P
10. When control is turned off, the system returns to the ~ 0 10 20 30 40 50 60 70

synchronized chaotic state. After turning off the synchronization tis
as well, the original asynchronous chaotic behavior is recovered. Figure 8. Partial synchronization (cluster formation) in the four-
We have observed that if synchronization was turned off while €léctrode setup at= 0.4 (other data are as in Figure 3). The individual
control was still on, the chaotic behavior reappeared after few reS|stoIf are coitlnuously perturbed according (o eq 4 kith —40

S Lo . . . . Q mA™! (Ormax = 20 Q). (a, top) Grayscale plot of the individual
oscillations. This finding indicates that in these high-dimensional ¢rents, (b, middle) time series of total current, (c, bottom) time series
chaotic systems; > 3) both local and global perturbations of the current of electrode 1.
are necessary to achieve successful chaos control.

On the other hand, in the case of four coupled electrodes ( complex states (Figure 9a), the simple delayed-feedback
= 0.4, D, = 2.9), which constitutes a less complex chaotic applied to the circuit potential is enough to produce a successful
system, the periodic oscillations remained stable even if control.
synchronization was turned off while control was on (Figure  The results of the control experiments are summarized in
9c). However, without a preceding synchronization session, Table 1. For the two most complex systems=t 0), both
chaos control could not be achieved. Therefore, in this case,synchronization and the delayed-feedback methods were re-
synchronization acts as a targeting procedure, and when thequired for successful stabilization of the periodic orbit. For an
system is in the neighborhood of the periodic orbit the delayed intermediate casa( 4, ¢ = 0.4) synchronization was required
feedback algorithm stabilizes the periodic oscillations. only in the introductory phase of the control procedure: it was

In the case of the two coupled electrodes € 0.2), not needed in maintaining successful control. In the case of the
synchronization was not necessary to stabilize the uniform simplest systemn(= 2, ¢ = 0.2), the delayed-feedback method
periodic oscillations (Figure 9d). In contrast to the other, more alone was capable of stabilizing the unstable periodic orbit.
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Figure 10. Grayscale plot of the individual currents of the four-
electrode system with = 0 (other experimental conditions are given
in Figure 9a). The individual resistors are perturbed during the period
of length S, while the circuit potential is perturbed during the period
of lengthC.

Concluding Remarks

In spatially extended systems, when coupling is not strong
enough to synchronize the local elements, pattern formation can
be observed. Experimental control of spatiotemporal chaos is
not well established. In the present study, we aimed at a task
that is intermediate between an attempt to control fully
spatiotemporal chaos and controlling only a single chaotic signal;
viz., we investigate the control of coupled low-dimensional
chaotic oscillators. Although the global dynamics were high-
dimensional, the system could be divided into relatively small
number of low-dimensional chaotic subsystems.

The high-dimensional chaotic electrodissolution of Ni elec-
trodes was controlled using properly chosen external feed-
backs: the perturbation of the resistors connected to the
electrodes and of the circuit potential. The external global
coupling of the elements through the perturbation of the
individual resistors resulted in a synchronized state. In addition

Figure 9. Time series of the total current (left axis) and perturbations 0 the synchronized chaotic state, partially synchronized patterns

of the circuit potential (right axis) during stabilization of period-2

(clusters) were also observed using nonvanishing perturbations.

oscillations. The individual resistors are perturbed according to eq 4 Uniform periodic behaviors were then stabilized from the

during a period of lengttg, while the circuit potential is perturbed
according to eq 5 during a period of lendgfhas shown in the figures.
(a) Four electrodes = 0, (other data are as in Figure 3a). During
sessionS. K = —100Q mA~! anddrmax = 20 Q. During sessiorcC:

7 = 152 s,C = 0.00956 V mA?, and dvmax = 10 mV. (b) Two
electrodese = 0 (other data are as in Figure 2a). During ses§oi

= —80Q2 mA~! anddrmax= 20 Q. During sessiorC: 7 = 1.567 sC
=0.0191 V mAL, anddvmax= 10 mV. (c). Four electrodes.= 0.4,
(other data are as in Figure 3b). During sessioik = —60 Q mA ™1,
and drmax = 20 Q. During sessiorC: 7 = 1.57 s,C = 0.009 56 V
MA~1, anddvmax =5 mV. Two electrodess = 0.2, (other data are as
in Flgure 2b). During sessiofE K = 0 Q mA™ anddrmax = 20 Q.
During sessiorC: 7 = 1.61 s C = 0.0191 V mA™, anddvmax = 5
mV.

synchronized chaotic system using an additional control pa-
rameter (circuit potential).

In high-dimensional chaotic systems the probability of visiting
the neighborhood of an unstable periodic orbit might be very
small. Thus, for practical applications some target procedures
may be desired so as to reduce the chaotic transient time. In
some of our experiments synchronization was found to be an
efficient targeting procedure.

We have applied a combination of low-dimensional tech-
niques to control a high-dimensional chaotic process. By a low-
dimensional technique we mean that the embedding dimension
for data processing was less than 3. Synchronization did not
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require embedding at all, while for control the embedding  (11) Pam;ananda, P.; Madrigal, R.; Rivera, M.; Nyikos, L.; Kiss, I. Z.;
; i : : i i Gaspa, V. Phys. Re. E 1999 59, 5266.

dlmenSIOn was only two. .The _pnce f_or using low-dimensional (12) Guderian, A.; Master, A. F.; Schneider, F. W. Phys. Chem. A

techniques to control a high-dimensional process was to use ajggg 102, 5059.

large number of control signals. Forsubsystems (electrodes) (13) Parmananda, P.; Rhode, M. A.; Johnson, G. A.; Rollins, R. W.;

we appliedn + 1 signals. Using a high-dimensional control Dewald, H. D.; Markworth, APhys. Re. E 1994 49, 5007.

technique could reduce the number of signals; however, thatSpﬁiln‘gef“éaeﬂfﬁo’lg\gfhem'ca' Oscillations, Wees and Turbulence

Would. require a Iarger embgdding dimension (resulting in " (15) Kaneko, K.Physica D1989 37, 60.

complicated calculations). Using larger number of subsystems

(16) Cross, M. C.; Hohenberg, P. Re. Mod. Phys.1993 65, 851.
and fewer parameters for controlling high-dimensional chaotic ~ (17) Hu, G.; Qu, ZPhys. Re. Lett. 1994 72, 68.

processes in experiments provides a challenging task for futuregg

studies.
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