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Preface

Modern undergraduate courses in physics invariably include a good deal of
material on basic atomic physics, including discussions of atomic structure, the
optical and X-ray spectra of atoms, the interaction of atoms with electric and
magnetic fields, the theory of simple molecules and some atomic scattering
theory. As a rule, part of this material is given in a course on quantum
mechanics, and some separately. Correspondingly, most books on quantum
mechanics deal with some of these topics, usually in a rather sketchy fashion,
while texts on ‘Atomic Spectra’, ‘Collision Theory’ and the like, deal with
individual topics at considerably greater length than the undergraduate re-
quires.

The aim of this book is to present a unified account of the physics of atoms
and molecules, from a modern viewpoint, in adequate detail, but keeping within
the undergraduate framework. It is based on courses given by the authors at the
Universities of Durham, Glasgow, California (Berkeley), Brussels and Louvain-
la-Neuve, and is suitable for study at second or third year level of an
undergraduate course following some study of elementary quantum theory.

Following a brief historical introduction in Chapter 1, Chapter 2 contains an
outline of the ideas and approximation methods of quantum mechanics, which
are used later in the book. This is in no sense intended as a substitute for a
proper study of quantum mechanics, but serves to establish notation and as a
convenient summary of results. In Chapters 3 to 8, the structure of atoms and
the interaction of atoms with radiation are discussed, followed in Chapters 9 and
10 by an account of the structure and spectra of molecules. Selected topics
dealing with the scattering of electrons by atoms, and of atoms by atoms, are
given in Chapters 11 to 13 while in the final chapter, a few of the many
important applications of atomic physics are considered. Various special topics
and derivations are given in the appendices together with useful tables of units.
For a full understanding, the reader should work through the problems given at
the end of the chapters. Hints at the solutions of selected problems are given at
the end of the book.

We wish to thank our colleagues and students for numerous helpful
discussions and suggestions. It is also a pleasure to thank Mme E. Péan and
Mrs M. Raine for their patient and careful typing of the manuscript.

B. H. Bransden, Durham
C. J. Joachain, Brussels
July 1980
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I Electrons, photons and atoms

The physics of atoms and molecules which constitutes the subject matter of this
book rests on a long history of discoveries, both experimental and theoretical. A
complete account of the historical development of atomic and molecular physics
lies far outside the scope of this volume. Nevertheless, it is important to
recognise the key steps which have occurred in this evolution. In the present
chapter we shall briefly describe the major experiments and discuss the basic
theoretical concepts which are at the root of modern atomic and molecular

physics.

1.1 THE ATOMIC NATURE OF MATTER

The first recorded speculations as to whether matter is continuous, or is
composed of discrete particles, were made by the Greek philosophers. In
particular, following ideas of Anaxagoras (500-428 Bc) and Empedocles (484
424 BC), Leucippus (circa 450 Bc) and his pupil Democritus (460-370 nc)
argued that the universe consists of empty space and of indivisible particles, the
atoms [1], differing from each other in form, position and arrangement. The
atomic hypothesis, however, was rejected by Aristotle (384-322 Bc) who
strongly supported the concept of the continuity of matter.

In modern times, the question was re-opened following the experimental
discovery of the gas laws by R. Boyle in 1662, and the interpretation of these
laws in terms of a kinetic model by D. Bernoulli in 1738. The kinetic theory of
gases developed throughout the nineteenth century, notably by R. Clausius,
J. C. Maxwell and L. Boltzmann, was able to explain the physical propertics
of gases by assuming that:

1. A gas consists of a large number of particles called molecules which make
elastic collisions with each other and with the walls of the container.

2. The molecules of a particular substance are all identical and are small
compared with the distances that separate them.

{1] The (#iéck word ‘atomos’ (atom) means ‘indivisible’.
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3. The temperature of a gas is proportional to the average kinetic energy of the
molecules.

In parallel with the development of the kinetic theory, the laws of chemical
combination were being discovered, which again could be interpreted by
making hypotheses about the atomic nature of matter. In 1801, J. L. Proust
formulated the law of definite proportions which states that when chemical
elements combine to form a given compound, the proportion by weight of each
clement is always the same. This was followed in 1807 by J. Dalton’s law of
multiple proportions, according to which when two elements combine in
different ways, to form different compounds, then for a fixed weight of one
clement, the weights of the other element are in the ratio of small integers.
These laws were explained by Dalton in 1808, who made the hypothesis that the
elements are composed of discrete atoms. For a given element these atoms are
all identical and each atom has the same weight. Compounds are formed when
atoms of different elements combine in a simple ratio.

Also in 1808, J. L. Gay-Lussac discovered that when two gases combine to
form a third, the volumes are in the ratio of simple integers. This result was
explained by A. Avogadro in 1811. He was the first to make a clear distinction
between atoms, the discrete particles of the elements, and molecules, which are
the discrete particles of compounds, composed of two or more atoms bound
together. Avogadro was able to show that the Gay-Lussac law is satisfied if equal
volumes of different gases, at the same pressure and temperature, contain equal
numbers of molecules.

It is interesting that the atomic explanation of chemistry was not fully
accepted until late in the nineteenth century [2], largely because chemists
tended to ignore the compelling evidence from kinetic theory [3]. In addition to
the properties of gases, the kinetic theory was able to explain other phenomena,
for example the random motion of small particles suspended in a fluid. This
motion, discovered by R. Brown in 1827, is due to the collisions of the
molecules of the fluid with the suspended particles.

From the chemical laws the relative weights of atoms can be established.
Originally, Dalton proposed a scale in which hydrogen was given, by definition,
the atomic weight 1. Later, this was superseded by a scale in which naturally
occurring oxygen was assigned the atomic weight 16. On this scale, known as
the chemical scale, atomic hydrogen has the atomic weight 1.008.

A mole is defined as a quantity of a substance weighing u grams, where p is
the atomic (or molecular) weight of that substance. Avogadro’s number N 4 is the
number of atoms (or molecules) in one mole of any substance. The first estimate
of N was made by J. Loschmidt in 1865. In fact, N can be found in several
ways, one of the most interesting being from observations of Brownian motion.

[2] The nineteenth-century controversies are described in an interesting book by Knight (1967),
while a collection of original papers covering the early history of the atomic theory, translated
into English, has been given by Borse and Motz (1966).

{3] An account of the kinetic theory and its applications can be found in the text by Morse (1966).
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1.2 The slactron

The number deduced in this way in 1907 by J. Perrin, who performed
experiments on the motion of suspended particles, was close to the best modern

value of
Nj = 6.022 x 102 mole™! [1.1]

1.2 THE ELECTRON

The first experimental evidence that electric charge was not infinitely divisible,
but existed in discrete units, was obtained by M. Faraday, who discovered the
laws of electrolysis-in 1833. In his experiments Faraday passed a current through
conducting (electrolytic) solutions of chemical compounds. He found that the
mass M of a substance (for example, hydrogen, oxygen or metals) liberated at an
electrode during a certain time interval was proportional to the quantity of
electricity, Q, passed through the solution during that time. He also found that
a given quantity of electricity always liberated the same mass of a given
substance, and that this mass was proportional to the equivalent weight of the
substance, where the equivalent weight is defined as the atomic (or molecular)
weight u divided by the valency v. Faraday’s laws.of electrolysis can be
summarised by the formula:

b lle)

M = % [1.2)

where F is a constant called Faraday’s constant. Its value in SI units is given by:
F = 9.64846 x 10* coulombs/mole [1.3]

Thus, since M = u grams for one mole, we see from [1.2] and [1.3] that it takes
96484.6 C (sometimes called one Faraday) to liberate for example 1.008 g of
hydrogen, 107.9 g of silver, 23 g of sodium, 35.5 g of chlorine (which are all
monovalent), 8 g of oxygen (having a valency of 2) and so on.

Faraday interpreted his results by assuming that a given amount of electricity
is carried by each atom (or group of atoms) during electrolysis. The charged
atoms (or groups of atoms) he called ions. In electrolysis, the electric current is
the result of the motion of the ions through the solution, the positively charged
ions (or cations) moving towards the cathode and the negatively charged ions (or
anions) moving towards the anode. At the electrodes, the ions are converted to
neutral atoms (or radicals) which are liberated or which give rise to secondary
reactions.

Faraday’s results implied the existence of an elementary unit of electricity,
some types of ion carrying one unit, others two units and so on. Indeed, as
H. Helmholtz emphasised in 1881 during a speech in honour of Faraday: ‘If we
assume the existence of atoms of chemical elements, we cannot escape from
drawing the further inference that electricity also, positive as well as negative, is
divided into definite elementary charges that behave like atoms of electricity’.
However, at the time of Faraday’s experiments the idea, that electrical charge

3
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existed in discrete units, did not seem to agree with the evidence from other
electrical phenomena, such as metallic conduction, and both Faraday and
Maxwell were reluctant to accept it. In fact, the hypothesis that there is a
‘natural unit of electricity’ was only put forward by C. I. Stoney in 1874, who
proposed that this unit should be taken to be the quantity of electricity which
must pass through an electrolytic solution in order to liberate one atom of a
monovalent substance. Since one Faraday (96484.6 C) liberates one mole of a
monovalent substance and because one mole contains N, atoms, where Ny is
Avagadro’s number, the ‘natural unit of electricity’, e, is given by

e= Ll [1.4]

Na

Stoney suggested the word ‘electron’ for this unit, and he obtained for ¢ an
approximate value of 107%° C, using the rough estimates of N, that were
available from kinetic theory. In 1880, Helmholtz pointed out that it is
apparently impossible to obtain electricity in smaller amounts than e. The first
direct measurements of this smallest possible charge were initiated by
J. ]. Thomson and carried out by his student J. S. Townsend in 1897, and the
first accurate value was found in the famous oil-drop experiment of R. M.
Millikan in 1909, to which we shall return below.

Cathode rays and Thomson’s measurement of e/m

When electrodes are placed in a gas at normal atmospheric pressure no current
passes and the gas acts as an insulator until the electric field is increased to above
3 or 4 MV/m when sparking takes place. In contrast, at low pressures, a steady
current can be maintained in a gas. At pressures of about 1 mm of mercury, the
discharge is accompanied by the emission of light, but at still lower pressures a
dark region forms near the cathode. The dark region, called the Crookes dark
space, increases in size as the pressure falls, filling the discharge tube at
pressures of 103 mm and below. If, under these low pressure conditions, a
small hole is made in the anode (see Fig. 1.1), a green glow is observed on the
glass wall of the discharge tube.

The causative agents of this phenomenon were termed ‘cathode rays’. The
properties of these rays were studied in the latter part of the nineteenth century

Cathode Anode

Green glow

1.1 Low-pressure discharge tube. Cathode rays passing through a hole in the anode cause a green
glow on the glass wall of the tube.

4




1.2 The eloctron

by W. Crookes and P. Lenard, who showed that the rays travelled in straight
lines, cast ‘shadows’ and also carried sufficient momentum to set in motion a
light paddle wheel. In 1895, J. Perrin demonstrated that the rays carried
negative charge by collecting the charge on an electrometer. At that time very
differing views were expressed as to the nature of the cathode rays, but
J. J. Thomson set out the hypothesis that the rays consisted of a stream of
particles each of mass m and charge —e, originating in the cathode of the
discharge tube. Since the earlier investigations showed that the properties of the
cathode rays were independent of the material of the cathode and of the gas in
the tube, the particles could be assumed to be constituents of all matter.
In Thomson’s experiments the deflection of the cathode rays by static electric
and magnetic fields was investigated, which allowed the determination of the
‘specific charge’, the ratio e/m, of the constituent particles. The cathode rays
were passed between parallel plates, a distance D apart, to which a potential
difference V could be applied, as in Fig. 1.2. The cathode rays emerging from
the region of the electric field were detected on a screen S, and the deflection
measured as a function of V. Neglecting end effects, the electric field strength €
between the plates can be taken to be uniform and equal to V/D, and in this
field the charged particle experiences a constant acceleration of magnitude ¢%/m
in the Y direction (see Fig. 1.2). If the initial velocity of a particle is , the time
taken to traverse the region between the plates, of length x;, is #; = x;/v. The
subsequent time to reach the screen, placed at distance x, from the plates, i8

L, = XZ/'Z).

S
Y4
' T
A P ¥,
= ’ Vi l .
= P B ——— 0 X

A—"—— Direction of axes

1.2 Schematic diagram of Thomson’s apparatus to measure ¢/m. A stream of cathode rays, passing
through a small hole in the anode A of a discharge tube, is deflected by being passed between the
plates of a condenser P to which a potential is applied.
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After the time ¢;, the deflection in the Y direction is

2\ [x1\?
= %<£;f;),% = %<fm—) (%) [1.5]

On leaving the region between the plates, the component of the particle
velocity in the Y direction is

@

from which the total deflection in reaching the screen is

e €x
2=t = —”;;2—1 Gx + x2) (1.7]

Thus, a measurement of the deflection y, provides a value of the combination
(e/mv?), if €, x; and x, are known.

To determine e/m, an independent measurement is required from which v
can be found. By placing the apparatus within a Helmholtz coil, Thomson could
apply a constant magnetic field %, directed in the Z direction, at right angles
both to the electric field and to the undeflected path of the cathode rays. The
magnetic force on the charged particles is of magnitude e and is perpendicu-
lar to the particle trajectory, being initially in the Y direction. If both electric
and magnetic fields are applied simultaneously, the net force on the particles
vanishes provided € and % are adjusted so that

evB = &6 [1.8]

Two experiments can now be performed. In the first, the values of B and €
are measured for which the cathode rays are undeflected and this provides the
value of v, since from [1.8] we have v = €/%. In the second, the magnetic field
is switched off and the deflection due to the electric field alone is measured [4].
Knowing o, the specific charge e/m can be calculated from [1.7].

Thomson found a value for the specific charge somewhat smaller than
the modern value of 1.76 x 10'' C/kg. The specific charge for the lightest
known positive ion (the hydrogen ion) is smaller by a factor of approximately
1840, so either the cathode ray particles are much lighter or they carry a very
large charge. Thomson assumed that the charge on a cathode ray particle was
equal in magnitude (but opposite in sign) to that on the hydrogen ion, so that
each particle was lighter than a hydrogen ion by a factor of about 1840. Particles
with this property are now called electrons, thus changing the original meaning
of the word electron which was applied by Stoney to the magnitude e of the
charge carried by a hydrogen ion or a cathode ray particle.

[4] If the electric field is switched off the cathode rays move along an arc of a circle of radius R,
where (mv?/R) = ev®. From this the deflection by a magnetic field extending over a region of
length x, can be calculated.




1.2 The slaciron

Millikan and the charge of the electron

Following his determination of an accurate value for the charge to mass ratio
of the electron, J. J. Thomson, together with his student J. S. Townsend,
attempted to measure the electronic charge itself. The method employed was to
produce clouds of charged water droplets and to estimate the number of
droplets in a cloud from a knowledge of its total mass and the rate at which the
cloud settles. The total charge of the cloud could be measured with an
electrometer and hence the charge on each drop estimated. In an extension of
the method due to H. A. Wilson, the charge on the cloud was measured by
applying an electric field in the opposite direction to gravity, and adjusting the
strength of the field until the cloud ceased to settle, but remained suspended at
rest. Both these methods failed to provide accurate results because of the
evaporation of the droplets during the experiment. However, a brilliant
modification of Wilson’s method, by R. A. Millikan in 1909, gave the first
accurate value for the magnitude, ¢, of the electronic charge.

In Millikan’s experiments very small oil droplets a few microns in diameter
were formed by spraying mechanically from a nozzle. The droplets became
charged by friction as they were formed. They also acquired charges from the
surrounding air, which could be ionised by passing X-rays through the
apparatus. Some droplets were allowed to fall through a small hole into a region
between two parallel plates of a condenser to which an electrostatic potential V
could be applied. The motion of the drops was viewed by a microscope with
a micrometer eyepiece, and the velocity of fall was measured. The whole
apparatus, a schematic diagram of which is shown in Fig. 1.3, was enclosed in a
thermostat to avoid convection currents of the air between the condenser plates,
which were 22 cm in diameter and separated by about 15 mm.

If the condenser is uncharged (V = 0), a droplet of effective mass M falls
under gravity, reaching a terminal velocity »; when the gravitational force Mg 15
balanced by the viscous drag of the air. According to Stokes’s law this occurs

.- From spray

Window— N / /[____ I

N T
15 mm vV -5000V

\
——I»

Microscope « - 22cm

Container .
1.3 Millikan’s experiment for the determination of the charge of the electron.
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when
Mg = 6mnro, ' [1.9]
where 7 is the coefficient of viscosity of air and r the radius of the drop. The

mass of the drop is 4773po /3 where pg is the density of the oil, and allowing for
the buoyancy of the air the effective mass is

M = $7r¥(po — pa) (1.10]

where pa is the density of the air.

The potential V (of the order of 5 kV) can now be applied. If it is sufficiently
large and in the correct direction, the drop will move upwards until a new
terminal velocity v, is reached. If D is the distance between the plates and ¢ is
the charge on the drop

1%
15~ Mg = 6mmro, [1.11]

Thus, from [1.9] and [1.11], the charge on the drop is
D
q= 677nr<7) (1 + v2) [1.12]

which can be determined by measuring v; , v; and (D/V), since the radius of the
drop is given by [1.9] and [1.10], provided 7, po and pa are known.

The same drop could be observed for a period of some hours, during which
time the charge ¢ varied because positive or negative ions were acquired from
the surrounding air. From many thousands of observations, Millikan found that
as ¢ altered, it always changed in integral units of a basic charge and in general
the magnitude of ¢ was given by

lgf = 1.59 7 x 107 C [1.13]

where n was an integer usually between 3 and 30. Thus the basic charge, which
he identified with the magnitude of the electronic charge e, was found to have
the value 1.59 x 107! C. Later measurements in which better values of the

viscosity n were used gave an improved value,
e=1.60 x 107 C [1.14]

Combining these results with the modern value of ¢/m, a value for the mass of
the electron is obtained,

m=9.11x 1073 kg {1.15]

which is approximately 1840 times lighter than a hydrogen ion, as postulated by
Thomson.

8




1.3 Black body radiation

1.3 BLACK BODY RADIATION

During the later part of the nineteenth century, and in the early years of this
century, evidence accumulated that the classical physics, represented by
Newton’s laws of motion and Maxwell’s electromagnetic equations, is in-
adequate to describe atomic phenomena. The first clues to a new physics, based
on the quantisation of energy, came from a study of the properties of radiation
from hot bodies. It is a matter of common experience that a hot body radiates
electromagnetic energy in the form of heat. In fact, at any temperature, a body
emits radiation of all wavelengths, but the distribution in wavelength, the
spectral distribution, depends on temperature. At low temperature, most of
the energy is in the form of low frequency infra-red radiation, but as the
temperature increases more energy is radiated at higher frequencies, until by
~500°C radiation of visible light is observed. At still higher temperatures, such
as that of an incandescent lamp filament the spectral distribution has shifted
sufficiently to the higher frequencies for the body to be white hot. Not only the
spectral distribution changes with temperature, but the total energy radiated
also changes, increasing as a body becomes hotter.

In 1879, J. Stefan showed that the power emitted per unit area, R, from a
body at the absolute temperature T (K), called the total emittance, could be
represented by the empirical law

R = eoT* [1.16]

where e is called the emissivity with ¢ < 1. The emissivity varies with the nature
of the surface, but the constant ¢, known as Stefan’s constant, is independent of
the nature of the radiating surface and is given by

c=567x10¥Wm?K* [1.17]

When radiation falls on a body some is reflected and some is absorbed. For
example, dark bodies absorb most of the radiation falling on them, while light
coloured bodies reflect most of it. The absorptivity, a, of a surface is defined as
the fraction of the energy of the radiation falling on unit area which is absorbed,
and a black body is defined as a body with a surface having an absorptivity equal
to unity, that is a body which absorbs all the radiant energy falling upon it.

If a body is in thermal equilibrium with its surroundings, and therefore is at
constant temperature, it must emit and absorb the same amount of radiant
energy per unit time, for otherwise its temperature would rise or fall. The
radiation emitted or absorbed under these circumstances is called thermal
radiation. By considering the thermal equilibrium between objects made of
different substances G. R. Kirchhoff in 1859 proved, using the laws of thermo-
dynamics, that the absorptivity of a surface is equal to its emissivity, e = a,
independently of its temperature, and that this holds for radiation of each
particular wavelength. Kirchhoff’s law thus shows that the emissivity of a black
body is unity and that a black body is the most efficient radiator of electro-
magnetic energy. In 1884, L. Boltzmann derived the relation [1.16] from

9



Electrons, photons and atoms 1.3

thermodynamics for the case of a black body (¢ = 1). It is now known as the
Stefan-Boltzmann law. It follows, from the Stefan—Boltzmann law, that the
energy radiated by a black body depends only on the temperature. The spectral
distribution of this radiation is of a universal nature and is of particular interest.

A perfect black body is an idealisation, but it can be very closely realised in
the following way. Consider a cavity kept at a constant temperature of which the
interior walls are blackened. A small hole made in the wall of such a cavity
behaves like a black body, because any radiation falling on the hole from outside
will pass through it and after multiple reflections will eventually be absorbed by
the interior surfaces and the opening has an effective absorptivity of unity. Since
the cavity is in thermal equilibrium, the radiation within it and the radiation
from the small opening are characteristic of the thermal radiation from a black
body. This radiation was studied experimentally as a function of the tempera-
ture of the enclosure, and the spectral distribution at each temperature was
measured by O. Lummer and E. Pringsheim in 1899.

The power emitted per unit area, from a black body, at wavelengths between
Aand A + dA is denoted by R(A) dA, so that the total power emitted per unit

area is

(]

R = jm R(A) dA [1.18]

and by the Stefan—Boltzmann law R = o T*. The observed spectral distribution
function R(A) is shown plotted against A, for a number of different tempera-
tures in Fig. 1.4. We see that, for fixed A, R(A) increases with increasing T. At
each temperature, there is a wavelength A .y, for which R(A) has its maximum
value. Using general thermodynamical arguments it had been predicted in 1893
by W. Wien that A, would vary inversely with T and this was confirmed by
the later experiments. The relation

AmaxI = b [1.19]

is known as Wien’s displacement law, and the constant b has the value
b = 2.898 x 107> mK.

The spectral distribution function R(A), for the power emitted, is related by a
geometrical factor to the spectral distribution function p(A) for the energy
density within the cavity. In fact, if p(A) dA is defined as the energy density of
the radiation with wavelengths between A and A + dA, it can be shown {5] that
p(A) = 4R(A)/¢c, consequently measurements of R(A) determine the spectral
distribution of the energy density within the cavity. It is also interesting to
consider the energy density as a function of the frequency v = ¢/A, in which
case a distribution function p(v) is defined so that

dA 2
p(») = pN) |1 = A p(M)/¢ [1.20]

[5] The details of the calculation are given in the book by Richtmyer, Kennard and Cooper (1969).
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1.4 Spectral distribution of radiation from a black body at different temperatures.

Again, using very general thermodynamical arguments, Wien was able to show
in 1893 that ()) had to be of the form

p(A) = A f(AT) [1.21)

where f(AT) was some function, which could only be determined by going
beyond thermodynamical reasoning to a more detailed theoretical model. After
some attempts by Wien, Lord Rayleigh and J. Jeans derived a distribution
function p(A) (and hence f(AT)) in the following way.

The number of standing electromagnetic waves (modes) per unit volume
within a cavity, with wavelengths within the interval A to A + dA, is given by
87 dA/A* (Problem 1.2). This number is independent of the size and shape of a
sufficiently large cavity. The energy density can then be written as

p(A) = — € (1.22]

11
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or alternatively as

87’

() = —5 ¢ [1.23]

where £ is the average energy in the mode with wavelength A. Rayleigh and
Jeans then suggested that each standing wave of radiation could be considered to
be due to an assemblage of a large number of oscillating electric dipoles of
frequency v = ¢/A. The energy, &, of each oscillator can take any value,
0 < ¢ < =, independently of the frequency v, but since the system is in thermal
equilibrium, the average energy & can be obtained by weighting each value of e
with the Boltzmann factor exp(—¢/kT), where k is Boltzmann’s constant.
Setting B8 = 1/kT, we have

J ge” Pede
- 0
E=
e Pede
0

d o
- - - Be - 1.24
l:logL e ds} k1 [ ]

Inserting this value of £ into [1.22] or [1.23] gives the Rayleigh—Jeans
distribution law

8
p(A) = A—“ (T) [1.25]

from which, using [1.21], we see that f(AT) = 8wk(AT).

In the limit of long wavelengths the Rayleigh—Jeans result [1.25] approaches
the experimental results, as shown in Fig. 1.5. ‘However, as can be seen from
the figure, p(A) does not show the observed maximum, and diverges as A — 0.
This behaviour at short wavelengths is known as the ‘ultra-violet catastrophe’,
and as a consequence the total energy per unit volume

Pror = Jw p(A) dA [1.26]
0

is seen to be infinite.

Planck’s quantum theory

No solution to these difficulties can be found using classical physics. However,
in December 1900, M. Planck presented a new form of the black body radiation
spectral distribution, based on a revolutionary hypothesis. He postulated that
the energy of an oscillator of a given frequency v cannot take arbitrary values
between zero and infinity, but can only take on the discrete values ney, where n
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- 1.5 The Rayleigh-Jeans and Planck distributions at 1646 K. The dots represent the experimental
- points of Lummer and Pringsheim.

is a positive integer or zero, and &, is a finite amount, or quantum, of energy,
which may depend on the frequency. In this case the average energy of an
assemblage of oscillators, each of frequency v, in thermal equilibrium is given
by

£ = ":Ox = ———|log 2 e PAre
- Bne dB n=0
2 e fme
n=0
d 1 &
= -—aﬁ [log<—l . B )} = o 1 [1.27]
Substituting this value of £ in [1.22], we find
87 Eo
p(A) = 7 AT — (1.28]

In order to satisfy Wien’s law {1.21], £, must be taken to be proportional to the
frequency »:

£ = hv (1.29]

where h is a fundamental physical constant, called Planck’s constant. Planck’s

13
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distribution law then can be written as

87he 1

p(A) = 5 oRART _ | [11-30]
so that f(AT) = 8whc[exp(hc/ART) — 1171, In terms of frequency,
8mhv? 1
p(v) = 3 VAT ] [1.31]

By expanding the denominator in [1.30], it is easy to show that at long
wavelengths p(A) — 8#&T/A* in agreement with the Rayleigh-Jeans formula
[1.25]. On the other hand, for short wavelengths, the presence of the exponen-
tial in the denominator of [1.30] ensures that p(A) — 0 as A — 0. The value of A
for which the Planck distribution [1.30] is a maximum can also be evaluated
(Problem 1.3) and it is found that

he

= .32
4.965 k [1.32]

/\maxT =

where b is Wien’s displacement constant.
In Planck’s theory, the total energy density is ﬁmte and we find from [1.30]
and [1.26] (see Problem 1.4) that

Prot = aT* [1.33]
where
87> k*
a= —1? W [1.34]

Since p,o; is related to the emittance R by p,,, = 4R/c, where R is given by the
Stefan—Boltzmann law [1.16], with ¢ = 1, we see that Stefan’s constant o is
given by
27 k*
7= 15 PR [1.35]
Equations [1.32] and [1.35] relate o and b to the three fundamental physical
constants ¢, k and k. In 1901, the velocity of light, ¢, was known accurately and
the experimental values of b and o were also known. Using this data, Planck
calculated both the values of % and %, which he found to be
h=655%10"*]s and £ = 1.346 x 1072 J K~'. Not only was this the
first calculation of Planck’s constant, but it was, at that time, the most accurate
value of Boltzmann’s constant available. The modern values of % and & are given
by (Appendix 11)

h=6.62618 x 107> s

1.36
k= 1.38066 x 1073 J K! [1.36].

14




1.4 The photoelacivic effect

Using his values of 4 and k&, Planck obtained very good agreement with the
experimental data for p(A) over the entire range of wavelengths (sec Fig. 1.5).

The idea of quantisation of energy, in which the energy of a system can only
take certain discrete values, was totally at variance with classical physics, and
Planck’s theory was not accepted readily. However it was not long before the
quantum concept was used to explain other phenomena. Indeed in 1905,
A. Einstein was able to interpret the photoelectric effect by introducing the idea
of photons, or light quanta, and in 1907 he used the Planck formula for the
average energy of an oscillator [1.27] to derive the law of Dulong and Petit
concerning the specific heat of solids. Subsequently N. Bohr, in 1913, was able
to invoke the idea of quantisation of atomic energy levels to explain the existence
of line spectra.

1.4 THE PHOTOELECTRIC EFFECT

In the course of experiments investigating the properties of electromagnetic
waves, H. Hertz discovered in 1887 that ultra-violet light falling on metallic
electrodes facilitates the passage of a spark. Further work by W. Hallwachs,
M. Stoletov, P. Lenard and others showed that charged particles are ejected
" from metal surfaces irradiated by high frequency electromagnetic waves. This
phenomenon is called the photoeleciric effect. In 1900, Lenard measured the
charge to mass ratio of the charged particles in experiments similar to those of
J. J. Thomson, and in this way he was able to identify the particles as electrons.

In his experiments to establish the mechanism of the photoelectric effect,
Lenard used the apparatus shown in schematic form in Fig. 1.6. Electrons
liberated by light striking a cathode C could pass through a small hole in an
anode A and be detected by an electrometer connected to a collecting plate .
The anode current was studied as a function of the voltage difference V between
anode and cathode. The variation of the photoelectric current with V is shown
in Fig. 1.7. As V is increased, so that the electrons are attracted towards the
anode, the current increases until it saturates when V is of the order of 20 V. If

1% s Evacuated tube

—0 o—
/ »

C To electrometer
la

_ Quartz window

Ultra-violet light from a spark

1.6 Lenard’s apparatus for investigating the photoelectric effect.
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1.7 The variation of the photoelectric current with voltage, for different intensities of light,
A<B<C.

V is decreased, and then reversed, so that the cathode is positive with respect to
the anode, there is a definite voltage V, at which the current ceases and the
emission of electrons from the cathode stops. From this result it follows that the
electrons are emitted with velocities up to a maximum 9.,,, and the stopping
voltage V is just enough to repel an electron with kinetic energy dmoZ ., giving

eVo = tmoi,. [1.37]
The most important features of the experimental data are the following:

1. There is a minimum, or threshold frequency v, of the radiation, below which
no emission of electrons takes place, no matter what the intensity of the
incident radiation, or for how long it falls on the surface.

2. Electrons emerge with a range of velocities from zero up to a maximum a4
and the maximum kinetic energy, mvZ.,y, is found to depend linearly on the
frequency of the radiation and to be independent of its intensity.

3. For incident radiation of a given frequency, the number of electrons emitted
per unit time is proportional to the intensity of the radiation.

4. Electron emission takes place immediately the light shines on the surface,
with no detectable time delay.

According to classical, pre-quantum, physics it would be natural to suppose
that the maximum kinetic energy of the emitted electrons would increase with
the energy density (or intensity) of the incident radiation, independently of
the frequency. In fact, this is not in accord with what is observed. Another
important aspect of classical theory is that the incident energy is spread
uniformly over the illuminated surface. To eject an electron from an atom, this
energy would have to be concentrated over an area of atomic dimensions, and to
achieve such a concentration would require a certain time delay. Experiments
can be arranged for which the predicted time delay is minutes, or even hours,
and yet no detectable time delay is actually observed.

In 1905, Einstein offered an explanation for these seemingly strange aspects of
the photoelectric effect, based on an extension of Planck’s idea of the quantisa-
tion of black body radiation. In Planck’s theory, the oscillators representing the
source of the electromagnetic field could only vibrate with energies given by

16




14 The photoslectric effect

E = nhv. In contrast, Einstein supposed that the electromagnetic field itself was
quantised and that light consists of corpuscles, called light quanta or photons and
that each photon travels with the velocity of light ¢ and carries a quantum of
energy of magnitude

E = hv = he/A [1.38]

The photons are sufficiently localised, so that the whole quantum of energy can
be absorbed by a single atom at one time. When a photon falls on a metallic
surface, its entire energy kv is used to eject an electron from an atom. Because
of the interaction of the ejected electron with other atoms it requires a certain
minimum energy to escape from the surface. The minimum energy required to
escape depends on the metal and is called the work function W. It follows that the
maximum Kkinetic energy of a photoelectron is given by

Imvi=hv— W [1.39]
This relation is called Einstein’s equation. The threshold frequency , is
determined by the work function since in this case ¥max = 0, from which

hv, = W [1.40]

The number of electrons emerging from the metal surface per unit time is
proportional to the number of photons striking the surface per unit time, but
the intensity of the radiation is also proportional to the number of photons
falling on a certain area per unit time, since each photon carries a fixed energy
hv. It follows that the photoelectric current is proportional to the intensity of the
radiation and that all the experimental observations are explained by Einstein’s
theory.

A series of very accurate measurements carried out between 1914 and 1916 by
Millikan provided further confirmation of Einstein’s theory. Combining [1.37]
with [1.39], we see that the stopping voltage satisfies

EVO =hy—-W [141J

Millikan measured, for a given surface, V, as a function of », and showed that
his results fell on a straight line (see Fig. 1.8) of slope #/e. Knowing e, Millikan
obtained the value 6.56 x 1073* J s for k, which agreed well with Planck’s
results. It is interesting that Millikan was able to use visible, rather than
ultra-violet light for this experiment by using surfaces of lithium, sodium and
potassium which have small values of the work function W.

Although the photoelectric effect provides compelling evidence for a cor-
puscular theory of light, it must not be forgotten that the existence of diffraction
and interference phenomena demonstrate that light also exhibits a wave
behaviour. The particle and the wave aspects of light are contained within
modern quantum electrodynamics, which is capable of predicting both types of
phenomena.

17




Electrons, photons and atoms L5

Vi(V)

L

0 I | ] L ! L 1 >
30 50 70 90 1o v

Ve Frequency (10°Hz)

1.8 Millikan’s results (dots) for the stopping potential V, as a function of frequency v.

Photons and the electromagnetic spectrum

The electromagnetic spectrum extends from radio waves with low frequencies
up to gamma rays of high frequency (see Fig. 1.9). At each particular
frequency, the radiation consists of photons, each of energy E = hv = hc/A. In
Fig. 1.9 we show the photon energy corresponding to each part of the spectrum.
The energies are given in electron volts (eV), which is a particularly convenient
unit to use in atomic and nuclear physics. It is defined to be the energy acquired
by an electron passing through a potential difference of one volt. Since the
electronic charge has the absolute value e = 1.602 X 10~ C, we have that

1eV = 1.602 x 107*° Coulomb-Volts
1.602 x 107 J [1.42]

1.5 X-RAYS AND THE COMPTON EFFECT

The corpuscular nature of electromagnetic radiation was exhibited in a spec-
tacular way in a quite different experiment performed in 1923 by A. H.
Compton, in which a beam of X-rays was scattered through a block of material.
X-rays had been discovered by W. K. Rontgen in 1895 and were known to be
electromagnetic radiation of high frequency (see Fig. 1.9). The scattering of
X-rays by various substances was first studied by C. G. Barkla in 1909, who
interpreted his results with the help of J. J. Thomson’s classical theory,
developed around 1900. According to this theory, the oscillating electric field of
the radiation acts on the electrons contained in the atoms of the target material.
This interaction forces the atoric electrons to vibrate with the same frequency
as the incident radiation. The oscillating electrons, in turn, radiate electro-
magnetic waves of the same frequency. The net effect is that the incident
radiation is scattered with no change in wavelength and this is called Thomson

scattering.
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1.9 The electromagnetic spectrum.

In general, Barkla found that the scattered intensity predicted by Thomson’s
theory agreed well with his experimental data. However, he found that some of
his results were anomalous, particularly in the region of ‘hard’ X-rays, which
correspond to shorter waveléngths. At the time of Barkla’s work, it was not
possible to measure the wavelengths of X-rays and a further advance could not
be made until M. von Laue in 1912, and later W. L. Bragg had shown that the
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1.10 Schematic diagram of Compton’s apparatus.

wavelengths could be determined by studying the diffraction of X-rays by
crystals. The experiment of Compton, which we shall now describe, was only
possible because a precise determination of wavelength could be made using a
crystal spectrometer.

The experimental arrangement used by Compton is sketched in Fig. 1.10. He
irradiated a graphite target with a nearly monochromatic beam of X-rays, of
wavelength Ao. He then measured the intensity of the scattered radiation as a
function of wavelength. His results, illustrated in Fig. 1.11, showed that although
part of the scattered radiation had the same wavelength Ao as the incident
radiation, there was also a second component of wavelength A;, where A; > Ap.
This phenomenon, called the Compton effect, could not be explained by the
classical Thomson model. The shift in wavelength between the incident and
scattered radiation, the Compton shift AA = Ay — A, was found to vary with the
angle of scattering (see Fig. 1.11) and to be proportional to sin(6/2) where 8 is
the angle between the incident and scattered beams. Further investigation
showed AA to be independent of both Ay and of the material used as the
scatterer, and that the value of the constant of proportionality was
0.048 x 107 m. I

To interpret these results, Compton suggested that the modified line at
wavelength A; could be attributed to scattering of the X-ray photons by loosely
bound electrons in the atoms of the target. In fact, such electrons can be treated
as free since their binding energies of a few electron volts are small compared
with the energy of an X-ray photon and this explains why the results are
independent of the nature of the material used for the target.

Let us then consider the scattering of an X-ray photon by a free electron,
which can be taken to be at rest initially. Since the energies involved in the
collision may be large, we need to use relativisitic kinematics and we shall first
outline the results required [6]. The total energy of a particle having a rest mass
m and a velocity v is given by

"lC2

E=—i
J1 — 2%/

[1.43]

[6] A good account of the theory of special relativity is given in the text of Taylor and Wheeler
(1966).
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1.11 Compton’s data for the scattering of X-rays by graphite.

The kinetic energy T of the particle is defined as the difference between E and
the rest mass energy mc2, so that

T =E - mc? [1.44]
The corresponding momentum of the particle is

mv

1 — 9%/c?

p= [1.45]

and from [1.43] and [1.45] we see that the energy and momentum are related by
E? = m%* + p?c? . [1.46)]

Since the velocity of a photon is ¢ and its energy E = hv = hc/A is finite, we
see from [1.43] that we must take the mass of a photon to be zero, in which case
we observe from [1.46], that the magnitude of its momentum is

p=E/c=h/A (1.47]

et us now consider the situation depicted in Fig. 1.12, where a photon of
energy Ey = he/Ay and momentum py(py = Eo/c) collides with an electron
initially at rest. After the collision, the photon has an energy E; = hc/A, and a
momentum p,(p; = E,/c) in a direction making an angle 6 with the direction
of incidence, while the electron recoils with a momentum p, making an angle ¢

Pi

Scattered photon

Incident photon 9

——ANNNN
Po ¢

Recoiling electron

P:

1.12 A photon of momentum p, collides with a stationary electron e, and is scattered with
momentum p,, while the electron recoils with momentum p,.
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with the incident direction. Conservation of momentum yields
Po=pP1+ P2 [1.48]

from which
p3 = p5 + pi — 2pop1 cos 6 [1.49]

Conservation of energy then gives
1
Eo + mc? = E, + (mPc* + pic?)* [1.50]
and defining the kinetic energy of the electron after the collision as T, we have

1
T, = (m*c* + p3cH? — mc?

=Eo — E; = c(po — p1) [1.51]
From [1.51] we have that
93 = (po = P12+ 2mclpo — p1) [152]
and combining [1.52] with [1.49] we find that
me(po — p1) = popr(l — cos ) = 2pop1sin*(6/2) [1.53]
Since Ag = &/po and A, = k/p, this can be written in the form e
AXA = A — Ag = 2A.sin” (6/2) [1.54]
where the constant A, is given by
A = L [1.55]
me

and is called the Compton wavelength of the electron. Equation [1.54] is known
as the Compton equation. The calculated value of (2A.) is 0.048 52 x 1071% m,
and this agrees very well with the experimental data.

The existence of the unmodified component of the scattered radiation, which
has the same wavelength Ao as the incident radiation, can be explained by
assuming that it results from scattering by electrons so tightly bound that the
entire atom recoils. In this case, the mass to be used in [1.55] is M, the mass of
the entire atom, and since M > m, the Compton shift AA is negligible. For the
same reason, there is no Compton shift for light in the visible region, because
the photon energy in this case is not large compared with the binding energy of
even the loosely bound electrons. In contrast, for very energetic y-rays only the
shifted line is observed, since the photon energies are large compared with the
binding energies of even the tightly bound electrons.

The recoil electrons predicted by Compton’s theory were observed in 1923 by
W. Bothe and also by C. T. R. Wilson. A little later, in 1925, W. Bothe and
H. Geiger demonstrated that the scattered photon and the recoiling electron
appear simultaneously. Finally, in 1927 A. A. Bless measured the energy of the
ejected electrons, which he found to be in agreement with the prediction of

Compton’s theory.
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1.6 THE NUCLEAR ATOM

By the early years of this century, the atomic nature of matter had been well
established. It was known that atoms contained electrons and that an electron
was much lighter than even the lightest atom. It had also been shown that
electrons could be removed from atoms of a given species, producing positively
charged ions, but that only a finite number of electrons could be obtained from
each atom. This number is characteristic of the atoms of each element and is
called the atomic number Z. In the normal state an atom is electrically neutral so
that it must contain positive charge of an amount Ze, where —e is the charge on
the electron, and the mass of an atom must be associated with this positive

charge.

Atomic sizes

Information about atomic sizes can be found from simple arguments about the
nature of solids. Let us assume that in a solid the atoms are packed as closely as
possible. If the diameter of each atom is D, then a length L of material contains
L/D atoms, and a volume L> contains (L/D)? atoms. Now the number of atoms

" in one mole of substance is equal to Avagadro’s number N 5, given by [1.1]. If

the density in kg/m? is p, one mole will occupy a volume of (103 /p) m? where
i is the atomic weight. It follows that a unit volume contains (10p/u) 6 x 1033
atoms. This is to be equated with 1/D?, with the result

1/3
= LL_. —26
D {6[) 10 ] [1.56]

In Table 1.1 some values of D obtained from this formula are shown for a
number of elements. It is seen that all the atoms concerned have diameters of
about 2 x 1071% m, and this can be taken to be representative of atomic sizes,
which do not vary greatly from element to element.

Table 1.1 Atomic sizes

Element Atomic weight 1 p(in kg/m?) D(in m)

Lithium 6.94 0.53 x 10° 28 x 10 '
Carbon (diamond) 12.00 3.5 x 10° 1.8 x 10 ™
Tron 55.8 7.9 x 10° 23x 10 '
Silver 107.9 10.5 x 10° 2.6 X 10 '
Gold 197.0 19.3 x 10° 26 x10 '
I.ead 207.2 11.35 x 10° 31x10 "

The experiments of Geiger, Marsden and Rutherford

The question now arises as to how the mass and positive charge are distributed
within the atom. The answer was provided by a series of experiments by
H. Geiger, E. Marsden and E. Rutherford, carried out between 1906 and
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1913, on the scattering of a particles by metallic foils of various thicknesses.
Alpha particles are emitted by many radioactive substances, for example
uranium. By measuring the deflection of a particles by electric and magnetic
fields, Rutherford found that & particles had a charge to mass ratio ¢/M (that
is, a specific charge) which was the same as that of the doubly ionised helium
atom. Spectroscopic measurements subsequently confirmed that « particles
were fully ionised helium atoms, with a mass about four times that of a hydro-
gen atom and a positive charge equal to +2e. The kinetic energies of the « par-
ticles employed in the experiments were several million electron volts (MeV).

A schematic diagram of the experiments of Geiger and Marsden is shown in
Fig. 1.13. The o particles emitted from a source are collimated and then
scattered from thin metallic foils, for example gold foils of thickness ~107% m.
Alpha particles produce scintillations in zinc sulphide and can be detected by
observing a screen, coated with this substance, with a microscope. Most of the &
particles are deflected through very small angles (<1°), but some are deflected
through large angles; about 1 in 8000 being deflected through angles greater
than 90°. The measurements established that:

1. For a fixed angle of scattering and fixed energy, the number of particles
scattered within an element of solid angle d{) is proportional to the thickness
of the foil, except at very small angles of scattering (<1°).

2. At a fixed angle and for a given foil, the number of particles scattered within
an element of solid angle df) is inversely proportional to E 2 where E is the
kinetic energy of the « particles.

3. For a given energy and a given foil, the number of particles scattered within
an element of solid angle d(} is proportional to (sin 6/ 2)"*, where 6 is the
angle of scattering.

4. At a fixed energy and for a foil of given thickness, the number of particles
scattered within an element of solid angle dQ} in a given direction is
proportional to Z2, where Z is the atomic number of the atoms in the foil.

C, C, F D
d , U 6

S o
7

1.13 The scattering experiments of Geiger and Marsden. S represents a radioactive source emitting
a particles, which are collimated by slits C; and C, . The « particles fall on to a fixed foil F and those
particles scattered through an angle 6 are detected at D on a screen coated with a scintillating
material. The apparatus is enclosed in an evacuated chamber to avoid scattering of the a particles by

the air.
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To understand what is meant by scattering in a certain direction, within as
. element of solid angle d(} we refer to Fig. 1.14. Consider a particle travelling
along the Z axis and being deflected along the direction OD after a collision with
| an atom situated at O. The direction OD is defined by the angle of scattering @
! between OD and the Z axis and by the azimuthal angle ¢, which is the angle
| between OX and the projection of OD on the XY plane. The element of solid
} angle d{) subtended at O by a small area of the detecting screen, placed at D at
right angles to OD is given by dQ) = sin 6§ d6 d¢.

The number of atoms, n, encountered by a beam of particles of unit
g cross-sectional area, traversing a thin foil is proportional to the thickness of the
foil. Since the intensity of scattering in a given direction is found to be
: proportional to the thickness of the foil, and hence to n, it can be inferred that
§ each particle makes at most one collision with an atom within the foil. If
multiple scattering occurred then the number of particles deflected through a
certain angle would increase much more rapidly with n. The incident flux N is
§ defined as the number of particles crossing a unit area normal to the direction of
I the beam, per unit time. The number of « particles scattered within an element
i of solid angle d(} in the direction (6, ¢) (see Fig. 1.14) will be denoted by dN',
) and this quantity is proportional both to n d{) and to the flux N. Thus

i dN' = <—d£)Nn a0 [1.57)

L

dQ)

The constant of proportionality (do/d(}) is called the differential cross-section and
' determines the intensity of scattering from a single isolated atom. Clearly the
] cross-section is characteristic of the particular type of atom and it is a function

[t
i 4 X

Nve

i

y “f“ Y

! 1.14 The geometry of scattering. The detector D subtends an element of solid angle d(} at the
i scattering centre O. The polar coordinates of OD are (8, ¢). The incident beam is directed along the
I Z axis so that 6 and ¢ are the scattering angles.
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both of the energy of the incident particles and of the scattering angles. The
experiments of Geiger and Marsden have axial symmetry about the direction of
incidence (the Z axis), so in this case do/d() depends on 6 only and not on the
azimuthal angle ¢.

In explaining the experimental data, we can neglect the influence of the
electrons within the atom and assume that the scattering is due to the positive
charge alone. This is because the « particles are about 8000 times as heavy as an
electron and the kinematics of a collision with an electron will allow a maximum
deflection of much less than 0.1° (see Problem 1.10). It can also be shown that if
the positive charge is spread uniformly throughout the atom, as in a model
proposed by J. J. Thomson, there would be no appreciable scattering at large
angles, and even at 1° the number of scattered « particles would be negligible.
The data can be fully explained by a model proposed in 1911 by Rutherford,
who suggested that all the positive charge and almost all the mass of an atom is
concentrated at the centre of the atom in a nucleus of very small dimensions. By treating
the nucleus as a point charge, Rutherford obtained the differential scattering
cross-section of a beam of a particles of charge 2e by the Coulomb force of a
nucleus of charge (Ze). It is given in the centre of mass (CM) system by (see
Appendices 1 and 2)

sl

a0

47reg

do 2Z¢2\? 1 1
4p%0* sin* 9/2

Here v is the initial relative velocity of the « particle and the nucleus and u is the
reduced mass u = M, My/(M, + My) where M, and My are the masses of the
« particle and of the nucleus, respectively. The Geiger and Marsden experi-
ments were performed for heavy targets, in which case the CM and laboratory
system nearly coincide. Since E ~ %, the formula [1.58] completely explains
each of the experimental findings 2, 3 and 4.

The nucleus

The nucleus, although small compared with the atom, is finite in size. This can
be demonstrated by the departure of the cross-section from the Rutherford
scattering formula, at a given angle of scattering, when the energy of the
incident « particle is raised to make the distance of closest approach comparable
to the nuclear radius. For a head-on collision at zero impact parameter, the
distance of closest approach r is given by (see Appendix 1)

1 272\ 1
—2-,u,1)2=< e)— [1.59]

4’7780 To

Departures from Rutherford scattering occur when ry becomes less than
~10"'* m and this distance is characteristic of nuclear sizes. The structure of
the nucleus is the subject of the text by Burcham (1979), where it is shown that
nuclei are composed of protons, of positive charge e and neutrons which are
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uncharged. Both protons and neutrons have approximately the same mass
(which is about 1840 times as large as the mass of the electron), and are referred
to collectively as nucleons. The chemical properties of an atom are determined by
the charge of the nucleus, Ze, where Z is the atomic number. It is found that,
in general, several nuclei exist for each value of Z differing in the number of
neutrons N they contain. Atoms with the same Z but with different mass
numbers A = N + Z are called isotopes. Many naturally occurring elements are
mixtures of two or more different isotopes. For example oxygen is a mixture of
three stable isotopes '°0, 'O and '®0, where the notation is such that the
superscript indicates the mass number A. The isotope '°O occurs with a relative
abundance of 99.759 per cent. The atomic weight of an element on the chemical
scale, defined in Section 1.1, is therefore based on a mixture of oxygen isotopes.
Because of this a new scale has been introduced recently, in which the isotope of
carbon '?C is assigned a mass of 12 atomic mass units (a.m.u. or u). The

absolute value of the atomic mass unit is
1 am.u. = 1.661 x 107%7 kg [1.60]

and differs very slightly from the previous unit based on the chemical scale,

Limitations of the Rutherford model

In the Rutherford model, the electrons move in the Coulomb field of the nucleus
in orbits, like a planetary system. A particle moving on a curved trajectory is
accelerating and an accelerating charged particle radiates electromagnetic waves
and loses energy. The laws of classical physics — Newton’s laws of motion and
Maxwell’s electromagnetic equations — if applied to the Rutherford atom, show
that in a time of the order 109 s all the energy of the atom would be radiated
away and the electrons would collapse into the nucleus. This is clearly contrary
to experiment and is another piece of evidence to suggest that the laws of motion
need to be modified when applied to phenomena on the atomic scale. Another
fact not explained by the Rutherford model is the existence of atomic line

spectra, to which we now turn our attention.

1.7 ATOMIC SPECTRA AND THE BOHR MODEL OF HYDROGEN

Isaac Newton was the first person to resolve white light into separate colours by
dispersion with a prism, but it was not until 1752 that Th. Melvill first showed
that light from incandescent gas was composed of a large number of discrete
frequencies called emission lines. It was subsequently discovered that atoms
exposed to white light can only absorb light at certain discrete frequencies called
absorption lines. With the development of diffraction gratings, much greater
resolving powers could be obtained and towards the end of the last century
much progress was made in the empirial analysis of line spectra. G. R. Kirchhoff
was the first to show that only certain definite frequencies can be radiated or
absorbed by a given element and that the emission frequencies coincide with the
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absorption frequencies. The fact that each element has its own characteristic
line spectrum is of the greatest importance and is, for example, the only means
by which the presence of particular elements in the sun and stars can be
determined.

The most important discovery in the search for regularities in the line spectra
of atoms was made by J. Balmer in 1885, who showed that the frequencies of a
series of lines in the visible part of the spectrum of atomic hydrogen were among
those given by the empirical formula

1 1
VabzR n—g—'r:g‘;na=1,2...
e =2,3.... [1.61]

where v, is the frequency of either an emission or absorption line, 7, and ny,
are positive integers with n, > n, and R is a constant, known as Rydberg’s
constant. It is usual in the spectroscopy of the visible and ultra-violet regions to

give the frequencies in terms of inverse wavelengths, or wave numbers—-._.

1 v
” = em— D e— lv 2
7 e [1.62]

The corresponding Rydberg constant for hydrogen then has the value
R = 109677.58 cm™* [1.63]

However, in the infra-red or microwave region, frequencies are usually

expressed in megahertz (MHz). The wave number given in units of cm ! is
related to the frequency given in MHz by
1014

ﬁ(cm_l) = —3— V(MHZ) [164]

where we have taken the velocity of light to be 3.00 X 10% m/s.

It was subsequently discovered that Balmer’s formula is not only applicable to
the visible region, but in fact describes the complete spectrum of atomic
hydrogen. In spectroscopy, wavelengths are generally given in Angstrom units,
where 1 A = 107!° m, so that if the wave number #,, of a particular line is
given in cm~! the wavelength in Angstrom units is

)\ab = 108/1731, [165]

In atomic hydrogen, the series of lines with n, = 1 is known as the Lyman
series and lies in the ultra-violet part of the spectrum. The lines are labelled a,
B, y...in order of decreasing wavelengths; the wavelength of the Lyman «
line (n, = 2) is 1216 A, while the series limit (n, = %) is 912 A. The Balmer
series (n, = 2) (the first to be discovered) lies in the visible region. The Balmer
lines are denoted by H, , Hg, H, . . . . The Balmer H, line (n, = 3) was first
discovered by J. von Fraunhofer in the solar spectrum and was called by him the C
line. It is a strong red line with a wavelength of 6563 A. The next members of
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1.15 The Balmer series of atomic hydrogen.

the series (m, =4 and ny, = 5) at 4861 and 4340 A are blue and violet

‘ respectively and the series limit is 3646 A (see Fig. 1.15).

: Further series of lines are found in the infra-red part of the spectrum: the
Paschen series (n, = 3) starts with a line at 18751 A; the Brackett series
(n, = 4) starts at 40500 A and the Pfund series (n, = 5) at 74000 A.

‘ The set of quantities R/nZ, are called terms. J. R. Rydberg showed that for

i other atoms, particularly the alkalis, the frequencies of lines could be repre-

sented approximately as differences of terms T, where

2 T,=R/n+a? n=123... [1.66)

and where o was a constant for each particular series. Subsequently it was
discovered by W. Ritz that the frequencies of all lines can be represented by the
E difference of terms, even if the terms cannot be represented by a simple formula
‘5“ such as [1.66]. This has the consequence that if lines of frequencies »;; and v;3

can be represented as
vig=T; — Ty vy =T, — T3 [1.67]

then a line of frequency vy; will exist, where
vs= (T —T)+ (T, —T3) =T, - T; [1.68]
| T'his is an example of the Ritz combination principle, which states that if lines at
1 frequencies vy and v exist in a spectrum with j > i and k > j then there will
usually be a line at v;;, where
Vip = vy T U [1.69]

‘ However, not all combinations of frequencies are observed because certain
1 selection rules operate which will be discussed in Chapters 4 and 8.

3 Bohr's model of the hydrogen atom

A major step forward was taken by N. Bohr in 1913. Working in Rutherford’s

i laboratory, he was able to combine the concepts of Ruthertord’s nuclear atom,

4 Planck’s quanta and Einstein’s photons to explain the observed spectrum of
atomic hydrogen.

1 Bohr assumed that an electron in an atom moves in an orbit about the

k- nucleus under the influence of the electrostatic attraction of the nucleus.
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Circular of elliptical orbits are allowed by classical mechanics, and Bohr elected
to consider circular orbits for simplicity. He then postulated that instead of the
infinity of orbits which are possible in classical mechanics, only a certain set of
stable orbits, which he called szationary states are allowed. As a result, atoms can
only exist in certain allowed energy levels, with energies E,, Ey, E., . . .

Bohr further postulated that an electron in a stable orbit does not radiate
electromagnetic energy, and that radiation can only take place when a transition
is made between the allowed energy levels. To obtain the frequency of the
radiation, he made use of the idea that the energy of electromagnetic radiation is
quantised and carried by photons, each photon associated with the frequency v
carrying an energy kv. Thus, if a photon of frequency » is absorbed by an atom,
conservation of energy requires that

hv=Ey, - E, [1.70]

where E, and E, are the energies of the atom in the initial and final orbits, with

E, > E,. Similarly, if the atom passes from a state of energy E}, to anotherstate -

of lower energy E,, the frequency of the emitted photon must be given by the
Bohr frequency relation [1.70].

The terms of spectroscopy can then be interpreted as being the energies of the
various allowed energy levels of an atom. It is impértant to note that because of
the existence of the energy-frequency relationship, we can use frequency {or
wave number) units of energy where convenient, and in this book we shall often
use Hertz or inverse centimeters as energy units. In terms of electron volts, we

have
1 eV = 2.41797 x 10" Hz
= 8065.48 cm ™! [1.71]

Other conversions of units are given in Appendix 11.

For the case of one-electron atoms Bohr was able to modify the classical
planetary model to obtain the quantisation of energy levels by making the
additional postulate that the angular momentum of the electron moving in a
circular orbit can only take one of the values L = nk/27 = nh, where n is a
positive integer, n = 1,2, 3, . . . and the commonly occurring quantity /27 is
conventionally denoted by #. The allowed energy levels can then be determined
in the following way.

We shall make the approximation (which we shall remove later) that the
nucleus is infinitely heavy compared with the bound electron and is therefore at
rest. The electron will be taken to be moving in a circular orbit of radius r, in
which case the Coulomb attractive force acting on the electron, due to its
electrostatic interaction with the nucleus of charge Ze, can be equated with the
electron mass m times the centripetal acceleration (v?/r):

(5]

Ze* mo

W = T [1.72]
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where v is the velocity of the electron. A second equation is obtained from
Bohr’s postulate that the orbital angular momentum is quantised:
L = movr = nk, n=1,2,3,... [1.73)

From [1.72] and [1.73], we obtain the possible values of » and r

Zeé?
v = m (1.74]
(4mreg)h’n?
= e [1.75)

The kinetic energy of the electron T, is then found to be

1 m [ Ze?\? 1
T==mil=—|—| — )
2™ T (47780) n? [1.76]
and the potential energy V is, correspondingly,
Ze? m { Ze? \? 1
V=- = —-——|—} = 1.77
@megr W (41;30) "2 b
from which the total energy E, of the system is
m [Ze*\? 1
E,=T+V-= _ﬁ (Z’rr—eo) ? [1.78]

Taking Z = 1 for atomic hydrogen and using the Bohr frequency relation
[1.70], the frequencies of light emitted in a transition between two levels a and b

arce
2 \2
m e 1 1
- — — =), > n, 1.79
T g <4m0) (nf, n%,) o = [1.79]
in agreement with [1.61] provided R is taken to be
m 22 \2
R(%) = —— 1.80
) 4k’ (47750) ! J

Here we have written R(x) to recall that we are using the infinite nuclear mass

approximation.
If instead of frequencies we use wave numbers 7,, we have

_ 1 1
Dap = R{0) (—2— - —2), ny > N, [1.81]
n, "y
where
- m ez 2
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Evaluating R(») we find
R(®) = 109737 cm ™! [1.83]
in good, but not perfect, agreement with the experimental value [1.63].

Returning to equation [1.78], we see that the energy levels of a one-electron
atom are given by

E,=—Ip/n®, n=1,2,3... [1.84]
where Ip is given by
1 m [ Ze* \?
Ip == — = 13.6 Z* .
P=5%2 (47730) 13.6 Z° eV [1.85]

The level with the lowest energy is known as the ground state and has n = 1.
If the atom absorbs an energy greater than [p, the energy of the electron

becomes positive and the electron is ejected from the atom. The quantity fp-is

known as the ionisation potential, and the value (13.6 eV) can be verified by
experiments in which hydrogen atoms are ionised either by absorbing photons
or in collision processes. An energy level diagram for hydrogen, showing series
of spectral lines is shown in Fig. 1.16. The quantum number #n is called the
principal quantum number to distinguish it from other quantum numbers that we
shall meet later. A commonly used notation is one in which an electron in a level
with n = 1 is said to be in the K shell. Correspondingly if ® = 2 or n = 3, the
electron is said to be in the L. or M shells respectively.

Atomic units

The radius of the orbit of the electron in the ground state of hydrogen is known
as the first Bohr radius of hydrogen and is denoted by the symbol a

brreg)h?
a4 = (—fni% =529% 10 'm (1.86]

In atomic physics, it has proved to be extremely useful to introduce a set of
units, called atomic umits (a.u.) in which g, is taken as the unit of length.
Correspondingly the mass of the electron is employed as the unit of mass and #
as the unit of angular momentum. To complete the system the unit of charge
is taken to be the absolute magnitude e of the electronic charge and the
permittivity of free space g is 1/47. In atomic units (m=fi=e¢ =1,
47eg = 1), we have

E,= —1Z?/n* a.u. [1.87]

1

The ground state energy of hydrogen (Z = 1,n = 1)is —7 a.u., from which we
see that the atomic unit of energy is equivalent to 27.2 eV. The atomic unit of

32




viem )n
0 7771777727 11777770 7A 72 L7/ /2 77 T 17 A A 77 7072027777777 7777 ]
- < <
5 2 1
4 = * 4 0
€ o| ‘El = Brackett ™
3 n | o series _1.51
R| B| | Paschen series
-] ~ -t
200001
H.|Hs | H,
2 - - 3.40
Balmer series
40000
600001
e s
ol w :
— o~ o~ [=.%
| IR N §
80000
100000 LYQ LyB LYy LYS
1 2 r -13.6

Lyman series
1.16 The spectrum of atomic hydrogen.

velocity is equal to the velocity vy of the electron in the first Bohr orbit of

hydrogen. From [1.74] we see that
2

e
= —= 1.88
0T Gmen ¢ [1.88]
where we have introduced the dimensionless constant
2
e
S — 1.89
7 @Ameghc (1.89)

which is known as the fine-structure constant and has the value a = 1/137.
Thus we see that in atomic units the velocity of light is ¢ = 137 a.u. Further
details concerning atomic units can be found in Appendix 11.
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Finite nuclear mass

Although the approximation, in which the nucleus is assumed to be infinitely
heavy and at rest, is good enough for many purposes, a distinct improvement
can be made if we allow the nucleus to move. In this case, both the nucleus A of
mass M and the electron B of mass m rotate about the centre of mass of the
system C as in Fig. 1.17. In the absence of forces external to the atom, the
centre of mass will either be at rest, or in uniform motion, according to Newton’s
law. The distance AB is again denoted by r and the angular velocity of the line
AB about an axis through C by w. Since C is the centre of mass

M x AC = m x CB [1.90]
from which
AC = (— ~
C \M+m r
[1.91]
CB = M
- \M+m r
The total angular momentum of the system is
L = mwCB? + MwAC? = pwr? [1.92]
where
mM
= 1.93
iy [1.93]

is the reduced mass. Putting rw = v, where v is the velocity of the electron with
respect to the nucleus, we have

L = por = nh, n=1,2,3,... [1.94]

which is the same as equation [1.73] but with u replacing m.

4 —— Axis of rotation

A.M/AJ/

1.17 Bohr model with finite nuclear mass.
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The centripetal force acting on the electron B is of magnitude

¥ mCBw? = pw’r (1.95]
i
i and this is to be equated with the Coulomb force
2 2
i l 9
pootr = P2 (Ze )_2 [1.96]
r 4rreg) 1

This is the same equation of motion as before, but with u replacing m.
The kinetic energy of the system is

T= %(M + m)vf;M + %/JJ)Z =Tem + T [1.97]

where vy is the velocity of the centre of mass, and T is the internal (or relative)
kinetic energy. A bound state energy E,, is defined as the difference between the
total energy and the kinetic energy Tcym of the centre of mass,

| Ze\ 1
. E,,=TI+V:%pw2—( ¢ )— [1.98]
| i 47eg) T
| so that E, is given by [1.78] with u replacing m

_ w [ Ze* N\ 1
| En= o (47750) n’ [1.99]
] Similarly the allowed values of r are given by [1.75] with, again, u replacing m
‘ (4meg)i’n®  nP m n?
| = ———— = e —_— = —_— l.l
x T T Z2u Zp Tz [1.100]
i where we have defined

a. :aOﬁ [1101]
M

The Rydberg constant for a nucleus of mass M can be written immediately in
terms of R{®) and R(x) by

/ RM) =L R(x) and RM) =L Reo [1.102)
m m

‘ Ior hydrogen M = M,, where M, is the mass of the proton and
R(Mp) = 109681 cm~ ! which agrees with the experimental value [1.63] to
] better than 4 parts in 10°.

] Because of the nuclear mass effect there is an tsotopic shift between the spectral
lines of different isotopes of the same atom. For example, there is such a shift
‘ between the spectrum of atomic deuterium, which has a nucleus with Z = 1 but
containing a proton and a neutron (so that its mass M = 2M_) and that of
“ atomic hydrogen. The ratio of frequencies of corresponding lines is 1.00027,
which is easily detectable, and in fact through this the discovery of the deuteron

| was made.
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One-electron atoms

By taking Z = 2, 3, 4, . . . , the Bohr model predicts the energy levels (and
hence the line spectra) of all the ions containing one electron with a nucleus of
charge Ze. The observed frequencies agree closely with the Bohr formula [1.79]
until Z becomes large (Z = 20). The orbital velocity of the electron in the
ground state divided by the velocity of light is such that (see [1.74] and [1.89])

v Z

AR TY)

[1.103]

s0 it is to be expected that, for large Z, relativistic effects will be significant. In
Table 1.2, the values of R(M) are shown for a few hydrogenic ions together with
the wavelengths of the lines corresponding to the n = 2 ton = 1 transitien,
which are known as resonance lines. pa—

Table 1.2 Rydberg constants for some hydrogenic systems and the wavelengths of the resonance
linessn=2—>n=1

Wavelength of the transition (A) R(M)(em™)
HI 1215.664 109 677.58
DI 1215.336 109 707.19
He 11 303.779 109 722.26
Li III 134.994 109 728.72
CVI 33.734 109 732.29
O VIII 18.967 109 733.54

+ The Roman numeral indicates the degree of ionisation. I denotes the neutral atom, IT an atom from
which one electron has been ionised and so on.

The Franck and Hertz experiment

The Bohr model predicts that the energy levels of atoms are quantised and only
certain discrete values of the total energy are allowed. This can be confirmed
rather directly by an experiment originally devised by J. Franck and G. Hertz in
1914. A schematic diagram of the apparatus is shown in Fig. 1.18. In the first

47
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1.18 Schematic diagram of Franck and Hertz’s experiment.

36




]l.? Atomic spectra and the Bohr model of kydrogen

stage of the experiment, the apparatus is evacuated. A filament F is heated so
that it emits electrons, which are attracted to and pass through a wire grid, A,
which is maintained at a positive potential V, with respect to the filament. The
electrons accelerated by the potential V) attain a kinetic energy mv/2 = eV,
After passing through the grid they are collected by a plate C and cause a current
I to flow in the circuit. The plate C is maintained at a small negative voltage V3,
where |V,| < V,, with respect to the grid A. The small voltage V has the effect
of reducing the kinetic energy of the electrons slightly, but not enough to stop
them being collected.

The apparatus is now filled with mercury vapour. The electrons collide with
the atoms of mercury, and if the collisions are elastic, so that there is no transfer
of energy from the electrons to the internal structure of the atoms, the current /
will be unaffected by the introduction of the gas. This follows because mercury
atoms are too heavy to gain appreciable kinetic energy when struck by an
electron. The electrons are deflected but retain the same kinetic energy. In
contrast, if an electron makes an inelastic collision with a mercury atom in
which it loses an energy E, exciting the mercury atom to a level of greater
internal energy, then its final kinetic energy will be mvi/2 = (eV, — E). If eV,
is equal to E, or is only a little larger, the retarding potential V, will be sufficient
to prevent the electron from reaching the collecting plate and it will no longer
contribute to the current 7.

The experiment is carried out by gradually increasing V; from zero and
measuring the current / as a function of V. The result obtained is shown
diagrammatically in Fig. 1.19. The current [ is seen to fall sharply at a potential
Vg, which is known as the resonance potential, and which is (for Hg) 4.9 V.
The results can be interpreted by supposing that for eV; < 4.9 eV the atom
cannot absorb the energy of the electrons and the collisions are elastic, while
exactly 4.9 eV above its ground state, mercury atoms possess another discrete
energy level. When eV reaches this value, a large number of the colliding
electrons excite atoms to this level, losing their energy in the process, and
reducing the current I sharply.

If the voltage V; is increased the current again increases, and further sharp
falls are seen. Some of these are due to electrons having sufficient energy to

IA

i >
—>

0 Va v,

1.19 The current variation with voltage in a Franck-Hertz experiment.
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excite two or more atoms to the 4.9 eV level; but others are due to the excita-
tion of higher discrete levels. We have seen that 1 eV corresponds to a wave number
of 8065 cm™1, so if this interpretation is correct, a line would be expected in the mercury
spectrum corresponding to a transition from the first excited state at 4.9 eV to the
ground state, with a wave number of 4.9 x 8065 cm™ = 39 500 cm™. Franck and
Hertz were indeed able to verify the existence of such a line, and also to show that
radiation of this wave number was only emitted from the mercury vapour when
V. exceeded 4.9 V.

This experiment, and corresponding experiments using other gases and
vapours, provide excellent confirmation of the discrete nature of bound state
energy levels. It can also be demonstrated that when sufficient energy is
available to ionise an atom, the energy of the ejected electron can take any
positive value, so we can say that the energy level spectrum of an atom consists of
two parts: discrete negative energies corresponding to bound states and a continuum of
positive energies corresponding to unbound (ionised) states.

Limitations of the Bohr model

Although the planetary model of the hydrogen atom is rather successful, and the
idea of quantised atomic energy is correct, the model is unsatisfactory in many
respects. Firstly, it cannot be generalised to deal with systems containing two or
more electrons. In addition, the assumptions made, and in particular, the
hypothesis that only circular orbits are allowed, are inexplicable and arbitrary.
Among other objections are the lack of any method to calculate the rate of
transitions between the different energy levels when radiation is emitted or
absorbed, and the inability to handle unbound systems. In later work, W.
Wilson and A. Sommerfeld showed how to remove the restriction to circular
orbits and Sommerfeld also obtained relativistic corrections to the Bohr model.
However, the other objections still persisted, and the theory — called the old
quantum theory — remained restricted in scope. It was eventually superseded by
the quantum mechanics developed by E. Schrodinger, W. Heisenberg and
others, following the ideas of L. de Broglie.

X-ray spectra and Moseley’'s law

Despite the general inability of the Bohr model to describe many-electron
systems, it was able to provide an illuminating explanation of the regularities in
X-ray spectra observed by H. Moseley in 1913. In an X-ray tube the radiation is
emitted from a target bombarded by high energy electrons. The X-ray region
may be taken to be in the range of wavelengths from 0.1 to 10 A corresponding
to photon energies from a few keV to several hundred keV (see Fig. 1.9). The
spectrum observed is characteristic of the material used as the target in the tube
and consists of a continuous spectrum upon which is superimposed a line
spectrum. Moseley studied the line spectra of 39 elements from aluminium (the
lightest) to gold (the heaviest). All the spectra were remarkably similar. In most
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cases, the spectrum consisted of two groups of lines, the K series and the L,
series; for a given element the L lines being at lower frequencies than the K
lines. For heavier elements other series of lines appeared at still lower
frequencies.

Moseley found that the frequency v, of the nth line of each series varied
smoothly with the atomic number of the target element, Z. By plotting f;,,
against Z, he established the law

Jvn=CiZ - &) [1.104]

where C,, is independent of Z, and o is in the range 1 to 2 for the K series and is
in the range 7.4 to 9.4 for the L series. An example is the K line of lowest
frequency, the K, line, for which the Moseley plot is shown in Fig. 1.20. Since
plots of /v, against Z were smoother than those against the atomic weight s,
this suggested that Z had a fundamental significance. At this time the atomic
number had no significance other than giving the position of an element in
Mendeleev’s periodic table. In the main the ordering of the elements of the table
was given by their atomic weights u, although Mendeleev found that certain
pairs had to be reversed in order to preserve the periodicity of the chemical
properties. For example in order of weights the 18th element is potassium
(u = 39.102) and the 19th argon (u = 39.948). This arrangement puts potas-
sium in the rare gas column and argon in the alkali metal column and to preserve
the chemical periodicity argon has to be assigned the atomic number 18 and
potassium 19.

An explanation of the significance of Z was given by Moseley in terms of the
Bohr model, which had been published a year before. He first argued that in the
high energy electron bombardment of the target atoms, the inner (tightly
bound) electrons are ejected leaving vacancies. The X-rays are emitted when a
less tightly bound electron makes a transition, filling a vacancy. Since the

(Hz)" (keV)”
2 x 10° 4.0

VE

2.0

0 10 20 30 40
Z—>

1.20 A Moseley plot of /v against Z for the K,, line in the X-ray spectrum. A scale in JE, with E
in keV, is shown on the right-hand side of the figure.
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transitions concern tightly bound electrons in orbits close to the nucleus, the
effective potential experienced by these electrons is due mainly to the Coulomb
field of the nucleus, screened to a small extent by the other electrons. The
atomic number Z was known to be approximately equal to p/2 and the
experiments of Geiger and Marsden had shown that the nuclear charge was also
approximately w/2. This suggested the identification of Z with the nuclear
charge and (Z — o) as an effective charge, o allowing for screening of the
nucleus by other electrons. Using the Bohr formula for the energy levels of one
electron moving in a Coulomb field with charge (Z — o), the frequencies of the
spectrum are given by

1 1

Vo = R(Z — 0)? (W - 7) , [1.10{]\
where n and m are both integers and n > m. The K series of lines can be
attributed to transitions in which the final energy level has m = 1 (the K shell).
The line of longest wavelength in the K series is the K, line, and for thisn = 2.
The L series of lines are those in which the vacancy occurs in the m = 2 level
(the L shell) and the line of longest wavelength corresponds to n = 3.

By interpreting the regularities he had observed in the X-ray spectra in this
way, Moseley was able to establish the critical identification of Z, the atomic
number, with the nuclear charge, and to show that the Bohr model could be
applied to the most tightly bound inner electrons of an atom, which move in a
potential dominated by the nuclear Coulomb field. It is interesting to note that
in plotting his results Moseley found that to avoid breaks in his curve, he had
to postulate the existence of four, hitherto unknown, elements with Z = 43,
61, 72 and 75. These were discovered subsequently.

A further discussion of X-ray spectra is given in Chapter 8. The optical
spectra of many-electron atoms are much more complicated and cannot be
interpreted so easily, since the outer electrons move in potentials which are not
strongly dominated by the nuclear potential.

1.8 THE STERN-GERLACH EXPERIMENT - ANGULAR
MOMENTUM AND SPIN

We shall now discuss an experiment of fundamental importance, carried out by
O. Stern and W. Gerlach in 1922, to measure the magnetic dipole moments of
atoms. The results demonstrated, once more, the inability of classical mechanics
to describe atomic phenomena and confirmed the necessity of a quantum theory
of angular momentum, which had been suggested by Bohr’s model.

Let us first understand how an atom comes to possess a magnetic moment. In
the Bohr model of a hydrogenic atom, an electron occupies a circular orbit,
rotating with an orbital angular momentum L. A moving charge is equivalent to
an electric current, so that an electron moving in a closed orbit forms a current
loop, and this in turn creates a magnetic dipole (Duffin, 1968). In fact whatever
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1.8~ The Stern-Gerlach axperiment
model of atomic structure we make, the electrons can be expected to possess

angular momentum and accordingly atoms possess magnetic moments.
A circulating current of magnitude / enclosing a small plane area dA gives rise

! to a magnetic dipole moment

T M =TdA (1.106)
where the direction of dA is along the normal to the plane of the current loop, as
shown in Fig. 1.21.

1.21 The magnetic dipole due to a current loop.

A When the current is due to an electron moving with a velocity z in a circle of
radius r, [ is given by

== (1.107)
2mr

Since the area enclosed is mr?, we have M = evr/2 = eL/2m, and as the
direction of the current is opposite to the direction of rotation of the electron

[9 .
M= —(E;)L [1.108]

| The Bohr quantisation rule [1.73] suggests that # is a natural unit of angular
momentum, SO We can write

| M= —ug(L/h) [1.109]
; where
| eh

pe = [1.110]

;i Because (LL/#) is dimensionless, up has the dimensions of a magnetic moment.
It is known as the Bohr magneton and has the numerical value

” up = 9.27 x 10724 JT! (1.111]
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Quite generally, a system of electrons possessing a total angular momentum J
has a magnetic moment M antiparallel to J, and it is usual to write
M= —gup(J/h) [1.112]

where g is a dimensionless constant called a gyromagnetic ratio.

Interaction with a magnetic field

If an atom with a magnetic moment A is placed in a magnetic field B, the
energy of interaction (potential energy) is (see Duffin, 1968)

W=-M"-R [1.113]
The system experiences a torque I', where A
Fr=Mx%® [1.114]
and a net force F, where
. F=-WW [1.115]
Combining [1.113] with [1.115] we see that the components of F are
Fx=.M'ﬁ; Fy=.M'ﬁ; Fz=ﬂ.'@ [1.116]
ox dy 0z

In a magnetic field that is uniform, no net force is experienced by a magnetic
dipole, which precesses with a constant angular frequency. For an orbiting
electron this angular frequency is

sz%% [1.117]

It is called the Larmor angular frequency. On the other hand, in an inhomo-
geneous field an atom experiences a net force proportional to the magnitude of
the magnetic moment.

The Stern-Gerlach experiment

In 1921, Stern suggested that magnetic moments of atoms could be measured by
detecting the deflection of an atomic beam by such an inhomogeneous field. The
experiment was carried out a year later by Stern and Gerlach. The apparatus is
shown in schematic form in Fig. 1.22.

The first experiments were made using atoms of silver. A beam is produced
by heating the metallic vapour in an enclosure, which is situated in an evacuated
region into which the silver atoms stream through a small hole. The beam can be
collimated with a system of slits and passed between the poles of a magnet
shaped to produce an inhomogeneous field, as shown in the figure. The beam is
then detected by allowing it to fall on a cool plate. The density of the deposit is
proportional to the intensity of the beam and to the length of time for which the
beam falls on the plate.

42




The Stern=Gerlach experiment

Profile of

\ pole pieces
—L—re—— | — Collecting
plate

1.22 The Stern—Gerlach apparatus.

Taking the shape of the magnets as shown in Fig. 1.22, the force on each
atom is given by (see [1.116])

OB, OB, %R,

F.=M,—; F,=AM, 5 F,=AM, [1.118]
9x ay 0z

The magnet is symmetrical about the XZ plane and the beam is confined to this
plane. It follows that 3%, /dy = 0. Also, apart from edge effects, 0%,/0x =0,
so that the only force on the atoms in the beam is in the Z direction.

In the incident beam, the direction of the magnetic moment M of the atoms
will be completely at random and in the Z direction it would be expected that
every value of A, would occur in the interval —M < M, < M, with the
consequence that the deposit on the collecting plate would be spread over a
region symmetrically disposed about the point of no deflection. The surprising
result that Stern and Gerlach obtained in their experiments on silver, was that
two distinct and separate lines were formed on the plate (see Fig. 1.23),
symmetrically about the point of no deflection. Similar results were found for
atoms of copper and gold, and in later work, for sodium, potassium and

hydrogen.

——Collecting plate
Deposit of
silver 7z
L_‘ Y
Direction of axes

1.23 Results of the Stern~Gerlach experiment for silver.
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The quantisation of the component of the magnetic moment along the
direction defined by the magnetic field is termed space quantisation. This implies
that the component of the angular momentum in a certain direction is quantised
so that it can only take certain values. In general for each type of atom, the
values of M, will range from (M ;)max tO —(M,)max and correspondingly L will
range from —(L_)max 10 (L)max - If we denote the observed multiplicity of values
of M, (and hence L,) by a we can try to interpret « and to deduce the allowed
values of L using the Bohr model. Indeed, the Bohr quantisation of angular
momentum suggests that orbital angular momentum only occurs in integral
units of . We may postulate that the magnitude of orbital angular momentum
can only take values L = /A, where 7 is a positive integer or zero. Thus the
maximum value of L_ is +1# and its minimum value —/#. If L, is also quantised
in the form ~

L,=mh [1.119]

where m is a positive or negative integer or zero, then m must take on the values
—I,~-l+1,...,l—1,]land the multiplicity a must be equal to 2/ + 1). The
number m is known as a magnetic quantum number. In fact as we shall see in the
next chapter, this result turns out to be correct in quantum mechanics, with the
difference that the possible values of the total orbital angular momentum are of
the form L = Ji(I + DA withl = 0,1, 2, .. . rather than of the form L = IA
suggested by the Bohr model. However the results of Stern and Gerlach for
silver do not fit with this scheme, since the multiplicity of values of the Z
component of the angular momentum for silver is 2. This implies that 2/ + 1)
= 2 giving [ = %, a non-integral value.

Electron spin

The explanation of this result for silver came in 1925, when S. Goudsmit and
G. E. Uhlenbeck showed that the splitting of spectral lines occurring when
atoms are placed in a magnetic field (the Zeeman effect) could be explained if
electrons possess an intrinsic magnetic moment M, in addition to the magnetic
moment produced by orbital motion, where the component of M, in a given
direction can take the two values = only. We can postulate that this magnetic
moment is due to an intrinsic angular momentum, or spin, of the electron, which
we denote by S. By analogy with [1.112], we then have

M, = —gusS/h [1.120]

where g, is the spin gyromagnetic ratio. If we introduce a spin quantum number §,
analogous to [, so that the multiplicity of the spin component in a given direction
is (2s + 1), we must have s = 1 and the possible values of the component of the
spin S in the Z direction are *fi /2, while the magnitude of the spin is
\/ ss + DA = \/% %. The Stern—Gerlach results are then explained if we assume
that the orbital angular momentum of a silver atom is zero, but its spin angular
momentum is given by s = }.
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1.8

I‘ We have seen that the magnetic moment of an electron is due partly to its
orbital angular momentum and partly to its spin angular momentum, and we

can write
. M= —ppL +gS)/h [1.121)
r Measurements of the magnitude of A for atomic hydrogen have shown that the
electron spin gyromagnetic ratio is g, = 2. The discovery of this intrinsic
property of the electron is of fundamental importance. In fact, it is now known
that all particles can be assigned an internal angular momentum. In some cases,
such as the pion (7 meson) it is zero, but in others, such as the electron, the
proton, the neutron, it is one-half (i.e. s = 1) and for other elementary particles

I itmaybes=l,s=%,...

Jz

2h~

—2h-

1.24 Precession of the angular momentum J about the axis of quantisation for the case j = 2,
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Angular momentum

In general the total angular momentum of an atom is the result of adding
vectorially all spin and orbital angular momenta of the electrons it contains. If
the total angular momentum is J, then a measurement of the component of J in
the Z direction can only provide (2j + 1) values, given by m#, where the
magnetic quantum number m; can take the values —j, —j + 1,...7— 1,5. Itis
found that j can take integral or half-integral values only; j = 0,4, 1,3 .. ..
For an angular momentum whose component in a given direction has the
multiplicity (2j + 1), a measurement of the magnitude of the angular momen-
tum produces the value \/j(j + 1)%. Thus, in a Stern—-Gerlach experiment, a
beam of atoms with angular momentum of magnitude /f(; + 1)# will produce
(2 + 1) spots on the detecting screen, symmetrically disposed about the point
of zero deflection.

Another property of angular momentum in quantum mechanics (which will
be discussed in Chapter 2), is that there is a limitation on the precision with
which simultaneous measurements of two (or three) components of an angular
momentum can be measured. In fact, if the value of the Z component is known
precisely, the values of the x and y components are indefinite, but on the average
are zero. This situation is often represented by a vector model in which the
angular momentum vector J of length ./j(; + 1)#, precesses about the Z axis
such that 7, has one of the (2 + 1) values m . This is shown in Fig. 1.24 for
the particular case j = 2.

1.9 DE BROGLIE'S HYPOTHESIS AND THE GENESIS
OF WAVE MECHANICS

In our brief historical survey, we have seen how, as knowledge of atomic
structure increased, evidence accumulated that a description in terms of
classical physics — Newton’s laws of mechanics and Maxwell’s electromagnetic
equations — was inadequate. Electromagnetic radiation displays particle as well
as wave characteristics; the energy of the field being quantised, each packet of
energy hv being carried by a photon. On the other hand, the energy levels and
angular momenta of bound electrons in atoms are also quantised; in contrast
beams of electrons moving under electric and magnetic fields, as in Thomson’s
experiments, behave like classical charged particles.

In 1924, L. de Broglie made a great unifying, but speculative, hypothesis,
that just as radiation has particle-like properties, electrons and other material
particles possess wave-like properties. The energy of a photon is given by
E = hv, where v is the frequency and the corresponding momentum is
p = hv/c = h/A where A is the wavelength. For free material particles, de
Broglie assumed that the associated wave also has a frequency » and a
wavelength A, related to the energy E and the momentum p of the particle by

E

- [1.122]

v =
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and

[1.123)

A

In particular, for a particle of mass m moving at a non-relativistic speed v,
one has p = mv so that A = h/mov.

This idea immediately gives a qualitative explanation of the quantum condi-
tion [1.73], used in the Bohr model of the hydrogen atom. Indeed, let us
suppose that an electron in a hydrogenic atom moves in a circular orbit of radius

“r, with velocity v. If this is to be a stable stationary state, the wave associated

with the electron must be a standing wave and a whole number of wavelengths
must fit into the circumference 27rr. Thus

nA = 27r n=1,2,3,... [1.124]
Since A = k/p and L = rp, we immediately find the condition
L = nk/2m = nh [1.125]

which is identical with [1.73]. Later, in 1925, these qualitative ideas were
incorporated into the systematic theory of quantum mechanics developed by
Schrodinger, which will be discussed in the next chapter.

When waves are scattered or pass through slits, which have dimensions
comparable to their wavelength, interference and diffraction effects are
observed. Now, as seen from [1.123], the de Broglie wavelengths associated
with electrons of energy 1, 10 and 100 eV are, respectively, 12, 3.9 and 1.2 A
(where 1 A = 107 m). Thus, in macroscopic situations, as in Thomson’s
experiments, the de Broglie electron wavelengths are exceedingly small com-
pared with the dimensions of any obstacles or slits in the apparatus and no
interference or diffraction effects can be observed. However, the spacing of
atoms in a crystal lattice is of the order of a few angstroms and in 1927 C. ].
Davisson and L. H. Germer showed that electron beams could be diffracted
when scattered from crystals, and displayed the predicted wave properties.

Electron diffraction

In the Davisson and Germer experiment, a beam of monenergetic electrons is
directed to strike the surface of a crystal of nickel normally, and the number of
electrons N(6) scattered at an angle 6 to the incident direction are measured (see
Fig. 1.25). The electron beam energy employed was 54 eV. The scattered
intensity is shown in Fig. 1.26. It falls from a maximum at § = 0° to a minimum
near 35°, then rises to a peak near 50°. The strong scattering at ¢ = 0° is
expected from either a particle or a wave theory, but the peak at 50° can only be
explained by constructive interference of the waves scattered by the regular
crystal lattice.
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Electron gun

Detector

Ni crystal

1.25 Schematic diagram of Davisson and Germer’s experiment on the diffraction of electrons when
scattered by a crystal of nickel.

Intensity scattered at angle ¢

1.26 Polar diagram of the scattered intensity against angle of scattering for electrons of 54 eV in the
Davisson—Germer experiment.

If the atoms in the crystal are spaced at a distance d, then the Bragg condition
for constructive interference at a scattering angle 6 is (see Fig. 1.27)

nA=dsinf with n=1,2,3... [1.126]

Experiments in which X-rays were diffracted established that for nickel, the
atomic spacing is d = 2.15 A. Assuming that the peak at 50° corresponds to
first-order diffraction (n = 1), the corresponding electron wavelength must be
A = (2.15sin 50°) A = 1.65 A. The wavelength of a 54 eV electron is 1.67 A,
which agrees with the value of 1.65 A within the experimental error.

Subsequent experiments have confirmed the variation of A with momentum
predicted by the de Broglie formula [1.123]. Diffraction has also been demon-
strated when atoms and neutrons are scattered by crystals. In all cases
agreement has been found with de Broglie’s hypothesis.
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1.27 The Bragg condition. Low energy electrons are only scattered by atoms in the surface plane.
The difference in path length for scattering angle 6 is d sin 6 which must equal a whole number of
wavelengths for constructive interference.

PROBLEMS

1.1

1.2

1.3

1.4

Consider a Thomson apparatus with the fbllowing dimensions

Length of the condenser plates: x; = 0.1 m
Distance from the plates to the screen: x, = 0.45 m
Distance between the plates: d = 0.03 m

When a voltage of 1500 V is applied between the plates, a deflection
v, = 0.2 m is observed. This deflection is reduced to zero if a magnetic
field B = 1.1 x 1072 T is applied.

(a) Find the velocity v of the electrons.

(b) Determine the value of e¢/m given by this experiment.

Show that the number N(A) dA of standing electromagnetic waves
(modes) in a large cube of volume V with wavelengths within the interval
Ato A+ daAis given by N(A) dA = 87V da/A%.

Using Planck’s radiation law [1.30] for p(A), prove that

hc

Amax] = 5es

where Apax is the wavelength at which p(A) is a maximum. From this
result and the values of %, ¢ and k given in Appendix 11, obtain the
constant b which occurs in Wien’s displacement law [1.19].

Using Planck’s radiation law [1.30] for p(1), prove that the total energy
density p,,, is given by p, = aT4, where a = 8m°k4/154%.

x x3 7T4
{Hlnt: L pra— dx = 1—5-1
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Problems

1.5

1.6

1.7

1.8

1.9

1.10

50

The photoelectric work function W for lithium is 2.3 eV.

(a) Find the threshold wavelength A, for the photoelectric effect.

(b) If ultraviolet light of wavelength A = 2000 A is incident on a lithium
surface, obtain the maximum kinetic energy of the photoelectrons
and the value of the stopping voltage V.

Consider black body radiation at absolute temperature 7. Show that:

(a) The number of photons per unit volume is N = 2.029 x 107 T3
photons/m3. [Hint: [§ x*(¢* — 1)"'dx = 2.40411]

(b) The average energy per photon is E = 3.73 x 10723 T joules =
2.33 X 107 TeV.

A photon of wavelength A, = 0.708 A is incident on an electron which is

initially at rest.

(a) What is the wavelength shift A\ at the photon scattering angle
6 = 30°?

(b) What is the angle ¢ (measured from the incident photon direction) at
which the electron recoils?

(c) What is the kinetic energy T, of the recoiling electron?

Consider the Compton scattering of a photon of wavelength Ay by a free

electron moving with a momentum of magnitude P in the same direction

as that of the incident photon.

(a) Show that in this case the Compton equation [1.54] becomes

+
AN = 24 EZP—_% sin? <
where py = h/A is the magnitude of the incident photon momen-
tum, 6 is the photon scattering angle and E = (m*c* + P%?)"?is the
initial electron energy.

(b) What is the maximum value of the final electron momentum?
Compare with the case P = 0 discussed in the text.

(¢) Show that if the free electron initially moves with a momentum of
magnitude P in a direction opposite to that of the incident photon,
the wavelength shift is given by

-P 0
A= 2pg B i

Consider a photon of energy E, = 2 €V which is scattered through

an angle 6 = = from an electron having a kinetic energy T = 20 GeV

(1 GeV = 10° eV) and moving initially in a direction opposite to that of

the photon. What is the energy E; of the scattered photon? [Hint: use

the result (c) of Problem 1.8]

Consider the scattering of an « particle of energy 10 MeV by an atomic

electron, which we assume for simplicity to be initially at rest.

(a) What is the maximum momentum that can be transferred to the
atomic electron?

(b) What is the maximum angle of deflection of the « particle?
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1.11

1.12

1.13

1.14

1.18

Consider a Rutherford scattering experiment in which an a-particle of
laboratory energy 10 MeV scatters from a gold nucleus (Z = 79).
(a) Find the distance of closest approach for a head-on collision.

(b) Using the results of Appendices 1 and 2, find the centre of mass

““scattering angle 6 of the a particle if its impact parameter is
b=8x10""m.

(The mass of the « particle is M, = 4 a.m.u. and the mass of the gold
nucleus is My = 197 a.m.u.)
Alpha particles of laboratory energy E are scattered by a copper nucleus
(Z = 29) of mass My ~ 63 a.m.u. and radius R = 5 x 10 ** m. Find
the value of E for which departures from Rutherford scattering occur for
head-on collisions (¢ = 180°).
Using the infinite nuclear mass approximation in the Bohr model, obtain
the wavelengths of the first four lines of the Lyman, Balmer and Paschen
series for H, He*, Li*" and C°*.
Consider a one-electron atom (or ion), the nucleus of which con-
tains A nucleons (Z protons and N = A — Z neutrons). The mass
of that nucleus is given approximately by M = AM_, where M, =
1.67 x 107?7 kg is the proton mass. Using this value of M, obtain
the relative correction AE/E to the Bohr energy levels due to the finite
nuclear mass for the case of hydrogen (A = 1, Z = 1), deuterium
A=2,Z=1), tritium A=3,Z=1), ‘He®™ (A =4,Z =2) and
ittt A=7,Z=23).
Calculate the difference in wavelengths AA between the Balmer H,, lines
in atomic hydrogen and deuterium.

Calculate the energy Egx with which an hydrogen atom recoils when
emitting a photon in a transition from the n = 4 level to the n = 1 level,
and show that E is negligible in comparison with the energy difference
between the two levels.

Use Moseley’s law [1.105] with o = 1 for K lines and o = 7.4 for L
lines to

(a) Calculate the two longest wavelengths in the K series of Cu (Z = 29).
(b) Calculate the three longest wavelengths in the L series of gold

- Z=179. '

(c) Find the element whose K, line has the wavelength 0.723 A.
With reference to Fig. 1.22 showing a Stern—Gerlach apparatus, calcu-
late the distance P,P; from the following data:

. . 9B, ;
Field gradient: e 10° T/m

Length of pole piece: L = 0.1 m

Distance to screen: [ = 1 m

Atomic beam composed of silver atoms, for which M, = *up
Temperature of oven: 600 K




‘ Problems

Assume that the velocity of the silver atoms is equal to the root mean
square vélo'city of (3kT/M)"/2, where k is Boltzmann’s constant and M is
the mass of a silver atom.
1.19 Calculate the de Broglie wavelength of:
(a) - A mass of 1 kg moving at a velocity of 1 m/s.
(b) A free electron of energy E = 200 eV.
(c) A free a particle of energy E = 5 MeV.
(d) A free neutron of energy E = (.02 eV.
(e) A free electron of kinetic energy E = 1 MeV. (Consider whether you
need to use relativistic kinematics.)
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z The elements of quantum mechanics

In Chapter 1, we discussed some of the evidence for the atomic nature of matter.
We also learned that the classical Newtonian form of mechanics could not
describe phenomena on the atomic scale. In particular, we saw that experiments
involving the diffraction of electrons or atoms by crystals demonstrate that
particles exhibit wave properties. Equally, experimental evidence for the
guantisation of the radiation field, from phenomena as different as black body
radiation, the photoelectric effect and the Compton effect, points to a fun-
damental wave-particle duality which must be taken into account in satisfactory
theories of both matter and radiation. For material particles, such a theory
was developed in the years 1925 and 1926 by W. Heisenberg, M. Born and
P. Jordan in a form known as matrix mechanics. An equivalent form of the
theory, called wave mechanics, was proposed at the same time by E. Schrédin-
ger., following the ideas put forward in 1924 by L. de Broglie. A more abstract
form of quantum mechanics, which includes both matrix mechanics and wave
mechanics was published by P.A.M. Dirac in 1930.

In this chapter, we shall outline the main results and approximation methods
of quantum mechanics, which will be used in the detailed discussions of atomic
und molecular phenomena following in later chapters. In the space available,
only those aspects of the subject which find immediate application will be
discussed. For detailed accounts of the fundamentals of quantum theory we
refer to the standard texts of which Dicke and Wittke (1960), Messiah (1968),
Schifl’ (1968) and Merzbacher (1970) are excellent examples.

2.1 WAVES AND PARTICLES, WAVE PACKETS AND
THE UNCERTAINTY PRINCIPLE

The experiments on the corpuscular nature of the electromagnetic radiation,
which we discussed in the previous chapter, require that with the electromagne-
tic ficld we must associate a particle, the photon, whose energy E and magnitude
of momentum p are related to the frequency v and wavelength A of the
clectromagnetic radiation by

E=hv, p=Hh/A (2.1]

On the other hand, the experiments on the wavelike properties of particles,
ulso discussed in Chapter 1, imply that we associate with each particle a wave or
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matter field, the de Broglie relations which link the frequency » and the
wavelength A of the wave with the particle energy E and magnitude of
momentum p being also given by [2.1]. As a consequence, We can assume that
the relations [2.1] hold for all types of particles and field quanta. Introducing the
angular frequency w = 2mv, the wave number k = 2m/A and the reduced
Planck constant A = h/27, we may write the relations [2.1] in the more
symmetric form

E =tho, p=Hhk [2.2]

As a first step in formulating non-relativistic wave mechanics for material
particles, let us consider a free particle of mass m, having a well defined
momentum p = p,& directed along the positive X direction and a non-
relativistic energy E = p2/2m. Guided by [2.2], we associate with this particle a
plane wave

V(x, 1) = Ac® [2.3]

where A is a constant. This plane wave travels in the positive X direction, hasa
wave number k = 27/A = p,/h and an angular frequency w = E /# which we
may also write as
_ [2.4]
The function W(x, ) is known as a wave function, and we shall discuss its
significance shortly. For the moment, we note that for a free particle,

represented by the plane wave [2.3], we have
d
—ith — ¥ = p ¥ .
ih— ¥ = p, [2.5]
and
. d
ih — ¥ = EV [2.6]
This one-dimensional treatment is easily extended to three dimensions. To a

free particle of mass m, having a well-defined momentum p and an energy
E = pz/Zm, we now associate a plane wave

Ve, 1) = Aei® T [2.7)
where the propagation vector K is related to the momentum p by
p = Ak [2.8]
with
lp| _ 27
E=1K=—=— 2.9
K== 129]

The vector r is the position vector of the particle and the angular frequency w is
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2.1 Waves and particles

still given by w = E/f = hk?/2m. The equation | 2.6 remains unchanged for
the plane wave [2.7], while [2.5] is now replaced by its obvious generalisation

—iAVY = p¥ (2.10]

where V is the gradient operator, having Cartesian components (d/dx, d/dy,
d/dz). The relations [2.6] and [2.10] show that for a free particle the energy and
momentum can be represented by the differential operators

E

oo = i % Pop = —ihV (2.11]
acting on the wave function V. It is a postulate of wave mechanics that when the
particle is not free the dynamical variables E and p are still represented by these
differential operators.

The plane waves [2.3] or [2.7] represent particles having a definite momen-
tum, but since their amplitude 1s constant, these plane waves correspond to a
complete absence of localisation of the particle in space. To describe a particle
which is confined in a certain spatial region, a wave packet can be formed by
superposing plane waves of different wave numbers. For example, in order to
describe a free particle which is confined in a region of the X axis, we shall
superimpose plane waves of the form [2.3] to obtain the wave packet

+x

W(x, 1) = (ZWﬁ)l/ZJ el Pxx—EL/h h(p Y dp, [2.12)

—x

where the factor in front of the integral has been chosen for future convenience.
Writing y(x) = ¥(x, t = 0) we see that the functions

W(x) = Quh) V2 f et p(p) dp, [2.13a]
and
&(ps) = (Z#ﬁ)l’/zf e P My(x) dx [2.13b]
are just Fourier transforms of each other. More generally, we write at time ¢
+ %
V(x, 1) = Qmh) V? J e?*"P(p . 1) dp, [2.14a]
and
e .
Dp, 1) = <zwﬁ)1/zf e P/t (x, 1) dx [2.14b]

so that the functions ¥(x, t) and ®(p,, ¢) are also mutual Fourier transforms.
The functions ®(p,, t) and ¢(p,) = P(p,, t = 0) are called wave functions in
momentum space.
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The Heisenberg uncertainty principle

Consider the case for which the wave function &(p,) is localised in a certain
region of the p, variable. As a simple example, we shall assume that &(p,) is the
Gaussian function

d(py) = e PP [2.15]

We note that ¢(p,) has a maximum at p, = po and falls to 1/e of its maximum
value at p, = po * 7V, so that the ‘width’ of the distribution represented by
[2.15] is Ap, = 27 (see Fig. 2.1). Using the known result

400 s P 1/2 s
e e P du= (—) e /he [2.16]

a

—%0

we find from [2.13] that
() = (2h) "V 2yeiter/he™ ¥/ [2.17]

Apart from the factor exp(ipox/#) which is known as a ‘phase factor’ since
lexp(ipox/ #)|* = 1, we see that the function () is again a Gaussian. It has a
maximum at x = 0 and |y(x)| falls to 1/e of its maximum value at x = +24/ 7,
so that the ‘width’ of the function |¢(x)| is Ax = 4%/, as shown in Fig. 2.1. It
is important to remark that if we increase vy so that the width Ax is decreased
and the function |(x)| becomes more strongly localised about x = 0, then the
width Ap, of the distribution [2. 15] becomes larger, and the function ¢(p,) gets
broader. For any finite, non-zero value of vy the product of the widths is
AxAp, = 8%, which is independent of y and is of the order of magnitude of 4.
Similar conclusions can be derived for functions ¢(p,) having different shapes

T 1\
Vi

) 1.0 7 WO
%3
¥ ld’max I

1/e 1/e x g I‘l’maxl
| 1 o, \ l 1 1 1
-2.0 -1.0 0 1.0 20y -30 -20 -l0 0 1.0 2.0 3.0
yE(Px—po)/'Y z = yxih

2.1 The wave packets ¢(p,) and y(x) defined in [2.15] and [2.17]. The function ¢(p,) is plotted
against ¥ = (p, — po)/y; it falls to 1/e of its maximum value at y = =1, so the width of the
distribution is Ap, = 2. The function JR|w(x)|/vis plotted against z = yx/#; it falls to 1/e of its
maximum value at z = +2, so the width of the distribution is Ax = 4h/y.
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; (Problem 2.1). In fact, it is a general result of Fourier analysis that if y(x) M
' ¢(p,) are mutual Fourier transforms as in [2.13]-[2.14], then . A J,x,

Ax Ap, = £ [2.18)

This is the Heisenberg uncertainty relation for position and momentum, according to
I which the uncertainty Ax in measuring the x coordinate of a particle is related to
l the uncertainty Ap, in measuring the x component of the momentum, the
| product of the uncertainties being larger than a quantity of order %. A precise
definition of the uncertainties Ax and Ap, will be given below.
The foregoing discussion is readily generalised to more than one dimension.
i By superposing plane waves of the form [2.7] we obtain the wave packet

i Ve, ) = Q)2 f P TEV/Ag(p) dp

= Quh) 3 J e’®*@(p, 1) dp [2.19]

It
1 where the wave functions in momentum space ®(p, ) and ¢(p) = P(p, t = 0)
. are the Fourier transforms of W(r, ) and y(r) = W(r, t = 0), respectively. That
"]

* ®@n)=@wm4ﬂfeﬁwmwm0dr (2.20]

and

#(p) = Q2mh) 2 f e~/ y(r) dr (2.21]

. The three-dimensional form of the Heisenberg uncertainty relations for position
and momentum is now

] AxAp, = h, QDyAp,=h, AzAp,=h [2.22]

The position—momentum uncertainty relations [2.22] have been derived by
using the theory of Fourier analysis. This theory may also be invoked to obtain a
time—energy uncertainty relation. Indeed, according to Fourier analysis, a wave
packet of duration Az must be composed of plane-wave components whose
angular frequencies extend over a range Aw such that Az Aw = 1. Since
E = hw, we therefore have

AtAE = 4 [2.23]

which is the Heisenberg uncertainty relation for time and energy. It connects the
uncertainty AE in the determination of the energy of a system with the time
interval Az available for this energy determination. Thus, if a system does not
stay longer than a time At in a given state of motion, its energy in that state will
be uncertain by an amount AE = #/At.
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The Heisenberg uncertainty relations [2.22] and [2.23], which are fun-
damental to any wave theory of matter, are particular cases of the uncertainty
principle formulated by W. Heisenberg in 1927. This principle states that it is
impossible to specify precisely and simultaneously the values of ‘comple-
mentary’ dynamical variables such as x and p,,yand p,, zand p,, ort and E.

The uncertainty relations [2.22] and [2.23] may be used to estimate various
basic quantities which occur in quantum physics. For example, it is possible by
using the position-momentum uncertainty relations [2.22] to obtain an estimate
of the size and of the energy of the hydrogen atom in its ground state
(Problem 2.2). On the other hand, the time—energy uncertainty relation [2.23]
is very useful in studying the lifetime of unstable systems.

Interpretation of the wave function

To make progress in the theory, we need to interpret the meaning of ‘the wave
function ¥(r, 7). In searching for this interpretation, we must remember that
W(r, 1) is in general a complex function, and that |W(r, ¢)| is large where the
particle is likely to be found, and small everywhere else. We also recall that
diffraction patterns, made by light, depend on the intensity of the radiation
determined by the Poynting vector, which can be interpreted as measuring the
flux of photons, and which depends on the square of the vector potential. In a
similar way, M. Born in 1926 made the fundamental postulate that if a particle is
described by a wave function ¥(r, 1), the probability of finding the particle
within the volume element dr = dx dy dz about the point r at the time ¢ is

P(r, 1) dr = [¥(r, D> dr [2.24]

so that
P(r, t) = |W(r, z)|2 = W*(r, )V(r, t) [2.25]

is the (position) probability density. Born’s statistical interpretation of the wave
function has to be justified by the success of the theory built on it. For P(r, ) to
be unique everywhere, one must require that the wave function Y(r, t) should
be continuous and single-valued. It is also worth noting that since |¥(r, 1)|* is
the physically significant quantity, two wave functions which differ from each
other by a constant multiplicative factor of modulus one (that is, a constant
phase factor of the form exp(ia)) are equivalent.

Since the probability of finding the particle somewhere must be unity, we
deduce from [2.24] that the wave function W(r, 1) should be normalised so that

J [W(r, O dr = 1 [2.26]

where the integral extends over all space. Wave functions satisfying this
condition are said to be square integrable. However, not every wave function can
be normalised like this, for example the plane wave [2.7]. In this case
|W(r, ¢)]* dr can be interpreted as the relative probability of finding the particle
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at time ¢ in a volume element dr centred about r, so that the ratio
[W(r, D)]*/|W(r;, t)|* gives the probability of finding the particle within &
volume element centred about r = r,, compared with that of finding it within
the same volume element at r = r;.

There are alternative methods of normalising wave functions which are not
square integrable. For example, we may assume that the system is confined to a
large box of volume V, in which case the normalisation condition [2.26] reads

[ |¥(r, o) dr = 1 (2.27]
v

where the integration now extends over the volume V. It can be shown that
calculated physical quantities are independent of V, provided the box is
sufficiently large. Plane waves such as [2.7] can also be ‘normalised’ with the
help of the Dirac delta function 8(x), which is defined by the relation

f) = f f(x) 8(x) dx [2.28]

where f(x) is an arbitrary well behaved function. There are several ways of
representing the delta function, one of which is

sin ax

5(x) = lim [2.29]

a—>x wmX
When used in [2.28] the infinitely rapid oscillations of this function when x # 0

imply that the only contribution to the integral arises from the neighbourhood
of x =0, and

J OOf(x) 8(x) dx = f(0) lim J * sin ax s

a—x J—x mX

=0 (2.30]

Other useful representations of the Dirac delta function are

.1 — cos Bx
&(x) = ,}1_’2 7x2

[2.31]

and

+K +o
8(x) = @m™! 1imJ e"k"dk=<2w>*‘f e**dk  [2.32]

K—x |-K —20

We see that the Dirac delta function is an unusual function (in fact a
‘distribution’) which is such that, in effect,

“+2¢

8(x)=0 if x#0, J S(x)dx =1 {2.33]

—n0
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Using this result, we find that the plane waves
() = @m7e T ~ [2.34]

satisfy the relation

i

+oc
(271_)—3 J ei(kx*k!()x dx

—oc

J YE @ (r) dr

+ +c
X J ei(k)*_k:;)y dy [ ei(kz*kz')z dz

—x —

Sk, — k) 8k, — ky) 8k, — k2)
5k — k') [2.35]

1

which is known as an erthonormality relation. In addition, the plane waves [2.34]
satisfy the closure relation

f YR () dk = 8(r — 1) [2.36]

Expectation values

Consider a one-dimensional system in which the normalised wave function is
W(x, 1). Since |¥(x, t)|* dx is the probability of finding the particle at the
position x in the interval dx, the average or expectation value of x may be defined
as

{x) = [ i x[W(x, 1)} dx [2.37]

Likewise, the expectation value of any function f(r) of the coordinates x, ¥, 2,
in a state represented by the normalised wave function ¥(r, t) is

(fr= Jf(r))‘l’(r, Dl dr [2.38]

where the integral is taken over all space.

How should we calculate the average value of the momentum of the particle?
The wavelength, which determines the magnitude of the momentum of a
particle through [2.1], has only a precise value for a plane wave such as [2.7].
For such a wave the momentum is obtained by operating on the wave function
with the differential operator —i%V, as in [2. 10]. When the wave function is not
a plane wave, we shall still assume that the momentum is represented by this
operator (see [2.11]) and the average value of the momentum in a state
represented by a normalised wave function W(r, ?) is

(P = J UX(r, Dpop¥(r, 1) dr = J WH(r, 1) (—ihV)¥(r, 1) dr  [2.39]
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] In general, if an operator A depends on r, p and ¢, its expectation value is

| defined as [1'5"‘*
(A) = J‘I’*(r, DA(r, —ihV, O¥(r, 1) dr [2-401

‘ The uncertainties Ax, Ap, and so on which appeared in the uncertainty
relations [2.22] can now be defined as standard deviations by the formulae

b Ax = ((x = DOV, Ape = (e — (2NN (2.41]

| 2.2 THE SCHRODINGER EQUATION

| In order to compute the average values of functions of the position and
momentum of a particle, which are the quantities determined by a series of
measurements, some way is needed of calculating wave functions. We first
| notice that the wave packet [2.19] for a free particle satisfies the differential

! equation 5 32
ih—W = —— V¥ : [2.42]
at 2m

‘ because E(p) = p?/2m, and this is called the Schrodinger equation for a free
‘ particle. What is the Schrédinger equation for a particle moving in a potential
N V(r, 1)? Using [2.11], the Schrédinger equation for a free particle can be written

1
Eop\P = 'é; (pop)Z\P [2.43]
The operator (p.p)>/2m represents the kinetic energy T of the particle. The
total energy or Hamiltonian operator of a particle is just
2

fi
H=T+V=—-—V+V [2.44]
2m

and the generalisation of the Schrédinger equation for a particle in a potential is

l‘ Ep ¥ =T+ V¥ [2.45]
‘ or

| .9

1 1h P v =HY¥ (2.46]
i which explicitly reads

{, Y #2 _
| th— W, t) = | —=— V2 + V(r, 1) | ¥(r, 1) [2.47]
._‘| at 2m

This is the time-dependent Schrodinger equation for a particle moving in a
3 potential. We remark that this equation is linear in W(r, t). As a result, it
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satisfies the superposition principle, according to which a linear superposition of
possible wave functions is also a possible wave function. The fact that the
superposition principle applies is directly related to the wave nature of matter,
and in particular to the existence of interference effects for de Broglie waves. We
also note that the Schrodinger equation [2.47] is of first order in the time
derivative 3/4t, so that once the initial value of the wave function ¥ is given at
some time #y, namely W(r, o), its values at all other times can be found.

The time-dependent Schrédinger equation [2.47] will now be used to obtain
two important results concerning probability conservation and the time varia-
tion of expectation values.

Probability conservation

The probability of finding a particle within a fixed volume V is seen from [2.24]
to be

J P, Hdr = J |W(r, ) dr [2.48]
v v

The rate of change of this probability can be obtained with the help of [2.47]:

P>
ot at

‘I’) dr

I
< ?
TN

8]

*
|cv
03]

+

d
Py JV P(r, t) dr

ih
= ’—J [WAV2 — (V2U*)W] dr
2m v
= —f V-jdr [2.49]
v
where we have introduced the vector
f
jr, t) = ——= [V*VV¥ — (VIN)V] [2.50]
2mi
Using Green’s theorem, we find that
d .
—j P, o) dr = —J j - ds [2.51]
ot jy s

where the integral on the right-hand side is over the surface S bounding the
volume V. Since the rate of change of the probability of finding the particle in
the region V is equal to the probability flux passing through the surface S, the
vector j can be interpreted as a probability current density. The equation

Vij+—= {2.52]
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| which follows from [2.49] is analogous to the continuity equation of electrom %
; W ‘
‘H‘\f ]

| magnetism, expressing charge conservation.

| Time variation of expectation values
| The rate of change of the expectation value [2.40] of an operator 4 is given by

d
(A) =— f (W*AW) dr

*
=f<ag! AW + W* Alp+lp*A9-q—')dr

i
= <fi> + iJ V* (AH — HAYY dr (2.53]

at 1
where we have used the Schrodinger equation [2.46] and the fact that H is
Hermitian (see below). The commutator of two operators A and B is defined as
[A, B] = AB — BA (2.54]
‘ and two operators are said to commute if their commutator vanishes. Using this
! definition [2.53] can be written as

] d aAl 1
| - @) = <at>+l—([A H]) [2.55]

| In particular, if the operator A does not depend explicitly on time (that is,
i dA/dt = 0), we have

Ld o
i (4) = (4, H]) [2.56]

and if A commutes with H, A is a constant of the motion (d{(4)/dt = 0).

i Using the result [2.56] one can prove (Problem 2.5) Ehrenfest’s theorem,
according to which the expectation value of the variables r and p obey equations

corresponding to Newton’s equations of motion. That is,

d
C@ - (o), % = —(VV) 12.57)

Time-independent Schrédinger equation and energy eigenfunctions

'1 When the potential does not depend on the time, the Schrodinger equation
. [2.47] admits stationary state solutions of the form

N W(r, 1) = dp(re”PE
where E is a constant and where g (r) satisfies the time-independent Schrodinger
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equation
ﬁZ
{—7; V2 + V(r)] Ye(r) = Eg(r) [2.59]

or
Hyypy = Eyg [2.60]

The significance of the constant E is seen by recognising that E is the
expectation value of the total energy H = T + V. That is

E = (H) = J W*(r, )HY(x, t) dr [2.61]

In writing [2.61] we have assumed that the wave function ¥ is normalised to
unity, so that

- J YE@YE() dr = 1 [2.62]

where the integral can be taken over all space for square integrable functions, or
over a large volume V in the other cases. We shall find that only certain values of
. E are compatible with normalisable solutions. These values are called the energy
eigenvalues and the corresponding solutions Y are the eigenfunctions of the
energy operator H. Equations of the type

A l!/n = and’n [263]

— where A is an operator and a,, is a number — are called eigenvalue equations; a,
being called the eigenvalue and ¢, the eigenfunction of the operator A. If more
than one eigenfunction corresponds to a given eigenvalue, this eigenvalue is said
to be degenerate.

It is a general postulate of quantum mechanics that each dynamical variable
(such as the position, momentum, energy; . . . ) can be represented by a linear
operator [ 1] and that the result of a precise measurement of the variable can only
be one of the eigenvalues of this operator. For example, the only possible result
of a measurement of the energy of the system is one of the eigenvalues E of the
Hamiltonian operator H.

The spectrum of the Hamiltonian

The set of all eigenvalues of the Hamiltonian is called the energy spectrum. It may
consist of discrete values or a continuous range, or both. In general the discrete
! eigenvalues are associated with bound states (analogous to the closed orbits of
classical mechanics) and the continuum with scattering states (corresponding to

open classical orbits).

5 ' [1] For a definition of linear operators, see Byron and Fuller (1969) or Mathews and Walker (1973).
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j It is easy to show by integrating by parts that for any normalised eigenfunc-
| tion g of H one has r ‘tﬁ‘m
. "l

| e .
E* = (H* = U wg[-ﬁ V2 + V} Vg dr:I

1 h?
J (//E{—— vZ + V} % dr = J lllg-|i“'5r; V2 + V]([;E dr

= (H) =

so that the eigenvalues E are real.
In general, if A is a linear operator and ® and ¥ are any two wave functions,

i the adjoint operator At is defined by the relation

| f P*AMY dr = j(A(I))*\If dr [2.65)

[2.64]

| If A = A, then A is said to be self-adjoint or Hermirian, in which case

’ (A) = (A)* and the eigenvalues of A are real. Operators representing physical

| quantities (such as H, r or p) are called observables, and it is a postulate of

‘ quantum mechanics that observables must be Hermitian.

| We shall now prove that if iz and g are two eigenfunctions corresponding
to unequal eigenvalues E and E’, then

| f @ dr =0 (2.66]
! in which case ¥z and ¢ are said to be orthogonal. We first note that
‘ YE(H — E)g = [2.67a]
and
Yel(H — ENdp]* = (2.67b]

Subtracting these two equations, and integrating we have

(E - E") J YE g dr = J (yg Hyg — (Hyg)*Pg] dr
~ 0 2.68]

| where in the last step we have used the fact that A is Hermitian. Since E #E',

f we see that [2.66] follows from [2.68].
J When several eigenfunctions ¢ ,, r = 1, 2, . . . , & correspond to a given
! eigenvalue E (that is, 1f the eigenvalue E is degenerate) linear combinations of
L the eigenfunctions dlE,, can always be constructed so that the resulting «
]; __ eigenfunctions belonging to the eigenvalue E are mutually orthogonal. Each of
| these eigenfunctions is evidently orthogonal to every eigenfunction belonging to
a different eigenvalue E’' # E. Thus all the energy eigenfunctions can be made
y orthogonal to each other, even when some of the eigenvalues are degenerate.
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The eigenfunctions ¢, of an operator A are said to constitute an orthonormal set
if they are both normalised and mutually orthogonal. That is

J RO (r) dr = 8, [2.69]
where 6, is the Kronecker symbol
1, n=n'
§= 2.70
amz {0’ n # "/ [ ]

The energy eigenfunctions iz constitute such a set, and in the same way so do
the eigenfunctions of an Hermitian operator representing any observable [2].

2.3 EXPANSIONS, OPERATORS AND OBSERVABLES

7 We shall assume that all the orthonormal eigenfunctions i, (r) of a given
Hermitian operator A form a complete set, in the mathematical sense that an
arbitrary normalised wave function ¥(r, #) can be expanded in terms of them:

W(r, 1) = X, c,(OP(r) [2.71]

n
Suppose now that at time ¢ a measurement is made of the observable
represented by A. Then, as we have seen above, the value obtained must be one
of the eigenvalues a,. A further postulate, due to Born, is that the probability
P,(¢) of obtaining the value a, is given by

P, = |e(I? [2.72]

As a consequence, we are certain to obtain a particular eigenvalue a,, only when
the wave function that describes the particle at time ¢ is the corresponding
eigenfunction ¢, (apart from a constant phase factor). Immediately after a
measurement in which the result a,, is obtained, the system will be found in the
state represented by the wave function ¢,.

We can calculate the probability amplitudes c, from [2.71] using the ortho-
normal property [2.69] of the expansion functions ,. Multiplying [2.71] by
Y* and integrating, we obtain

J U (e (r, 1) dr = 3 ¢,(0) j Yr(n),(r) dr

n

2 Cn(l) Srm'

n

! = cn’(t) . [273]

i

[2] If n is a continuous index, then a ‘delta function’ normalisation analogous to [2.35] can be used.
Alternatively, a ‘box’ normalisation of the type [2.27] can be introduced, in which case n remains
discrete and the relations [2.69]-[2.70] apply without modification.
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2.3

It is convenient at this point to introduce the Dirac notation g

(flgy = Jf*(r)g(r) dr [2_7'4 "i

so that the result [2.73] reads ¢, = (4, |¥). More generally, we define ;h’

matrix element of an operator A as g
(flAlg) = ff *(r)Ag(r) dr [2.75)

so that the expectation, or average, value of A can be written as
(A) = (V|AlY)
= 22 C:'Cn«pn'IAld’n)

= EZ C:’cnan<¢n’|¢n> v
= lealas | (2.76)

where we have used [2.63] and the orthonormality relation [2.69], which resds
(b |) = 8, in Dirac’s notation.
Another important relation can be proved from [2.71] and [2.73]. Indeed,

since |

W(r, 1) = > cu(du(r)

=2 U XY@’ 1) dr’} (1) [2.77]
we have
> URED YL () = 8(r — 1) [2.78]

where 8(r— r') is the Dirac delta function discussed in Section 2.1. The result
[2.78] (see also [2.36] for the special case of the plane waves) is known as the
closure property of the orthonormal set of functions ¢,.

General solution of the Schrodinger equation
for a time-independent potential

Let us assume that the potential is independent of time, so that the time-
dependent Schrédinger equation [2.47] admits stationary state solutions of the
form [2.58]. Expanding the general solution of [2.47] in terms of energy
eigenfunctions, we then write (see [2.71] and [2.73])

W, 1) = ; (DY (r) [2.79]
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where
ce(®) = jdfﬁ(r)‘l'(r, t)dr (2.80]

Substituting [2.79] into the Schrodinger equation [2.47], and using the ortho-
normality of the eigenfunctions i, together with the fact that they satisfy the
time-independent Schrédinger equation [2.59], we find that the coefficients
cg(?) satisfy the equation

5 2 =E 2.81
ih = ce(t) = Ecg(D) (2.81]

which is readily integrated to yield
ce(t) = cp(to)e” /WEC® [2.82]
We note that the probability Pg of obtaining the energy value E is constant,
since from [2.72] and [2.82] we have
Py = |eg@f = cx(to)l? [2.83]
Using [2.79] and [2.82], we find that
W(r, 1) = ; cp(to)e /MBIy (r) [2.84]

or
W, 1) = >, Cltop(®e “PF 5 Ep(te) = cplto)e™™Ee [2.85]
E

so that the general solution W(r, ?) is a linear superposition of stationary state
solutions [2.58], as we expect from the linearity of the Schrédinger equation
[2.47]. _

These results may also be used to write down an expression for ¥(r, ¢) at any
time, once it is known at the time ¢ = . Indeed, from [2.80] and [2.84], we

have

W, 1) = U YEE W', o) dr’Je'(i/“E('*‘“)d/E(r)

E
= f K@, ;v 19)¥(a’, tp) dr’ 12.86]
where
K@, 11, 10) = X A wp(e PECD [2.87]
E

We see from [2.86] that K may be interpreted as the probability amplitude that a
particle originally at r’ will propagate to the point r in the time interval ¢ — .
The function K is therefore called a propagator.
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Matrix representations of wave functions and operators )

Let us consider a complete orthonormal set of functions {i;}. Any physicnllg
admissible wave function ¥ can be expanded in terms of them as (see [2.71] and

[2.73])
v = E i G = <‘/IJI‘I’> (2.88]

The set {y;} is called a basis and the coefficients ; are the components of ¥ in
that basis. Once a given basis — also called a representation — has been chosen, ¥
is completely specified by its components ¢;. Thus the set {¢;} may be thought of
as a basis in a vector space [3], and ¥ as being represented by a vector in that
vector space, whose components are the coefficients c;.

The action of a linear operator A on ¥ may be specified in terms of its effect
on the components ¢; in a given representation. Indeed, starting from [2.88] we

have
AV = A 2 le//j = 2 CjAl/lj [2.89]
7 7 .
Let us express the new vectors (/1]’ = Ay, in our basis as
Wi = Ad; = 2 Ayt [2.90]
where
Ay = (YiAlg) [2.91])
Then, if we write
V' =AY = 3 i [2.92]

so that the coefficients ¢/ are the components of W' in our basis, we have from
[2.89]-[2.92]
V= AV = 3 D Ayl = D, ¢l (2.93)
[

so that
j

This is a matrix equation which relates the components ¢; of ¥ and ¢ of
¥’ = AV by means of the matrix elements A; of the linear operator A.
Thus far we have adopted a given representation (that is, a given complete
orthonormal set of basis vectors {¢;}) in which ¥ is represented by a vector
having components ¢; and the operator A by a matrix whose matrix elements are

[3] Vect(;r'spaces are discussed by Byron and Fuller (1969) and Mathews and Walker (1973),
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given by [2.91]. This representation, however, is not unique. Indeed, we may
develop V¥ in terms of another complete orthonormal set of basis vectors {¢,} as

v = 2 dror> dp = <<Pk|‘1’> [2.95]
Tk

and the coefficients d,, are the components of a vector representing V¥ in the
‘new’ basis {¢,}. In particular, any ‘old’ basis vector may be expressed in the

‘new’ basis as 1

o = ; Uy @x [2.96]
where ]
Uyj = (@rlt5) [2.97]
In the same way, the reverse expansion is
@ = g Wiloehy; = ; Uk [2.98]
| Since
v = ; G = ; ; ¢Urjon = ; dyon [2.99]
: we also see that
| dp =3 Usgy [2.100]
‘ j

The set of numbers Uy; can be regarded as the elements of a matrix U and the
equation [2.100] written in matrix form as

d="Uc [2.101]
The matrix U is readily shown to be unitary, namely such that
UUt=U =1 [2.102]
where [ is the unit matrix. Indeed, we have
(UUD = ; UyU}, = 2]: Ui Uz

= 2 (‘Pk|l//j> <<Pn|l//j)*

- j dr ok j e () S WD
J

J
|

I

dr o}(r) J dr'e,(r") &(r ~ ')

dr eF(D@,(1) = 8pn (2.103]
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where we have used the closure relation for the functions ;. Similarly, one has
R
UTUYn = B4 [2.104] f

so that the unitarity property [2.102] follows from [2.103] and [2.104).
Therefore the passage from one representation of quantum mechanics to
another is effected by unitary transformations.

Instead of changing the representation by means of a unitary transformation,
we may also apply unitary transformations directly to the wave functions
(vectors) and operators. For example, let ¥ and @ be two wave functions and A

an operator (observable) such that

AV = [2.108)
Let us now apply the unitary transformation U, so that
v =U¥, & =Ud [2.106)
Writing
AV = _ [2.107]
we have
A'UY = Ud = UAY (2.108]
Hence, using [2.102], we find that
A=UtA'U, A =UAU! [2.109]

These equations imply (Problem 2.8) that if A and A’ are two operators
connected by a unitarity transformation:

1. If A is Hermitian, then A’ is also Hermitian.
2. The eigenvalues of A’ are the same as those of A.
3. One has

@AV = (DA|W) [2.110]

where W' and @’ are defined by [2.106]. In particular, the expectation value

(W|A|¥) remains unchanged. By choosing A = I (the unit operator) we also

see that the scalar (inner) product (®|¥) is invariant under a unitary

transformation. As a result, the normalisation is also preserved, since

(W'|W') = (VW)

Let us assume that the orthonormal functions {¢,} which we use as a basis set
for a matrix representation are the eigenfunctions of some quantum mechanical
operator A. Then, using [2.63], we find that

A, = WilAlg) = (Glale)
= aj 6,:,‘ [2111]

so that the matrix which represents the operator A in this basis is diagonal.
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Solving the eigenvalue equation [2.63] for an observable A is therefore
equivalent to finding a unitary transformation which diagonalises the corres-
ponding matrix.

| The Heisenberg equations of motion
We have learned in Section 2.2 how to calculate the time rate of change of the

expectation value of an operator A (see [2.55]). In a similar way, one can show
that

A
%JCD*A‘I’ dr:Jd)*—\Ifdr-k ﬁJ A, H1W dr [2.112]

where ®(r, 1) and W(r, t) are two arbitrary wave functions. Thus we have the
operator (or matrix) equation

dA aA 1
—_— = — 2.113
de at zﬁ (4, H] [2.113]

where dA/dz is the operator whose matrix elements are the time rate of change
of the matrix elements of A. The equation [2.113] is known as the Heisenberg
equation of motion of a dynamical variable.

Commuting observables

Let two different observables be represented by the operators A and B. From -
Born’s postulate, it follows that if there is a state in which a simultaneous
measurement of the two observables is certain to yield the values ¢; and b;, then
a; and b; must be eigenvalues of A and B, respectively. The correspondmg wave
functxon, Y, must be an eigenfunction of both A and B. That is,

Ay = ay; By = by [2.114]

If such eigenfunctions of A and B can be found for all the eigenvalues a; and
b;, then the two observables are said to be compatible, and the ; form a
complete set. By taking suitable linear combinations of any degenerate eigen-
functions, this set can be made orthonormal,

(Wyiply) = 8 8 [2.115]
From [2.114], we see that
[A, B]l/lij =(AB — BA); =0 [2.116]

and since any wave function ¥ can be expanded in terms of the orthonormal set
{y;}, we must have

[4,B] =0 [2.117]

so that the two operators A and B commute with each other. Conversely, if A
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and B are two operators which commute with each other, there exists a complete
set of eigenfunctions which are simultaneously eigenstates of both A and B.
the other hand, if [A, B] # 0, a precise simultaneous measurement of both the
observables is impossible.

As an example, let us consider the Cartesian components x, y, £ of the
position operator and the Cartesian components of the momentum operator,
P = —th 3/dx,p,= —1h 3/dy and p, = —ih 9/62. If f(x) is a function of x, we

have
_ gl 9
[x, plf(x) = lﬁ{x % ox (xf)}
= i f(x) [2.118)
so that we may write the relation [x, p.] = th. More generally, we have
[x> Px] = [y; Py] = [Z, pz] = lh [2‘119]

while all other commutators — such as [x, p,] — vanish. It follows that, for
example, x and p, have common eigenfunctions and can be measured simul-
taneously with arbitrary accuracy. In contrast, since x and p, do not commute
with each other, a precise simultanecus measurement of both of these observ-
ables is impossible. Indeed, as we saw in Section 2.1, the accuracy to which both
x and p, can be measured is limited by the uncertainty principle.

The above arguments can be extended to any number of observables. The
greatest number of commuting observables that can be found for a given system
is said to form a complete set of commuting observables.

Commutator algebra

It is convenient to list here some elementary rules for the calculation of
commutators. These rules are easily verified (Problem 2.9) from the basic
definition [2.54]. If A, B and C are three linear operators

[A, B] = —[B, A] [2.120a]
[A, B+C] = [A, B] + [A, C] [2.120b)
[4, BC] = [4, BIC + B[A, C] [2.120¢]
(A, [B, C]] + [B, [C, A]] + [C,[A,B]] = 0 [2.120d]

2.4 ONE-DIMENSIONAL EXAMPLES

In this section we shall analyse the time-independent Schrodinger equation

A% d’y(x)
for two simple one-dimensional potentials: the infinite square well and the linear
harmonic oscillator. This will allow us to illustrate the theory and to obtain

several results which will be useful in further chapters.
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The infinite square well

Let us consider a particle of mass m which is constrained by impenetrable walls
to move in a region of width L, where the potential energy is constant. Taking
this constant to be zero, and setting @ = L/2, the potential energy for this

problem is

[2.122]

Vi) = JO, |x] <a

loo’ x < —a, x> a

and is illustrated in Fig. 2.2(a).
Because the potential energy is infinite at x = *a, the probability of finding

the particle outside the well is zero. Hence the wave function (x) must vanish
for |x| > a, and we only need to solve the Schrodinger eigenvalue equation
[2.121] inside the well. Moreover, since the wave function must be continuous,

e V) ry
—a (6] +a f
! (a).
. ry
ﬁ”izlg1 1
i
6 —n=4 %(__\“‘_‘_7
14}
12+

8 —
o /22\
i "o S R
, v
n=1 KB
i 0
! Energy levels Wave functions
relative scale
®

2.2 (@ The infinite square well
(b) Wave functions and eigenvalues for the infinite square well.
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Y(x) must vanish at the constraining walls, namely o
Yx) =0 at x = *a [Z.IZﬁ

We shall see shortly that it is precisely this boundary condition which leads to the

quantisation of the energy.
The time-independent Schrodinger equation for |x| < @ reads

A% d®(x)
_ =K 2.124
3 e (x) [ ]
and has the general solution
2m \?
Y(x) = A sin kx + B cos kx, k= (? E) [2.125]

Applying the boundéry condition [2.123] we find that
Asinka=0, Bcoska=0 [2.126]

As a result, there are two possible classes of solutions. For the first class A = 0
and cos ka = 0, so that the only allowed values of & are

nT  nw
kR, = —=— 2.127
= T [ ]
with n = 1, 3, 5, ... The corresponding eigenfunctions ,,(x) = B, cos k,x
can be normalised so that
+a
J Yx (), x) dx = 1 (2.128]

from which the normalisation constants B,, are found (within an arbitrary phase
factor) to be B, = a~ /2. The normalised eigenfunctions of the first class may
therefore be written as
1
() = = cos ';—:x, n=1,3,5,... [2.129]
Similarly, for the second class of solutions, such that B = 0 and sin ka = 0,

the allowed values of k are given by [2.127] with n = 2, 4, 6, . . . and the
corresponding normalised eigenfunctions are

1 . nw
Y,(x) = —= sin — x, n=2,4,6,... [2.130]
Ja 2a
For both classes of eigenfunctions it is unnecessary to consider negative
values of n, since these lead to solutions which are not linearly independent of
those corresponding to positive n. The energy eigenvalues E, are given by
L

= — = — =1,2,3,... .
2m 8m a? m 2> " ’ (2.131]

E, =
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We see that there is an infinite number of discrete energy levels, with one
eigenfunction corresponding to each energy level. The energy eigenvalues and
the corresponding eigenfunctions are shown in Fig. 2.2(b) for the first few
states. It is interesting to note that the lowest energy or gero-point energy is
E, = #?7%/8ma’ so that there is no state of zero energy. This is in agreement
with the requirements of the uncertainty principle. Indeed, the position
uncertainty is roughly given by Ax =a. The corresponding momentum
uncertainty is therefore Ap, ~ fi/a, leading to a minimum kinetic energy of
order #2/ma?, in qualitative agreement with the value of E;.

There is an important difference between the two classes of eigenfunctions
which we have obtained. That is, the eigenfunctions belonging to the first class
are such that ¢,(—x) = ¢,(x), and are therefore even functions of x, while those
of the second class are such that ¢,(—x) = —t5,(x) and hence are odd. This
division of the eigenfunctions into even and odd types is a consequence of the
fact that the potential V(x) is symmetric about x = 0, V(—x) = V(x), so that the
Hamiltonian is invariant under the parity or reflection operation x — —X.

Finally, we observe that a general solution of the time-dependent Schrodinger
equation [2.46] for the present problem can be written as a linear superposition
of stationary solutions (see [2.85]), namely

o

V(x, 1) = 2, calhalx)e” @HE [2.132]

n=1
where the coefficients ¢, can be determined from the knowledge of the wave
function ¥ at some particular time, say ¢ = 0. Thus, using [2.80], we find that

Cp = j ’ *x)W(x, t = 0) dx [2.133]

—a

The linear harmonic oscillator

We now consider the one-dimensional motion of a particle of mass m which is
attracted to a fixed centre by a force proportional to the displacement from that
centre. Thus, choosing the origin at the centre of force, the restoring force is
given by F = —kx (Hooke’s law), where & is the force constant. This force can
thus be represented by the potential energy

V(x) = skx? [2.134]

which is shown in Fig. 2.3(a). Such a parabolic potential is of great importance
in quantum physics as well as in classical physics, since it can be used to
approximate an arbitrary continuous potential W(x) in the neighbourhood of a
stable equilibrium position x = a (see Fig. 2.3(b)). Indeed, if we expand W(x)
in a Taylor series about x = a, we find that

W(x) = Wa) + (x — a)W’(a) +3x - W'+ - - [2.135]
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2.3 (a) The parabolic well V(x) = Tkx?. This is the potential of the simple harmonic oscillator.

(b) A potential well W(x) can be approximated by an oscillator potential near the minimum.
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where W'(a) = (dW/dx),-, and W"(a) = (d*W/dx?),—,. Since W(x) has a
minimum at x = a, we have W'(a) = 0 and W"(a) > 0. Choosing a as the
coordinate origin and W(a) as the origin of the energy scale, we see that the
harmonic oscillator potential [2.134] is the first approximation to W(x). Hence
the linear harmonic oscillator is the prototype for systems in which there exist
small vibrations about a point of stable equilibrium. This will be illustrated in
Chapters 9 and 10, where we shall study the vibrational motion of nuclei in
molecules.

The one-dimensional Schrédinger equation [2.121] becomes, for the linear

harmonic oscillator
A2 dyx) 1,
—_— T+ = =F .
o+ 5 ) = BN [2.136]

It is convenient to rewrite this equation in terms of dimensionless quantities. To
this end we introduce the dimensionless variable

mk 1/4
= ax, a=\27 [2.137]
and the dimensionless eigenvalue
2E
| = — 2.138
% fw [ ]
’ where
k 1/2 :
w = (_r;> [2.139]

is the angular frequency of the corresponding classical oscillator. The Schrédin-
ger equation [2.136] then becomes

2
i—‘f +(A=-EW=0 [2.140]
dé
Let us first analyse the behaviour of ¥ in the asymptotic region £ — =. We
may then neglect the term A compared to &, and the resulting equation is
readily seen to have solutions of the form ¢" exp(+ £%/2), where n is finite. The
physically acceptable solution must contain only the minus sign in the exponent.
This suggests looking for solutions to [2.140] of the form

W) = e $2H© [2.141]

where H(¢&) are functions which must not affect the asymptotic behaviour.
Substituting [2.141] into [2.140] we obtain for H(¢) the equation
d’H dH

| iz T (A—DH=0 [2.142]
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Energy levels

Solutions of [2.142] which satisfy the above requirement and are finite
everywhere are only found for A = 2n + 1, wheren = 0, 1, 2, . . . . They are
called Hermite polynomials H,(¢). The energy spectrum of the linear harmonic
oscillator is therefore given by (see [2.138])

1
— + —
E, ﬁw(n 2)
1
=hv< +5), n=0,1,2,... [2.143]

where v = w/27.

The infinite sequence of discrete, equally spaced energy levels [2.143] is
similar to that discovered in 1900 by Planck for the radiation field modes (see
Section 1.3). This is due to the fact that a decomposition of the electromagnetic
field into normal modes is essentially a decomposition into uncoupled harmonic
oscillators. We note, however, that according to [2.143] the linear harmonic
oscillator, even in its lowest energy state, n = 0, has the energy fiw/2. On the
other hand the lowest energy of a classical harmonic oscillator is zero. The finite
value w/2 of the ground state energy level, which is called the zero-point energy,
is therefore a purely quantum mechanical effect, and is directly related to the
uncertainty principle (Problem 2.11). The eigenvalues [2.143] of the linear
harmonic oscillator are non-degenerate, since for each eigenvalue there exists only
one eigenfunction, apart from an arbitrary multiplicative factor.

Hermite polynomials

The Hermite polynomials H,(¢), which are the physically acceptable solutions
of [2.142] corresponding to the eigenvalues A = 2n + 1, are polynomials of
order n, having the parity of n, which are uniquely defined except for an
arbitrary multiplicative constant. This constant is traditionally chosen so that
the highest power of & appears with the coefficient 2" in H,(¢). This is consistent
with the following definition of the Hermite polynomials:

H & = (-1ye? de” [2.144)
d&r
The first few Hermite polynomials, obtained from [2.144], are
Hy¢) =1
H\(§) = 2¢
Hy(§) = 48 = 2 [2.145)

Hy(¢) = 88 — 12¢
Hy &) = 16&* — 488 + 12
Hy(&) = 328 — 1603 + 120¢
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Another definition of the Hermite polynomials H,(¢), which is equivalent
[2.144], involves the use of a generating function G(¢, s). That is

G, 5) = e

= i —"—@s" (2.1

n=0 n!

L
The relation [2.146] means that if the function exp[—s® + 2s£] is expanded in g
power series in s, the coefficients of successive powers of s are just 1/n! times the
Hermite polynomials H,(£). Using the generating function [2.146] it may be
shown that the Hermite polynomials satisfy the recurrence relation )

H, . (&) — 2¢H (&) + 2nH,_1(&) = 0 (2.14M}

L
=
Using [2.141], we see that to each of the discrete values E,, of the energy, gl
by [2.143], there corresponds one, and only one physically acceptable wave

function, namely

The wave functions for the linear harmonic oscillator

Un(x) = Nye~ “*/2H (ax) [2.148)

where we have returned to our original variable x, and N, is a constant which
(apart from an arbitrary phase factor) is determined by requiring that the wave
function [2.148] be normalised to unity. That is

+oc| 2 _M o —&rr2 - ‘
Y (x))? dx = ” e *H(&HdE=1 [2.149]

—x —a¢

The integral on the right is evaluated in Appendix 3 by using the generating
function [2.146]. It is found (see equation [A3.10]) that the normalisation

constant N,, can be chosen to be

o 1/2

N, = (m) [2.150]

so that the normalised linear harmonic oscillator wave functions are given by
_ a 12 — /2

(%) = (m) e H (ax) (2.151]

It is also shown in Appendix 3 that the wave functions i,(x) and i, (x) are
orthogonal if n # m, in agreement with the fact that they correspond to
non-degenerate energy eigenvalues.

Because the Hamiltonian of the linear harmonic oscillator,

H=——+-kx? [2.152]
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is invariant under the parity operation x — —x, the eigenfunctions y,(x) are
either even functions of x(forn = 0, 2, 4, . . .) or odd functions of x (for n = 1,
3, 5,...). This is apparent in Fig. 2.4 where plots of the first few harmonic
oscillator wave functions are shown, together with the corresponding probabil-
ity densities || It is also clear from this figure that for small values of # the
quantum mechanical probability densities are very different from the corre-
sponding densities for the classical harmonic oscillator. However, the agree-
ment between the classical and quantum-mechanical probability densities
quickly improves with increasing values of n. This is an illustration of Bohr’s
correspondence principle, according to which the predictions of quantum
physics must correspond to those of classical physics in the limit in which
the quantum numbers specifying the state of the system become large.

2.5 ANGULAR MOMENTUM
The classical orbital angular momentum of a particle is
L=rXp [2.153]

where r and p are the position and momentum vectors of the particle,
respectively. Using the fact that p is represented in wave mechanics by the
vector operator —iAV, we see that L is represented by the vector operator
—ifi(r X V). Its Cartesian components are given by

. d d
Lx:ypz_zpyz_lﬁ y-a_z_—z_

0y

d d
= - = —fhlg— — x — 2.154
L, =zp, — xp, zh(z Py X az) [ ]

. d d
L. = xp, —ypx = -tﬁ<x— —y.—)
Yy
Using the rules [2.120] of commutator algebra and the basic commutation
relations [2.119] one finds that

(L., L] =itL,, [L,,L]=ikL,, [L,, L] =L, [2.155]

so that the operators L., L, and L, do not mutually commute. As a conse-
quence, it is impossible to find a representation that diagonalises more than one
of them, and the components of the orbital angular momentum cannot in
general [4] be assigned definite values simultaneously. However, each of the
three components of L is easily seen to commute with the operator

[4] An exception occurs when the angular momentum is zero (L, = L, = L, = 0). In this case any
function which only depends on the magnitude r of the position vector r is a simultaneous
eigenfunction of L,, L, and L,.
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L?=L}+ L} + L. For example,

(L., LZ] =[L,, LJZ(] + [L,, LJZ)]
| =[L,,L,JL,+ LJL,, Lx] + [L,, Ly] Ly + Ly[Lz> Ly]
iﬁ(Lny“l' LxLy) - iﬁ(LxLy + Lny) =0 [2156]

Thus it is possible to construct simultaneous eigenfunctions of L? and one
component of L, so that L2 and this component can be simultaneously defined
precisely. In what follows we shall choose this component to be L,.

It is convenient to express L, and L? in spherical polar coordinates (r, 8, P),
which are related to the Cartesian coordinates (x, y, 2) of the vector r by

= r sin # cos ¢
y = rsin #sin ¢ (2.157]

z =rcos b

with 0sr=<ow, 0<s@<m 0< ¢ =< 2w (see Fig. 2.5). It is found that
(Problem 2.12)

d
L = —i — .
2 m ) [2.158]
‘and
1 9 3 1 _
P = —h —(sin 6 —) + =52 -— 159
L% =4 [sin 690 (Sm b ae) sin” 6 aqu} [2.159]
The eigenfunctions ®(¢) of L, satisfy the eigenvalue equation
L®(d) = mhd() [2.160]

where the eigenvalues have been written as mfi for convenience. The normalised

2.5 Polar coordinates (r, 8, ¢) of a point P.
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solutions of [2.160] are

®,(¢p) = L em® [2.161]

V27

Since the functions ®,, must be single-valued, we have ®,,(27) = ®,,(0), so that
m, which is called the magnetic quantum number, is restricted to positive or
negative integers, or zero (m = 0, =1, *2,...). We also note that the
functions [2.161] are orthonormal,

27
J DPrAD)DP,(P) AP = 8y (2.162]
0

The simultaneous eigenfunctions of L? and L, are called the spherical
harmonics and are denoted by Y,,,(0, ¢). They satisfy the eigenvalue equations

L?Y,(6, &) = I + DE*Y}1,(8, &) [2.163]
and

LzYlm( 05 d)) = mh Ylm( 93 ¢) [2 164]

where the eigenvalue of L? has been written as I(I + 1)4?. The quantum
number / is known as the orbital angular momentum quantum number. Setting

Yiu(6, &) = 04,(6)D,() [2.165]

substituting into [2.163] and using [2.159], we find that the functions ®,,(6)
satisfy the equation

L2 (Gnel +—"’2—®<9)~1(1+1® 6) [2.166]
sn000 \"" 730 sinfg| ™ )0 0) ’

The physically acceptable solutions of this equation that remain finite over
the range 0 < 6 < 7 exist only when [ =0, 1, 2,... and m = —|,
-l +1,..., +1. They can be expressed in terms of associated Legendre
functions P7*(cos 6), which are defined in the following way. Introducing the
variable w = cos 6, we first define the Legendre polynomials P,(w) of degree [ by
the relation

1 &
Pw) = 1 T (w? — 1) [2.167]

An equivalent definition of P;(z) can be given in terms of a generating function,
namely

T(w,s) = (1 — 2sw + s?)~V/?

I
M

Py(w)s’, Is| <1 [2.168]

=0
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The Legendre polynomials satisfy the differential equation i

L. &2 d
(1= w?) o5 = 2w — + I + 1) |Py(w) = 0 [2.169)

which is readily shown to be equivalent to [2.166], with m = 0. One has the
recurrence relation

QL+ DwP,— 1+ DPpyy —IP;1 =0 [2.170]
which is also valid for / = 0 if one defines P_, = 0. The orthogonality relations
read

; +1 2
‘ f Pyw)P(w) dw = T+ 1 Sy (2.171]
i One also has the closure relation
_Zl-zzio L(Zl + DP@)Pw') = 8w — w") [2.172]
1 Important particular values of the Legendre polynomials are
| P =1, P(-D= (1 2.173)
‘ For the lowest values of / one has explicitly

Pyw) =1

Pilw)y=w

Pyw) = 2(3w2 -1
Py(w) = 3(5w® - 3w)
Py(w) = $(35w* — 30w? + 3)
Ps(w) = $(63w> — 70w* + 15w) [2.174]
The associated Legendre functicns P} (w) are now defined by the relations
d”
J Pr(w) = (1 — wz)"’/z d—T”Pl(w)’ m=0,1,2,...1 [2.175]

' They satisfy the recurrence relations

QI+ DwPP=d+1-mPi + 1+ mPr, [2.176a]
" QL+ DA - wHV2Prl = PR, - PP, [2.176b]
1‘
! and the orthogonality relations
] + 2 (+m)
f_ P w)PHw) dw = A+ 13- )' Sy [2.177]
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The first few associated Legendre functions are given explicitly by
Pl@) = (1 - w?)*”
Piw) = 31 — w)"w
P3(w) = 3(1 — w?)

2.178
Piw) = 3(1 — w)V*(5w” - 1) [ ]
P3(w) = 15uw(l — w?)
Piw) = 15(1 — w?)*?
The functions ©,,(6), normalised so that
f 0F,.(00,,(0) sin 0 do = [2.179]
0
are given in terms of the associated Legendre functions P7" by
@+ D - m!]? _
= (= mo\ > T — m > 0
0,,(0) = (1) [ 20+ m) P7(cos ), m
= (—D"©y,,(6), m<0 [2.180]

Using [2.165], [2.161] and [2.180], the spherical harmonics are given by

21 + DU — m)]V? .
Yinl8 ) = (211 [(Taz)—i;n’y@“} Py(cos )™, m =0 [2.181a]

Yy, (0 @) = (=1"Y7,(6, &) [2.181b]

They satisfy the orthonormality relations

27 ™
J d¢J df sin 6 Y7,,(0, &)Y, (6, &)
0

0
= 61[/ amm' [2.182]

where we have written df) = sin 6 d6 d¢. The closure relation reads

J Y;m’(ea ¢)Ylm(9) (b) dQ

S +1

> 21 Y58, §Y (0, &) = 8(Q — Q')

1=0m=—
50— 0) 8(¢ — ¢)

2.183
sin 6 [ ]

50 - Q) =

The first few spherical harmonics are listed in Table 2.1. Polar plots of the
probability distributions

Yim(6, ¢ = (2 7T>_1|®lm(0).'2 (2.184)

are shown in Fig. 2.6. Additional useful formulae involving the Legendre
polynomials and the spherical harmonics are given in Appendix 4. In that
appendix we also discuss matrix representations of angular momentum operators,
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Table 2.1 The first few spherical harmonics Y,,(6, ¢)

Spherical harmonic Y, (8, ¢)

! m
1
0 0 Yoo = G
1/2
| 0 Yio= (—) cos 6
3 1/2 )
*1 Y= I(—) sin #e*'®
87
5 1/2 i
2 0 Yo = [— (Becos?8-1)
: 167
15\
+1 Yy = 1(——) sin 6 cos g e*'® C
87T [
T
15 1/2 . s o
+2 Yy+2 = (E) sxnl § e=2¢ ;
7 1/2
3 0 Yo ={— (5 cos® 6 — 3 cos 6)
e 167
21 \1?
+1 Vi = F[— sin 6 (5 cos? 6 — 1)e**®
647
105\1/2 .
+2 Y., =|-—| sin® 6 cos § e=2'¢
’ 27
35 1/2
+3 Yi.3 = F{— sin® g e*¥¢
’ 64

and define the raising and lowering operators
L.=L,=xiL, (2.185]

These operators are such that (see [A4.21])
L.Y,(0, &) = 4l + 1) = m(m = D]V?Y,,,.1(0, ¢)  [2.186a]

or
L.m) =4[l + 1) — mm = D]'?|Im = 1) (2.186b)]

where in the last line we have used the Dirac ket notation, in which the
eigenfunctions Y, are written in the form |im).

Let us assume that the particle is in-the orbital angular momentum state |/m)
such that L2Im) = I + 1)#%lm) and L,|lm) = mh|lm) (see [2.163] and
[2.164]). Although two components of the orbital angular momentum cannot in
general be assigned precise values simultaneously, it is nevertheless possible to
say something about the components L, and L, . Indeed, one can readily show
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m=0 m=+1
m=0 m=+1 m=+2

% XK e
m=0 m=+1 m=+2 m=+3

2.6 Polar plots of the probability distributions |Y,, (8, #)> = @7) 04, (8)

(Problem 2.13) that

(Im|L |lmy = (Im|L |lm) = 0 [2.187]

and
(Im|LYim) = (Im|L2|Im) = + [0 + 1) — m*I#* [2.188]
We note that when m = +[orm = —I, so that the orbital angular momentum is

respectively ‘parallel’ or ‘antiparallel’ to the Z-axis, its x and y components are
still not zero. It is helpful to visualise these results in terms of the vector model
introduced in Section 1.8 (see Fig. 1.24). According to this model, the orbital
angular momentum vector L, of length /{(! + 1)%, precesses about the Z-axis,
the (2/ + 1) allowed projections of L on the Z-axis being given by m#, with
m=—-1,-1+1,...+L

Spherical harmonics in real form

In some applications it is convenient to use an alternative set of eigenfunctions
of L?, which are the real forms of the spherical harmonics. That is,

Yl,cos(63 d’) = N®1|m|(0) cos|m|¢

« [2.189]
Yisin(6; ) = NOyjy(8) sinjm|e
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where the normalisation constant N is equal to =~ '/, except for m = 0 fg
which N = 27)" Y2, For m = 0, the function Y, .o, is clearly identical to t}
spherical harmonic Y;o. On the other hand, for m # 0 we have %

1 ‘
Yicos = —= Yy + Yllml) e '

7

i
Yl,sin = —ﬁ (YIIml - Yﬁml)

The spherical harmonics in real form are eigenfunctions of L2 and L2, but not 9‘
L, (except, of course, when m = 0). They behave like simple funcnonl of
Cartesian coordinates, and for this reason are well suited for describing t|
directional properties of chemical bonds (see Chapter 9).

The first few spherical harmonics in real form are listed in Table 2.2, Y
have used in this table the so-called ‘spectroscopic’ notation, in which the v
of the orbital angular momentum quantum number / is indicated by a l““ﬁ

Table 2.2 The first few spherical harmonics in real form

Spherical harmonic in real form

! {m|
1
0 0 s = —(477)1/2 !
3 1/2
1 0 p: = (4—) cos 6
T
3 1/2
1 Py = (4—) sin & cos ¢
T
3 \1/2
p, = (Z‘Tr) sin 6 sin ¢
5 2
2 0 diy2- 2 = Ton (Beos*6-1)
T

i
w

i?l

1
1 oo
4=

15|72
dez_y2 = (Z‘;) sin’ @ cos 2¢

) sin 6 cos 6 cos ¢

i

Al.—
w

) sin @ cos 6 sin ¢

15 \1/2
dy = (—) sin? @ sin 2¢
47
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according to the correspondence

Valueof/ 0 1 2 3 4 5
O
Codeletter s p d f g h,...

These code letters are remnants of the spectroscopist’s description of various
series of spectral lines, the letters s, p, d and f being the first letters of the
adjectives ‘sharp’, ‘principal’, ‘diffuse’ and ‘fundamental’, respectively. For
values of / greater than three the letters follow in alphabetical order (g for [ = 4,
h for [ = 5, and so on). The subscripts z, X, ¥, x2, y2, etc. used in Table 2.2
indicate the behaviour of the real spherical harmonic in terms of Cartesian
coordinates. Polar graphs of the s, p,, p, and p, functions are given in Fig. 2.7.
We also remark that while the probability distributions [2.184] corresponding to
the ‘genuine’ spherical harmonics are independent of the azimuthal angle ¢,
those corresponding to the spherical harmonics in real form (that is, IY,,COSIZ
and |Y, 4,|?) depend on ¢ in the same way as the functions cos® |m|¢ and
sin? |m|¢, as seen from [2.189].

V4 VA

s orbital p, orbital

Ve
A, e
) Y ) / Y

p, orbital

2.7 Polar diagrams of the real spherical harmonics s, p,, p, and p,.

! The rigid rotator

As an example of the use of the operator L? and of its eigenfunctions, consider
the motion of a particle of mass m, constrained to remain at a given distance Rq
from a fixed point, which we choose as the origin of coordinates. Denoting by
I = mR3 the moment of inertia, the Hamiltonian of this system, which is known
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as a (three-dimensional) rigid rotator, is

2
H= 251- [2.191]

Using the expression [2.159] of L? in spherical polar coordinates, the Schrédin-
ger eigenvalue equation reads
L o, 9 = —ﬁ—z[ : i(sin ei>+ #8—2] W0, ) = (6, 4)
2 77 21 |sin 6 96 98/ sin® 0 a¢° ’ ’
[2.192]
Thus, we see from [2.163] that the eigenfunctions are just the spherical

harmonics Y;,(0, ¢), and the energy eigenvalues are
2

# .
E—Ejl(l+1), 1=0,1,2,... [2.193]

Spin angular momentum

We saw in Chapter 1 that the Stern—Gerlach experiment can be interpreted as
showing that the electron possesses an internal degree of freedom, the spin,
which behaves like an angular momentum in the way it couples with a magnetic
field. The z component of this spin angular momentum can only take on two
values m%, where m; = *+1/2. Therefore, the electron spin cannot be described
by the orbital angular momentum operator L we have considered thus far,
since the z component of L only takes on the values m#, with m = -,
—1+1,...+L,and I=0,1,2,.... We shall assume, however, that all
angular momentum operators, whether orbital or spin, satisfy commutation
relations of the form [2.155]. Thus, if S,, S, and S, are the three Cartesian
components of the electron spin angular momentum operator S, they must
satisfy the commutation relations

[S,,S,] = i#S,,  [S,, S.] = ihS,,  [Sa, S,) = ihS, [2.194]

Using the results of Appendix 4, we may readily obtain the properties of the
spin angular momentum and of the spin eigenfunctions. Denoting by x;,,, the
simultaneous eigenfunctions of S? and S,, we have

S Xsm, = S + D Xom, [2.195)
and
Ssz,mS = mxﬁXs,m: [2196]

Since m, = =1/2 for an electron, we must have s = 1/2, and we say that the
electron has spin one-half. There are only two different normalised spin

eigenfunctions x;,,, , namely

am xin2;B=X12,-172 (2.197]
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and we see from [2.195] and [2.196] that

S2a = 3%a;  S?B = 3H7B [2.198]
d A )
an S.a=za SB=-38 [2.199]

The spin eigenfunctions « and 8 are said to correspond respectively to spin up
(1) and spin down (| ) states. A general spin-1/2 function x is an arbitrary
linear superposition of the two basic spin states a and 8. That is,

where y. and y_ are complex coefficients such that |y |* is the probability of
finding the electron in the ‘spin up’ state a, while |y_|® is the probability of
finding it in the ‘spin down’ state 8. The normalisation condition (x|x) = 1
gives

P+ Ix-1F =1 [2.201]
provided that the basic spin states a and B are orthonormal, namely
= =1
(alay = (BB 2.202]
(alB) = (Blay = 0

We note from [2.198] and [2.200] that for an arbitrary spin-1/2 function y we
have S%y = (3%%/4)x, so that we may write

§? = 3#? [2.203]
Introducing the raising and lowering operators
S. =8, 215, [2.204]
and using the general relations [A4.15]-[A4.16] of Appendix 4, with j = 1/2 and
m = *1/2, we have
Sia = 0; S$.8=ta
S_a=hB; S B=0

From [2.199], [2.204] and [2.205] we may construct a table which tells us how
the components of S act on « and 3. That is,

[2.205]

S,.a = h 5 S.B= L
<X = 2 B’ xB - 2 a
h h
Sea=5B  SB= -Za [2.206]
So= h ] S g A
& = 2 a, B = 2 B

Using [2.200] and the results of this table, we remark that if x is an arbitrary
spin-1/2 function one has S2y = (#?/4)x, with a similar result for S2 and S2.
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Thus we have

hZ
S2=82=8;= vy [2.207]

Since there are only two basic spin states « and 3, a matrix representation of the
spin operators will only require two-by-two matrices. It is apparent from
[2.195]-[2.199] that the matrices representing the operators S? and S, may be
taken to be the two-by-two diagonal matrices

3 1 0 il 0
2 = — 2 : = —
S 2 ki (0 1), S, 5 (O —l) [2.208])

The normalised spin-1/2 eigenfunctions « and S are given by the two-
component column vectors (also called spinors)

el e

and may be considered as the basis vectors of a two-dimensional ‘spin space’.
The orthonormality relations {2.202] can then be written in the form

ofa = Big=1
2.210
afﬁ = BTa =0 [ ]
where the dagger denotes the adjoint. Thus of and B! are the row vectors
af=(1 0; B'=0 1 [2.111]

and according to the rules of matrix multiplication, we have explicitly

ofa=(1 0)((1)) =1 (2.212]

0
a'B=q 0)(1) =0, etc...

It is also readily verified that the equations [2.205] are satisfied if

0 1 0 0
S, =*h S_=+n 2.213
N (0 o) (1 0) [ ]
whence
A [0 1 (0 —1
= — = — 2
soi(0 g s-5(0 ) pae

The results [2.208] and [2.214] can also be written as
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0 1 0 —i 1 0
o, = <I 0) o, = (i 0) o, = (O _1) [2.216]

are called the Pauli spin matrices. Their principal properties, which can readily
be verified (Problem 2.14) are summarised by the equations

where

oci=ol=0l=1 [2.217a]

00y = —0,0, =10, 0,0, = —0,0,=10y; 0,0,= —0,0,= 10, [2.217b]
Troy,=Tro,=Tro, =0 [2.217c]

det o, = det 0, = det 0, = —1 [2.217d]

where Tr means the trace and det the determinant. Moreover, the three Pauli
matrices o, o, g, and the unit two-by-two matrix form a complete set of 2 X 2
matrices, in the sense that an arbitrary 2 X 2 matrix can be expressed in terms
of them. Finally, one can prove (Problem 2.14) the identity

(0-AXo-B)=A-B+ioc'(AxXB) [2.218]

where A and B are any two vectors, or two vector operators whose components
commute with those of the spin S (that is with those of o). In the latter case the
order of A and B on both sides of [2.218] must be respected.

Using the explicit form [2.209] of the basic spinors « and B, an arbitrary spin
1/2 function [2.200] may be written as the spinor

X = (’“) [2.219]
X_
and the normalisation condition [2.201] becomes
x'x =1 [2.220]

where x' denotes the adjoint of the spinor X, namely
X' = x®) [2.221]

It is worth noting that if the electron is in a pure ‘spin up’ state « or a pure
‘spin down’ state @3, the expectation values of S, and S, vanish, (S,} = (S,) = 0
while (SZ) = (S2) = #?/4 (see Problem 2.13). Thus, even when the spin
angular momentum S is said to be ‘up’ (m, = +1/2) or ‘down’ (m, = —1/2), its
x and y components are still not zero. As in the case of the orbital angular
momentum L, these results can be visualised with the help of a vector model.
According to this model, the spin vector S, of length /3/4#, precesses about
the Z axis, the only allowed projections of S on the Z axis being mf,with
m,= *=1/2. This is illustrated in Fig. 2.8.

Thus far we have only considered the spin of the electron. Other particles,
such as the atomic nuclei, may also possess a spin angular momentum S, for
which the quantum number s (see [2.195]) can be either integral or half-integral.
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27
2.8 The vector model of the spin, for a spin one-half particle.

From the results of Appendix 4, with j = s and m = m,, we see that the
quantum number m; takes on the 2s + 1 values —s, —s + 1, ... s — 1,s. The
matrices representing the spin operators S, S,, S, and S? then have dimensions
2s + 1; they can be written explicitly by using the methods of Appendix 4 (see

Problem 2.15).

Total angular momentum

The total angular momentum of a particle can be written as
J=L+S [2.222]

The orbital angular momentum L = r X p operates only in ‘ordinary’ space
and satisfies the commutation relations [2.155]. On the other hand, the spin
angular momentum S satisfies the commutation relations [2.194] and operates
only in ‘spin space’. All its components therefore commute with those of r and
p, and hence with all those of L. As a result, the total angular momentum J

satisfies the commutation relations
(Fos ) = ihFes  [Fy» Fod = AT, [Fon Tl = iRF,  [2.223)

which characterise an angular momentum operator.
It is shown in Appendix 4 that the simultaneous eigenfunctions of

J? =32+ 72 + ¥ and ¥, satisfy the eigenvalue equations
Vi, = 1G+ DA Y, [2.224)
and
T lim, = Mty (2.225]
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where j is a non-negative integer or half-integer ( = 0, 1/2, 1, 3/2, .. .) and
m; = —j: —j+1>- . -j_ 19]

Since all the components of L. commute with all those of S, the operators L2,
L., S? and S, mutually commute, and have the simultaneous eigenfunctions

dllxm,ms = Ylm,(0> d))XS’ms [2226]

where we have written m; = m [5]. It can be shown (Problem 2.16) that the four
operators L?, 8%, J? and ¥, also form a commuting set of operators. Their
simultaneous eigenfunctions are linear combinations of the functions ¢, », and
are often denoted by the symbol ¥/ (see Appendix 4). For a given value of /
and s the possible values of j are given by

H—sl,l—sl+1,...01+s [2.227]

For a given j the quantum number m; can take on the 2j+1 values —j,
—+1,...7— 1,7, as we have seen above.

Wave functions for a spin-1/2 particle

Thus far in this section we have focused our attention on the angular and spin
parts of the wave functions. In general, the wave functions also depend on the
radial coordinate r and on the time ¢. For example, in the case of a spin-1/2
particle (e.g. an electron), a general expression for the wave function is

(g, ©) = V.(r, Do + ¥_(r, )B [2.228]

where ¢ denotes the ensemble of the (continuous) spatial variables r and the
(discrete) spin variable (m, = * 1/2) of the particle. The probability density for
finding at time ¢ the particle at r with ‘spin up’ is [¥.(r, £)*, and with ‘spin
down’ it is |[¥ _(r, )|*. Using [2.209] we may also write the wave function ¥ as a
two-component or spinor wave function, namely

v,
v = (q}_) [2.229]

2.6 CENTRAL FORCES

Let us now return to the Schrodinger equation [2.59] describing the motion of a
spinless particle of mass m in a time-independent potential V(r). We shall
consider in this section the important case of central potentials, that is potentials
V(r) which depend only upon the magnitude r = || of the vector r. Since V(r) is
spherically symmetric, it is natural to use the spherical polar coordinates defined

[5] In general we shall use the notation m for a magnetic quantum number, but where it is important
to distinguish between different kinds of angular momenta, we shall use the notation m;,

mg, m;, as necessary.

96




in [2.157]. The Hamiltonian of the system is then given by iy

ﬁl
H=——V2+ V()
2m

R [18/,9 N 19 .00 R
2m | 1% or 4 ar % sin 6 90 sin a0

1 a2
.+. —_——
7 sinZ 0 ad)zJ + V() [2.230]
Using the expression [2.159] of L?, we may also write
l1a(,0) L]
=——|5=|r=|-53|t .
H 2m {rz ar (r ar) ﬁzrz} Ve (2231)

so that the Schrodinger equation [2.59] reads
R2l1a/[,0 L? ,
—— S —= =) ==+ =E .

{ om [ 7 o (r a;«) 72,2 V() 1i(r) ¥(r) [2.232)

Now L2 and L, only operate on angular variables, and in addition [L3, L] = 0.
Therefore, we see from [2.231] that

(H, L] =[H,L]=0 [2.233)

We may thus look for solutions of the Schrédinger equation [2.232] which are

simultaneous eigenfunctions of the operators H, L? and L,. Since the spherical

harmonics Y,,,(6, ¢) are simultaneous eigenfunctions of L2 and L, (see [2.163]
and [2.164]) we can write a particular solution as

Vg L mrs 0, &) = Re (DY 1,0, &) [2.234]

Substituting [2.234] into [2.232], and using [2.163], we obtain for the radial
function Rg ,(r) the equation

2
{_ﬁ_[ 1 d (rz d) - l<l_: 1)} + V(i’)}RE,l(V) = ERg () [2.235]

2m 2 dr dr r
which shows that Rz ; does not depend on the magnetic quantum number m,
The radial equation [2.235] can be simplified by introducing the new radial

function

ug (r) = rRg ,(r) (2.236]
The new radial equation which we obtain for ug ,(r) is then
£2 2 I+ DA
Ii—zn—g;z + ——77”1‘—2— + V(r) uE,,(r) = Eu,.;,,(r) [2237]

For potentials which are less singular than r~2 at the origin, a power series
expansion of uz ,(r) can be made for small r, and the examination of the indicial
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equation shows that
ug () ~ 1" [2.238]

r—0

The equation [2.237] is similar to the one-dimensional Schrodinger equation
[2.121] for an ‘effective potential’

I+ HA?

o [2.239]

Vea(r) = V(r) +

which contains the repulsive centrifugal barrier term I(I + 1)4%/2mr? in addition
to V(r). We remark, however, that the variable r is confined to positive values
0 < r < o, in contrast to the variable x in [2.121].
Parity
The parity operator % is defined by the relation

Pf(r) = f(-1) [2.240]

where f(r) is an arbitrary function. Thus the parity operator corresponds to an
inversion of the position coordinate r through the origin. It is a Hermitian
operator since, for any two wave functions ¢(r) and ¢(r), we have

f H*@PY(r) dr = [ S*@(—r) dr
= J S*(—r)g(r) dr

= [[QP S(O)]*d(r) dr [2.241]

Let us now consider the eigenvalue equation for %, which we write as
Pia(r) = aa(r) [2.242]

From the definition [2.240] of % and the fact that ?f(—r) = f(r), we deduce
that

P =1 [2.243]
where I is the unit operator. Hence
PHa(t) = 6P Yo(r) = ifa(r) = (1) [2.244]

so that o = 1 and the eigenvalues of ? are @ = +1. Denoting the correspond-
ing eigenfunctions by ¢, and _, we have

Pi(®) = Pu(),  PY_(0) = —¢_(r) [2.245]
or

(=1 = ¢u(0),  Y_(-0) = —¢_(r) (2.246]
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Thus . (r) is an even function of r, and ¢_(r) is an odd function of r. The
eigenfunctions ¢, are said to have even parity, while the eigenfunctions .. have
odd parity. We note that ¢, and ¢_ are orthogonal. They also form a complete
set, since any function ¢(r) can always be written as

() = () + (1) [2.247]
where
g (®) = 3[e(0) + ¢(-1)] [2.248]
has obviously even parity, while
y-() = 3[u(®) — (-1 [2.249]

has odd parity.
Let us now return to the central force problem. Under the parity operation

r — —r, the spherical polar coordinates (r, 6, ¢) become (r, # — 6, ¢ + m),
The central force Hamiltonian [2.230] is clearly unaffected by this operation, or
in other words the parity operator  commutes with the Hamiltonian [2.230]

[P, H] =0 [2.250]

As a result, simultaneous eigenfunctions of the operators % and H can be
found. Applying the parity operator on the wave function Yg ; .(r, 6, @) =
Rg . (NY;,,(6, @) (see [2.234]), we have

P[Rg, (NY1n(0, $)] = Rg (DY (7 — 6, & + ) [2.251]
Now, from the definition [2.181] of the spherical harmonics, it can be shown

that
Yi(m — 6, & + @) = (=1)Y,(6, ¢) (2.252]

so that Y,, has the parity of I. Thus
P[Re (Y10, B)] = Re i (r)(—1)'Y (6, &) (2.253]

and the wave function 5 ,, itself has the parity of / (even for even /, odd for
odd 1).

The free particle

We shall discuss at length various applications involving central potentials in
subsequent chapters. For further reference. we consider here the (very) special
case of the free particle, for which V(r) = 0. Writing ¢ = /2mE/#, the radial

equation [2.235] becomes
[ 2 2d W+
2

T AR + kZ]RE,l(") =0 [2.254]
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It is convenient to set p = kr and to write R;(p) = Rg,(r), so that the above

equation reads
@ 2d I+ 1)
- 4+ =4 - = 2.
[dpz o dp (1 pz R/(p) 0 [2.255]
This equation is known as the spherical Bessel differential equation. The

solutions of [2.255] which are regular and finite everywhere are given (up to a
multiplicative constant) by the spherical Bessel functions j,(p), defined by

\1/2
Jp) = (5;) J e3P [2.256]

where 7.(p) is a Bessel function of order ». The first few spherical Bessel
functions are given explicitly by

. sin p

Jolp) = —
p

. sinp cosp

]l(p) = 2
p p

. 3 1\ | 3

7p) = (-—3 - -—) sin p — — cos p [2.257]
P b p

Additional properties of the functions j,(p) will be discussed in Chapter 11.

The eigenvalues #? of [2.254] can take on any positive real value. As a result,
the energy E = #2k%/2m can assume any value in the interval (0, ), giving an
example of a continuous spectrum. Thus, returning to [2.234] and using the
foregoing results, we see that for every positive value of E there exist eigen-
functions of the free particle Schrodinger equation labelled by the orbital
angular momentum quantum numbers (/, m), namely

d’E,l,m(r’ 05 (»b) = le(kr)ylm(es ¢7) [2258]

where C.is a constant. It can be shown that the ensemble of spherical waves
[2.258] forms a complete set.

On the other hand, we have seen in Section 2.1 that a free particle of
momentum %k and energy E = #%k*/2m is represented by the plane wave
exp(ik - r). Since the spherical waves [2.258] form a complete set, we may
expand the plane wave exp(ik - r) in terms of them. That is, '

£ +1
e = 120 | iKY 1 (05 ) [2.259]
If we choose the Z axis to be along the wave vector Kk, then the left hand side of
[2.259] reads exp(ik - r) = exp(ikr cos 6), which is independent of ¢. Setting
w = cos 6, the expansion of exp(ik - r) reduces to an expansion in terms of
Legendre polynomials P (w). A straightfoward calculation (Problem 2.17) then
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yields . M:f"“*
ekt = 3 (21 + Diljk)P(cos 6) [2.2604 Jm
i=o ‘

Using the addition theorem of the spherical harmonics (see the equation [A4.23]
of Appendix 4) we can also write the above formula in the form of equation

[2.259]. That is
% +1
T =ar Y > LYK Ym® [2.261)
=0 m=-1
where % denotes the polar angles of a vector x. Upon comparison of [2.259] and
[2.261] we see that the coefficients ¢,,, (k) are given by ¢;,, (k) = 47ri'Y,*,,, (ﬁ)-

2.7 SEVERAL-PARTICLE SYSTEMS

Until now we have only discussed the motion of a single particle. In this section’
' we shall generalise our results to N-particle systems. We begin by considering &
system of N non-relativistic spinless particles having masses m;, position
" coordinates r; and momenta p; i = 1, 2, . . . N). The classical Hamiltonian

function of this system is

N 2
Hry, . . .INsP1s - - - Pas b)) = E Z’L + V(r, .. .1tn, 0) [2.262)
=1 1

‘ where V is the potential energy. The total classical energy E,, of the system is

Etot = H(I'], -« INs P15 - - - PN t) [2263]

The Schrodinger equation for the wave function W(ry, . . . ry; t) which

describes the dynamical state of the system is obtained by considering E . and
p; to be the differential operators (compare with [2.11])

d
Eop = ifios  (B)op = —ihV, [2.264)

and writing that E,, and H,, = H(ry, . . . 1y, —thV, ;. .. —ihV, | t) give

identical results when acting on V. That is

9 3 f?
ih W = HoW = {2 (— Vf) + Vo, .. I t)}l’ [2.265]
dat i=1 Zmi !

The normalisation condition [2.26] now takes the form

j |‘I’(l'1, v IN t)'z dl'l . . dl’N =1 [2.266J

The total orbital angular momentum L of the system is the sum of the
individual orbital angular momenta L, = r; X p;

" L= Z L, [2.267]

! i=1

2
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It is also worth noting that all the components of the position r; and
momentum p; of particle i commute with all those pertaining to particle ;
provided that 7 # j, so that the fundamental commutation relations read

[x;s py;] = 1h 8y, [yis p:j] = 0, etc. [2.268]

Two-body systems

Of particular interest is a system of two particles, of masses m; and m;,
interacting via a time-independent potential V(r{—r;) which depends only upon
the relative coordinate r; — r,. The classical Hamiltonian of the system is
therefore given by
2 2
H="LL 4+ 2 vy -1 [2.269]
2m1 2m2
Making the substitutions p, — —i4V, and p, > —iAV,, in [2.269], we obtain
the quantum mechanical Hamiltonian operator, and the corresponding
Schrodinger equation reads

T

— V2 = — V2 + V(r, — 1) |¥(ry, 12, 1)
Zml ! 2m2 2

., 0
lﬁ'a—tq’(l'l, r, [) = l:_

[2.270]

Because the potential V only depends on the difference of coordinates r; — r,,
an important simplification can now be made. We introduce the relative
coordinate

r=r —r, [2.271]
together with the vector

+
R = Tan T Mol [2.272]
m; + my
which determines the position of the centre of mass (CM) of the system.
Changing variables from the coordinates (r;, r,) to the new coordinates (r, R)
one finds that the Schrédinger equation [2.270] becomes

i #? #2
th = TR, r, 1) = [—m Vi — —2—’1- v+ V(r)] VR, r, ) [2.273]
where
M=m +m \ [2.274]
is the total mass of the system and
mym;.
= 2.275
K= o m [ ]

is the reduced mass of the two particles. The Schrédinger equation [2.273] may
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also be obtained by introducing the relative momentum

p= mp1 ~ "ip2 [2.276)

my + m;
together with the total momentum
P= P1 + P2 [2.277]

Since

2 2 2 2
pi 2 _ P p
—+ + — 2.
2my  2m, 2M @ 2p [2.278)

the classical Hamiltonian [2.269] can be written as
P p’
H M + n + V(r) [2.279])
Performing the substitutions P — —iAVg and p — —iAV, in [2.279], we
then obtain the quantum mechanical Hamiltonian operator leading to the
Schrédinger equation [2.273].

Two separations of the equation [2.273] can now be made. The time
dependence can first be separated as in [2.58] since the potential is time-
independent. Secondly, the spatial part of the wave function can be separated
into a product of functions of the centre of mass coordinate R and of the relative
coordinate r. Thus the Schrédinger equation [2.273] admits solutions of the
form

YR, 1, 1) = PR)Y(r)e Em+EN/A [2.280]
where the functions ®(R) and (r) satisfy respectively the equations
ﬁZ
o VE ®R) = Ecy P(R) [2.281]
and
hZ
[—2— V2 + V(r)} U(r) = Ey(r) [2.282]
L] ‘

We see that the equation [2.281] is a time-independent Schrdédinger equation
describing the centre of mass as a free particle of mass M and energy Ecm. The
second time-independent Schrédinger equation [2.282] describes the relative
motion of the two particles; it is the same as the equation corresponding to the
motion of a particle having the reduced mass u in the potential V(r). The total

energy of the system is clearly
Ewi=Ecm + E [2.283]

We have therefore ‘decoupled’ the original two-body problem into two one-
body problems, that of a free particle (the centre of mass) and that of a single
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particle of reduced mass u in a potential V(r). We remark that if we elect to
work in the centre of mass system of the two particles, we need not be concerned
with the motion of the centre of mass, the coordinates of which are eliminated.

Systems of particles with spin. Addition of angular momenta

Let us now consider a system of particles which may possess spin. We shall
denote by g; the ensemble of space and spin coordinates of the particle &. The
angular momentum J; of that particle is the sum of its orbital angular
momentum L; and its spin angular momentum S,,

Ji=L +§; [2.284]
The total orbital angular momentum L of the system is given by [2.267]. The

total spin angular momentum is

S=

M=

I
-

S; [2.285]
Finally, the total angular momentum of the system is the sum of the individual
angular momenta J;,

N
J= 21 Ji [2.286]
In many problems of quantum physics the Hamiltonian H of the system is
rotationally invariant. As a consequence, it may be shown [6] that H commutes
with the components of the total angular momentum J, so that we can look for
the eigenfunctions of H among the simultaneous eigenfunctions of J?and ¥,. On
the other hand, we know in general how to obtain the eigenfunctions of the
individual angular momentum operators J7, ;. (see Appendix 4). The problem
of the addition of angular momenta consists in ootaining the eigenvalues
and eigenfunctions of J* and ¥, in terms of those of J? and ¥;,. The simplest
addition problem, namely that of adding fwo angular momenta is discussed
in Appendix 4. :

Indistinguishable particles

Many systems considered in further chapters of this book contain a number of
articles (notably electrons) which are all identical. In this case the Hamiltonian
_must be symmetric with respect to any interchange of the space and spin
coordinates of the particles. Thus an interchange operator P;; that permutes the
variables ¢; and g; of particles ¢ and j commutes with the Hamiltonian:

[P;, H] =0 [2.287]

[6] See Messiah (1968) or Merzbacher (1970).
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As a consequence, if ¢{(g;, . . - g - - - gj» - - - gv) is an eigenfunction of H
with eigenvalue E, so is also P;, where

e

T

;

Pi(qs o - - Qis - - G5 - - qN) = W15 -« - Gjs - - - di> - - - 9N)  [2.288)

Since two successive interchanges of ¢; and ¢; bring the particles back to thelr
initial configurations, we have

Pi=1 [2.289)

so that the eigenvalues of the operator P; are ¢ = =1. Wave functions
corresponding to the eigenvalue ¢ = +1 are such that

Pi(qrs o Gise o - @is o - o) =(q1s -« - Gis - - - Gis -+ - GN)
:(/’(q1>-~~4ia-"qj’~-'qN) [2:901

and are said to be symmetric under the interchange P;;. On the other hand, wavg
functions which correspond to the eigenvalue £ = —1 are such that !

Pablgrs .o - Gis -+ - Qs+ o - qn) = Y(q15 - -~ Qs -+ - Gis - - « 4N)
= —(qrs . - Gis e Gy e - -qn)  [2.291])

and are said to be anrisymmetric under the interchange P

More generally, there are N! different permutations of the variables
¢15 . - . gn. Defining P as the permutation that replaces ¢; by gp1, ¢2 by
gp2s- - - gy and gpy and noting that P can be obtained as a succession of

interchanges, we have
[P, H]=0 [2.292]

A permutation P is said to be even or odd depending on whether the number of
interchanges leading to it is even or odd. If we let the operator P act on a wave
function (g, . . . ¢n), we have

Py(q1s . . - qn) = ¥(@p1s - - - 4pn) [2.293)

It is worth stressing that except for the case N = 2 the N! permutations I do
not commute among themselves. This is due to the fact that the interchange
operators P; and Py, (k # j) do not mutually commute. Therefore, the eigen-
functions (g, . . . g5) of H are not in general eigenfunctions of all the N!
permutation operators P. However, there are two exceptional states which are
eigenstates of H and of the N! permutation operators P°. The first one is the
totally symmetric state Js(q,, . . . gn) satisfying [2.290] for any particle inter-
change P, so that for all P

Pys(qrs - - - an) = ¥s(@p1s - - - 4pPN)
= ¢s(qr> - - - IN) [2.294]

The other one is the totally antisymmetric state Ya(q;, . - . gn), wWhich satisfies
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[2.291] for any interchange P;. Hence, for all P

Pya(qrs . - - qn) = ¥algp1s - - - dpN)
_ {x,//A(ql, ...qy) for an even permutation

—~dalq1, . . . gn) for an odd permutation  [2.295]

We also remark that the equation [2.292] implies that P is a constant of the
motion, so that a system of identical particles represented by a wave function of
a given symmetry (S or A) will keep that symmetry at all times.

According to our present knowledge of particles occurring in nature, the two
types of states s and ¢4 are thought to be sufficient to describe all systems of
identical particles. This is called the symmetrisation postulate. Particles having
states described by totally symmetric wave functions are called bosons. They can
be shown [7] to obey Bose—Einstein statistics. Experiment shows that particles of
zero or integral spin, such as the photon (s = 1) are bosons. On the other hand,
particles having states described by totally antisymmetric functions are called
fermions. They satisfy Fermi-Dirac statistics [7]. It is found that particles
having half-integral spin values such as the electron and the proton (s = 1/2) are
fermions. The statement that the wave function of a system of identical fermions
must be totally antisymmetric in the combined space and spin coordinates of the
particles is the generalised version of the Pauli exclusion principle.

If the system is composed of different kinds of bosons (fermions), then its
wave function must be separately totally symmetric (antisymmetric) with
respect to permutations of each kind of identical particles. For example, in the
case of the hydrogen molecule H,, the total wave function must be antisymmet-
ric under the interchange of the two electrons and also antisymmetric under the
interchange of the two protons.

2.8 APPROXIMATION METHODS

As in the case of classical mechanics, there are relatively few physically
interesting problems in quantum mechanics which can be solved exactly.
Approximation methods are therefore of great importance in discussing the
application of quantum theory to specific systems, such as the atomic and
molecular ones considered in this book. In this section we shall review several
approximation methods which will be used extensively in further chapters.

Time-independent perturbation theory

Perturbation theory deals with the changes induced in a system by a ‘small’
disturbance. Although we shall also apply perturbation methods to scattering
problems at a later stage (see Chapters 11-13) we shall start here by discussing
the Rayleigh—-Schrédinger perturbation theory, which is concerned with the

[7] See Dicke and Wittke (1960) or Messiah (1968).
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' modifications in the discrete energy levels and corresponding eigenfunctions of. *‘

system when a perturbation is applied. sl
Let us assume that the time-independent Hamiltonian H of a system may

| be separated in two parts,
| H = H, + \H' [2.296)

where the ‘unperturbed’ Hamiltonian H, is sufficiently simple so that the
corresponding Schrédinger eigenvalue equation

Hopy, = Epiy, (2.297]

may be solved, and the term AH' is a small perturbation. The parameter A will
be used below to distinguish between the various orders of the perturbation
; calculation. We assume that the (known) eigenfunctions , corresponding to the
(known) eigenvalues E,, of H, form a complete orthonormal set (which may be
partly continuous). Thus, if ¢; and ¢; are two members of that set, we have

(Yl = 8; or &G~ f) (2.298]

where the symbol 8(i — ;) should be used when both ; and #; correspond to
continuous states. In what follows we shall simplify the notation by extending ‘
the meaning of §; to cover both possibilities in [2.298]. The eigenvalue problem
which we want to solve is

N HY, = §,V, [2.299]

where we have used the notation ¢, and ¥, to denote the perturbed energy
levels and eigenfunctions, respectively.

(a) Non-degenerate case

Let us focus our attention on a particular unperturbed, discrete energy level E,,
which we assume to be non-degenerate. We suppose that the effect of the
perturbation AH’ is small enough so that the perturbed energy level €, is much
closer to E,, than to any other unperturbed level. It is then reasonable to expand
both ¥, and ¢, in powers of A, namely

oo

‘ Y, = > A [2.300]
‘ n=0
! and
= > ANEP [2.301]
n=0

where the index n refers to the order of the perturbation. Substituting the
expansions [2.300] and [2.301] in [2.299], and using [2.296] we have

(Hy + /\H')((/,(O) + )\l/l(l) + /\2!/1(2) + )
=(E + AEL + KER + - )W + A + A% + ) [2.302)
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Let us now equate the coefficients of equal powers of A. Beginning with A%, we

see that
Hof? = EQ U 2303 |
so that !
t//;") = ¥, E§°> = E, [2.304]
as expected. The coefficient of A then gives
Hoyl + H'n = Exii’ + EJ0 [2.303]
while that of A? yields
?‘3 Ho®@ + H'yY = B + EQuP + EPu, [2.306]

! and so on.
In order to obtain the first energy correction E{", we premultiply [2.305] by

l ¥ and integrate over all space. This gives

(nlHo — Ed®) + (WlH' = E3°|dg) = 0 [2.307]
‘ Using [2.297] together with the fact that H, is Hermitian, so that .
| (el HolyPy = (Hotl WPy = Ex(in|¢”), we find from [2.307] the very simple i
i but important result

EP = (YulH' ) = Hiwe [2.308]
3 Similarly, we deduce from [2.306] that
| (lHo — El?) + (nlH' — EPy — E@(lgny = 0 [2.309]

| and therefore
| E = (lH' = Bl [2.310]

An equivalent expression of E 22) may be obtained by starting from [2.305], and
is given (Problem 2.18) by

E@ = —("|Ho — Exlui”) [2.311]

' Expressions for higher order corrections E{¥, n = 3 can be obtained in a similar
way. For example, one has (Problem 2.18)

E® = (WPIH — EP ) - 2E Pl 9 [2.312]

Let us now return to [2.305]. The Rayleigh—Schrédinger method attempts

to obtain the solution ¢S of that equation in the following way. First, the

‘unperturbed’ equation [2.297] is solved for all eigenvalues and eigenfunctions

. . . . \ . .
(including those belonging to the continuous part of the spectrum, if there exists
one). The unknown function ¢{" is then expanded in the basis set of the

“ unperturbed eigenfunctions. That is,
PP = a5 Um [2.313]
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where the sum over m means a summation over the discrete part of the set and
an integration over its continuous part. Substituting [2.313] into [2.305], we
obtain

(Ho — Ep) Y aP¢m + H' — E)y = 0 [2.314]
Premultiplying by %, integrating over all space and using the fact that
Hopy = Epy and (/) = 8, we find that .

aV(E; — Ey) + (WlH'|4s) — Ex’ 8 = 0 [2.315)
For [ = k this reduces to our basic result [2.308]. On the other hand, for [ # &

we have

aV=—"2— I+k . [2.316]

where we have set H), = {(yy/H'|4). We note that the equation [2.305] does not
determine the coefficient a$, which is the ‘component’ of " along . We can
thus require without loss of generality that

ag’ = (lyg”) = 0 [2.317)
and rewrite [2.313] as

1 _ 1
W = > a iy,

m¥*k
= ;k Ek—_%‘ U, [2.318]

Substituting this result in [2.310] we obtain

! I3

E® = kT mk

k m*k Ek - Em
= ‘H_’;’"F__ [2.319]

m#*k Ek ——Em

The third-order correction E f) may be obtained in a similar way from [2.312]
and [2.318].

{(b) Degenerate case

Thus far we have assumed that the perturbed eigenfunction ¥, differs slightly
from a given function ¢, solution of the ‘unperturbed’ equation [2.297]. When
the level E,, is a-fold degenerate, there are several ‘unperturbed’ wave functions
Y, (r = 1,2, . . . a) corresponding to this level and we do not know a priori to
which functions the perturbed eigenfunctions tend when A — 0. This means
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that the above treatment — and in particular the basic expansion [2.300] — must
be modified to deal with the degenerate case.

The « unperturbed wave functions ¢, corresponding to the level E, are
orthogonal to the unperturbed wave functions ; corresponding to other energy
levels E;, # E,. Although they need not be orthogonal among themselves, it is
always possible to construct from linear combinations of them a new set of «
unperturbed wave functions which are mutually orthogonal and normalised to
unity. We may therefore assume without loss of generality that this has already
been done, so that

<¢’kr|d’ks> = 8rs (r3 §= 13 2, [ a) [2320]

Let us now introduce the correct zero-order functions y;, which yield the first
term in the expansion of the exact wave function ¥, in powers of A. That is

Vi = Xpr + AP + AP 4+ - - [2.321]
We shall also write the perturbed energy €,, as

Bpr = Ep + AEL + NE@ + - - - [2.322]
withE, =E, (r=1,2, ... a) since the level E, is a-fold degenerate. Using

the above expansions in [2.299] and equating the coefficients of A we find that
Hot) + H'xp, = ExgiY + EQPxs, [2.323]

Since the functions x;, are linear combinations of the unperturbed wave
functions ,,, we may write

24

Xer = 2 Crs(!/ks (T = 1; 2, e (1) [2324]

s=1

where the coefficients c,, are to be determined. Similarly, expanding " in the
basis set of the unperturbed wave functions, we have

v = 2 al i [2.325]

where the indices r and s refer explicitly to the degeneracy. Substituting the
above expressions of x; and ¢{’ in [2.323] and using the fact that
Hy,,. = E,,,., we find that

2 2 a<klr>’mg(Em - Ek)‘l/ms + E Crs(H’ - Egr))ll’ks =0 [2326]
Premultiplying by ¢, and integrating over all space, we obtain
2 2 a(]:,)’mg(Em - Ek)<¢ku|¢ms> + 2 Crs[<¢ku|H"lpks> - Eilr)sus] = 0
w=12,...a [2.327]
where we have used [2.320]. Since (Yp,|th,,;) = O when k # mand E, = E,, if
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k =m, we see that [2.327] reduces to

(21

Y ol (WnlH ) — EL 8,,] = 0

s=1
u=1,2,...a) [2.328)
This is a linear, homogeneous system of equations for the « unknown quantities

Cr1s €25 + « « Cr. A non-trivial solution is obtained if the determinant of the
quantity in square brackets vanishes,

detl<¢ku’H,[(r//ks> - Eg} Bus‘ =0 (S, U= 13 2’ e a) [2.329]

This equation yields a real roots ESY, ESY, . . . ELY. If all these roots are
distinct the degeneracy is completely removed to first order in the perturbation. On
the other hand, if some or all roots of [2.329] are identical the degeneracy is only

u “...Hm

E

partially (or not at all) removed. The residual degeneracy may then be either

removed in higher order of perturbation theory, or it may persist to all orders.
The latter case occurs when the operators H, and H share symmetry properties,

For a given value of r, the coefficients ¢, (s = 1, 2, . . . @) which determine
the ‘correct’ unperturbed zero-order wave function y;, via [2.324] may be
obtained by substituting the value of E{Y in the system [2.328] and solving for
the coefficients ¢,1, ¢,2, . . . ¢, in terms of one of them. The last coefficient is
then obtained (up to a phase) by requiring the function x;, to be normalised to
unity. It is clear that this procedure does not lead to a unique result when two or
more roots E{Y of equation [2.329] coincide, since in this case the degeneracy is

not fully removed.

Time-dependent perturbation theory

We shall now discuss the perturbation theory of a system whose total Hamilto-
nian H may be split as

H =Hy+ AH'(t) [2.330]

where the ‘unperturbed’ Hamiltonian Hj is time-independent and AH'(t) is a
small time-dependent perturbation. The method which we outline below is
known as Dirac’s method of variation of constants.

Let us suppose that we know the eigenvalues E, of the unperturbed
Hamiltonian H,, together with the corresponding stationary eigenfunctions i, ,
which we assume to be orthonormal and to form a complete set. Thus, since
Hyyy, = E,us, the general solution of the time-dependent Schrodinger equation

av
ik ?" = HoV, [2.331)

is given by
Vo = 2 Dy i EN/A [2.332]
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where the coefficients ¢}’ are constants and the sum is over the entire set of
eigenfunctions ¢, . Because the functions ¢, form a complete set, the general
solution ¥ of the time-dependent Schrédinger equation

ow
th— = HV [2.333]
ot
can be expanded as
V= (e B/ [2.334]
)

where the unknown coefficients c,(¢) clearly depend on the time. Since the wave
functions s, are orthonormal, and provided ¥ is normalised to unity, we can
interpret the quantity |c(¢)|? as the probability of finding the system in the state
labelled % at the time ¢, and c;(¢) as the corresponding probability amplitude.
Upon comparison of [2.332] and [2.334] we see that if H'(¢) = 0 the coefficients
¢, reduce to the constants cg’) which are therefore the initial values of the ¢, .
Thus, as we expect from [2.332] the quantity |c{”|* gives the probability of
finding the system in the stationary state ¢, before the perturbation is applied.

To find equations for the coefficients ¢;(z) the expansion [2.334] is inserted
into the Schrodinger equation [2.333]. From [2.330] and the fact that
Hyp, = E,,, we then have

ih > (e B = c(OAH (D)pe” EH [2.335]
% P
where the dot indicates a derivative with respect to the time. Taking the scalar

product with a particular function i, belonging to the set {i,,} and using the fact
that (i|¢y) = 8y, we then find from [2.335] the set of coupled equations

e(D) = A1 D AH p(Dep(et ™ [2.336]
3
where
Hy(0) = (lH' (D) (2.337]
and where the Bohr angular frequency wy, is defined by
E, - E
Wy = b—ﬁ’*— [2.338]

The system of coupled differential equations [2.336] is completely equivalent
to the original time-dependent Schrédinger equation, and no approximation has
been made thus far. However, if the perturbation AH’ is weak, we can expand
the coefficients ¢, in powers of the parameter A as

=0+ acd + AP+ [2.339]

Substituting this expansion into the system [2.336] and equating the coefficients
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of equal powers of A, we find that
"
{0 =0 [2.340a) "
G = (7 3 Hixnet e (2.3400)
gD = @)Y Hipe e s =0,1,. .. [2.340c]
k

Thus the original system [2.336] has been decoupled in such a way that the
equations [2.340] can now in principle be integrated successively to any given

order.
The first equation [2.340a] simply confirms that the coefficients c? are

time-independent. As we have seen above, the constants c{” define the initial -
conditions of the problem. In what follows, we shall assume for the sake of

| simplicity that the system is initially (that is, for ¢ < o) in a well-defined
stationary state s, of energy E,. Thus

© _ {Ska for discrete states [2.341]

¢ .
k 8k — a) for continuous states

We note that this statement is not in contradiction with the uncertainty relation
AE At = # since we have essentially an ‘infinite’ amount of time available to
prepare our initial state. Upon substitution of [2.341] into {2.340b] we then have

&P = (h) Hy e [2.342]

where wy, = (E, — E,)/h. This equation is readily solved to give
t
V@) = @hy! J H} (et dr [2.343]
fo
where the integration constant has been chosen in such a way that ()
vanishes at ¢ = 1,, namely, before the perturbation is applied. To first order in
the perturbation the transition probability for the transition a — b is then given
by
Py(t) = | () [2.344]
If H’ is independent of time, except for being ‘turned on’ at the time ¢, = 0

| and ‘turned off’ at time ¢, we have

I
! H; . -
, () = e ) [2.345]

ﬁwba

and the first-order transition probability from state a to a state b # a is given by

| ' 2
| Puo(t) = [P = ry) |H [F (2, wpa) (2.346)
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' where

1 — cos wt

The function F(t, w) is shown in Fig. 2.9 for fixed r. We see that it exhibits
a sharp peak about the value w = 0. The height of this peak is proportional to
t?, while its width is approximately 27/z. Setting x = wt/2, we also note that

He +* sin? x
Fit, w)do =1t 2 dx = mt [2.348] f

—x 4

where we have used a standard integral. We remark that this result allows us |
also to write for large ¢ (see [2.31])

’ F({, 0) ;5. 7t 8(w) \ [2.349]

Let us first analyse [2.346] for a fixed value of ¢. Since the function F(¢, wp,) |
has a sharp peak of width 27r/z about the value w;, = 0, it is clear from [2.346]
that transitions to those final states b for which w,, does not deviate from zero by
more than 8wy, = 27/t will be strongly favoured. Therefore the transitions
a — b will occur mainly towards those final states whose energy E is located in
a band of width

OE = 2mh/t [2.350]

about the initial energy E,, so that the unperturbed energy is conserved to
within 277#/t. This result may easily be related to the time—energy uncertainty

i 4 F(,w)
1 tZ

P

2.9 The function F (¢, w) for fixed :.
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relation AE At = #. Indeed, since the perturbation gives a way of measuring
the energy of the system by inducing transitions @ — b, and because this
perturbation acts during a time ¢, the uncertainty related to this energy
measurement should be approximately #/t, in qualitative agreement with
[2.350].

We now study the transition probability [2.346] as a function of . For a
transition to a given state b we must distinguish two cases:

1. If the transition is such that the unperturbed energy is strictly conserved
(wp, = 0), then we see from [2.346] that

H/ 2
'T”;L 2 [2.351]

pP ba(t) =

so that the transition probability increases as 2.

2. If on the contrary one hasw,, # 0, then one sees from [2.347] that the .

function F(t, wy,) oscillates between the values 0 and 2/ w}, with a frequency

wpa/27. As a result, Py, (¢) will oscillate with the same frequency about the
average value

5 _ AP 2HLP
O Wi, (B — EJf

Instead of considering transitions to a particular state b, it is often necessary
to deal with transitions involving a group of states b’ whose energy E,- lies within
a given interval (E, — 1, E, + m) centred about the value E,. If we denote by
py(Es) the density of levels Ey, namely the number of states b’ per unit energy,
then the first-order transition probability P,, from the initial state @ to the group
of final states b’ is given by

[2.352]

2 Ey+ 1
Ppalt) = 23 L |H} o’F (1, 0y 2)os(Ep) dEy: [2.353]
» M
Assuming that 7 is small enough so that H}., and p; are nearly constant within
the integration range, we have
Ey+m

2
Poot) = 33 |H}al? po(E)) J F(t, wyo) dEy [2.354]
E,—m
We shall also assume that ¢ is large enough so that the quantity 7 satisfies the
condition
n > 2wh/t [2.355]

It is clear that the overwhelming part of the integral on the right of [2.354] arises
from transitions which conserve the energy (within 8E = 2wh/t). Since
n > 2wh/t, we may write

Ey+m +x
J F(t, w,,fa) dEbr =f f F(t, a),,,,,) dwbra =h wt [2-356]

E,—n i
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where we have used [2.348]. Thus [2.354] reduces to
2m
Pyo(t) = — |H*ps (EDt [2.357]

with E = E, = E,, so that the transition probability increases linearly with ¢
for those transitions which conserve the energy. We may therefore introduce a
transition probability per unit time (or transition rate)

_dea

T [2.358]

Wba

and we see from [2.357] that to first order in perturbation theory, we have
2m

Woa = 5= |Hpal*pe(E) [2.359]

This formula, first obtained by Dirac, is also often referred to as Fermi’s
Golden Rule. We recall that we have proved it here for a perturbation H' which
is independent of time, except for being ‘turned on’ at ¢ = 0 and ‘turned off” at
time ¢. However, the Golden Rule can be generalised to other time-dependent
processes, and we shall return to it when discussing the interaction of atoms
with electromagnetic fields. We simply remark at this point that [2.359] is only
valid if the time ¢ during which the perturbation acts is sufficiently large so that
the condition [2.355] is satisfied, and yet small enough so that first-order
perturbation theory is justified, namely if

Po(t) = Wyt <1 [2.360]

so that there is little change in the initial state a for times ¢ of physical
interest.

The variational method

We shall now discuss an approximation method, known as the variational
method, which is very useful in obtaining the bound state energies and wave
functions of a time-independent Hamiltonian H. We denote by E, the
eigenvalues of this Hamiltonian and by ¢, the corresponding orthonormal
eigenfunctions, and assume that A has at least one discrete eigenvalue. Let ¢ be
an arbitrary normalisable function, and let E[¢] be the functional

(¢lH|¢)

Elel =41

J o*He dr

[2.361]
J ¢*¢ dr

116




2.8 Approximation mathods

where the integration is extended over the full range of all the coordinates of the
system. o

It is clear that if the function ¢ is identical to one of the exact eigenfunctions
y, of H, then E[¢] will be identical to the corresponding exact eigenvalue E,,.,
Moreover, it will now be shown that any function ¢ for which the functional
E[¢] is stationary is an eigenfunction of the discrete spectrum of H. Thus, if ¢
and ¢, differ by an arbitrary infinitesimal variation 8¢,

b=, + 8¢ [2.362]
then the corresponding first-order variation of E{¢] vanishes:
8E =0 [2.363]

and the eigenfunctions of H are solutions of the variational equation [2.363].
To prove this statement, we note that upon clearing the fractions and varying,
we have from [2.361]

SEJ¢*¢dT+EJ5¢*¢dT+EJ¢*5¢dT

= J S¢*He dr + j o*H 8¢ dr [2.364]

Since (¢|¢) is assumed to be finite and non-vanishing, we see that the equation
[2.363] is equivalent to

J 8¢*(H — E)gp dr + f ¢*(H -~ E)d¢pdr =0 [2.365])
Although the variations ¢ and 8¢* are not independent, they may in fact be
treated as such, so that the individual terms in [2.365] can be set equal to zero.

To see how this comes about, we replace the arbitrary variation 8¢ by i 8¢ in
[2.365] so that we have

-1 J So*(H — E)¢p dr + i[ ¢*(H — E)épdr =0 [2.366]
Upon combining [2.366] with [2.365] we then obtain the two equations

[6¢*(H -~ E)pdr=0

J ¢*(H — E)d¢pdr=10 [2.367]
which is the desired result. Using the fact that H is Hermitian, we see that the
two equations [2.367] are equivalent to the Schrédinger equation

(H—-E[¢])p =0 [2.368]

Thus any function ¢ = s, for which the functional [2.361] is stationary is an

117




The elements of quantum mechanics

eigenfunction of H corresponding to the eigenvalue E, = E [¢,]). Conversely, if
iy, is an eigenfunction of H and E, the corresponding energy, we have
E, = E[,] and the functional E[¢,] is stationary because s, satisfies the
equations [2.367]. It is worth stressing that if ¢ and ¢, differ by 8¢, the
variational principle [2.363] implies that the leading term of the difference
between E[¢] and the true eigenvalue E, is quadratic in 8¢. As a result, errors
in the approximate energy are of second order in 5¢ when the energy is calculated
from the functional [2.361].

We also remark that the functional [2.361] is independent of the normalisa-
tion and of the phase of ¢. In particular, it is often convenient to impose the
condition ($|¢) = 1. The above results may then be retrieved by varying the
functional (¢|H|¢) subject to the condition {¢|¢) = 1, namely

é J ¢*Hp dr =0, J d*d dr =1 [2.369]

The constraint {¢|¢) = 1 may be taken care of by introducing a Lagrange
multiplier [8] which we denote by E, so that the variational equation reads

S[J ¢*Hp dr — E J d*P df} =0 [2.370]

or

J dd*(H — E)p dr + J ¢*(H — E)dpdr =10 [2.371]

This equation is identical to [2.365], and we see that the Lagrange multiplier E
has the significance of an energy eigenvalue.

An important additional property of the functional [2.361] is that it provides
an upper bound to the exact ground state energy Eq. To prove this result, we
expand the arbitrary, normalisable function ¢ in the complete set of ortho-
normal eigenfunctions ¢, of H. That is

b =2 aun [2.372]

Substituting [2.372] into [2.361], we find that
2 |an|2En

= e 2.373

El4) = 55, [2.373]

where we have used the fact that Hy,, = E, i, and (¢|¢) = 2,la,*. If we now
subtract E, the lowest energy eigenvalue, from both sides of [2.373] we have

z |an|2(En - EO)
E[¢] — Eo = STal [2.374]

[8] Lagrange multipliers are discussed for example in Byron and Fuller (1969).
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Since E, = E,, the right-hand side of [2.374] is non-negative, so that
E, < E[¢] [2.375]

and the functional E[¢] gives an upper bound — or in other words a minimum
principle for the ground state energy:

The property [2.375] constitutes the basis of the Rayleigh-Ritz variational
method for the approximate calculation of Ey. This method consists in evaluat-
ing the quantity E[¢] by using trial functions ¢ which depend on a certain
number of variational parameters, and then to minimise E[¢] with respect to
these parameters in order to obtain the best approximation of E¢ allowed by the
form chosen for ¢.

The Rayleigh-Ritz variational method can also be used to obtain an upper
bound for the energy of an excited state, provided that the trial function ¢ is

made orthogonal to all the energy eigenfunctions corresponding to states having

a lower energy than the energy level considered. Indeed, let us arrange tha
energy levels in an ascending sequence: Ey, E,, E;, . .. and let the trial
function ¢ be orthogonal to the energy eigenfunctions ¢,(n = 0, 1, . .. ),
namely

(Yol =0, n=0,1,...1 [2.376)

Then, if we expand ¢ in the orthonormal set {¢,} as in [2.372] we have
a, = {(,|]d) =0 = 0,1, ...1) and the functional E[¢] becomes

2 ,anlen

E[¢] = Eil—z“ [2.377]
n=2i+l |anl .
so that
E;;1 < E[¢] [2.378]

As an example, suppose that the lowest energy eigenfunction ¢ is known,
and let ¢ be a trial function. The function

¢ = & — Yo(told) [2.379)

is orthogonal to yy (that is, (¢0|<ﬁ) = 0) and can therefore be used to obtain an
upper limit of E;, the exact energy of the first excited state.

In many practical situations the lower energy eigenfunctions ¢, (n = 0,
1, ... 1) are not known exactly and one only has approximations (obtained for
cxample from a variational calculation) of these functions. In this case the
orthogonality condition [2.376] cannot be achieved exactly, and the relation
[2.378] does not hold. For example, let us suppose that the (normalised) function
¢ho is an approximation to the true ground state eigenfunction v . If ¢, is a trial
function orthogonal to ¢ (that is, if (do|d;) = 0) it may be shown
(Problem 2.23) that

E, - e(E\, — Ep) < E[¢] [2.380]
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where ¢, is the positive quantity
o = 1 — |(tolpo)” [2.381]

Thus E[ ] does not provide a rigorous upper bound to E,. However, if ¢o is
a good approximation to o, then &g will be small and the violation of the
relation E; < E[¢,] will be mild.

The application of the variational method to excited states is greatly facilitated
if the Hamiltonian of the system has certain symmeliry properties, since in this case
the orthogonality condition [2.376] can be satisfied exactly for certain states. For
example, if the excited state in question is of different parity or angular
momentum than the lower states, then the orthogonality condition is automati-
cally satisfied.

Particularly useful trial functions ¢ can be constructed by choosing a certain
number (N) of linearly independent functions x1, X25 - - - XN and forming the
linear combination

N
¢ =D CuXn [2.382]

n=1
where the coefficients ¢;, ¢2, . - . €y are linear variational parameters which

must be determined by minimising the functional E[¢] in order to obtain the
best approximation to Eo. Substituting [2.382] in [2.361] we find that

M=
\MZ

:ﬁx.

O

=

X

El¢] = "% [2.383]
2 c:t'cn An'n
n=1n=1
where we have set
Hn'n = <Xn’{H|Xn>
[2.384]

An'n = <Xn"Xn>

We remark that if the functions x, are orthonormal, then A,, = S,n-
In order to find the values of the variational parameters ¢y, €2, - - - N which
minimise E[¢], we first rewrite [2.383] as

nMZ

cc,Hpyn [2.385]
=1

n

N N N
E[d’] E 2 C:'Cn An'n = 21

n=1n=1

Differentiating with respect to each ¢, or ¢, expressing that dE/dc, = 0
(or 0E/dck = 0), we obtain a system of N linear and homogeneous equations

in the variables ¢, ¢z, . . . ¢y 5 namely
N .
S cHuyn— AE)=0, n'=12,...N [2.386]
n=1
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The necessary and sufficient condition for this system to have a non-trwhl
solution is that the determinant of the coefficients vanishes. That is, '

detH,, — A, .El =0 [2.387)
E
4
E3(4)
E2(3J
E,® E,% E;
B E® E;
E)@ E®
E,® E,
Eo®
N=1 N =2 N=3 N=4 N==

2.10 Approximate eigenvalues given by the Rayleigh—Ritz variational method with linear trial
functions. Each root E® of the determinantal equation [2.387] is an upper bound on the

corresponding exact elgenvalue E;.

Let EN, EQY, ... EQD, be the N roots of this equation, arranged in an
ascending sequence; the superscript (N) indicates that we are dealing with a
N x N determinant. The lowest root E E)N ’ is of course an upper bound to the
ground state energy Eo. Upon substituting E3Y’ in the system of equations
[2.386] and solving for the coefficients ¢, in terms of one of them (for example
¢, which may be used as a normalisation factor), we then obtain the
corresponding ‘optimum’ approximation ¢ to the ground state wave function
0. It may also be shown that the other roots ES™ of [2.387], with i = 1,
2,...N — 1, are upper bounds to excited state energies of the system. In
particular, if the Hamiltonian commutes with a Hermitian operator A and the
trial function [2.382] has been constructed from eigenfunctions corresponding
to a given eigenvalue « of A, then the roots E™’, with i = 1,2, ... N are
upper bounds to the energies E; associated with excited states belonging to the
cigenvalue « of A (for example a given value of the angular momentum or the
parity). The ‘optimum’ approximations ¢, ¢1, . . . ¢n-1 to the true wave
functions, obtained by the above method, may also be shown to be mutually
orthogonal. Moreover, if we construct a new trial function ¢' containing an

additional basis function y.1, namely

N+1

¢ = 2 Cukn (2.388]

n—1
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it can be proved that the ‘new’ (N + 1) roots EN D, E(V*D, .. L E{™ of the
determinantal equation [2.387] are separated by the ‘old’ roots E E,N ),
EN, ... EQD,. This property, which is iltustrated in Fig. 2.10, is known as
the Hylleraas—Undheim theorem.

The variation-perturbation method

We have seen in our discussion of perturbation theory that according to the
Rayleigh-Schrodinger method the solution P of [2.305] (for the non-
degenerate case) or the solution Y3y of [2.323] (for the degenerate case) are
obtained by expanding these functions in the basis set {¢,,} of the unperturbed
eigenfunctions. The coefficients of this expansion and the second- and third-
order corrections to the energy are then given in terms of matrix elements of
H' between unperturbed eigenfunctions (see for example [2.316] and [2.319]).
Unfortunately, in many cases the evaluation of all the necessary matrix elements
of H' and of the required summations is very difficult. In these cases, however,
it is possible to obtain approximations to ', E’ and E® by using the
variation—perturbation method, which we shall now describe for the non-
" degenerate case.

Let us assume that the unperturbed eigenfunction y, as well as the
corresponding energy E, and the first-order energy correction E D = (Yo |H' Y
are known for a given state k. Let ¢4 be an arbitrary trial function and F [6P]
the functional

Fil6L] = ($PHo — Exof®) + 2(¢"1H" — EfPly) - [2.389]

We now express that this functional is stationary for variations of ¢{" around the
correct first-order wave function /(7. Proceeding as in the case of the variational
method studied above, we find that the variational equation

oF; =0 [2.390]

implies that
(Hy — Epo” + (H' - EMy =0 {2.391]

so that the function ¢{” which makes the functional F, stationary is a solution
¢§}> of the equation [2.305]. Moreover, by comparing [2.305], [2.310] and
[2.389] we see that Fi[¢{"] reduces to the correct value of E’ when
¢§z1) = d'l(el)'

Let us now consider the particular case of a state k for which E, is the lowest
eigenvalue of H, corresponding to a given symmetry. It is then strajghtforward
to show that (compare with [2.375])

E® < Fi¢{"] [2.392]
One can then proceed in a way similar to that followed in the Rayleigh-Ritz

method. First, a trial function d)}zl) is chosen containing a certain number of
variational parameters. One then inserts that trial function in the functional
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. Fi[¢{"], which is minimised with respect to the variational parameters. Because
of [2.392] this minimum value of F[¢{"] gives an upper bound to E(. The g

| corresponding ‘optimum’ function ¢S" can also be used to calculate an ‘

i approximate value of E$ by replacing (" by ¢§" in [2.312].

1 The method can be extended to calculate approximate values of 2, E\¥ and

| E{®. To this end, we consider a trial function ¢ and the functional

Fy¢P] = (¢iz)|Ho — Eo@®) + 2A0PH — EPlyi) — 2EP(6P1n)
[2.393]

where 4" is now assumed to be known. Let us express that this functional is
stationary with respect to variations of ¢. The condition

N 8F, =0 [2.394]

-

yields the equation
Ho ~ E)¢P + H' — EP" — EPws, = 0 [2.395]

| o that the function ¢ which makes the functional F; stationary is a solution
P of [2.306]. In addition, it is easily shown that when ¢P = y@ the
functional F, gives the exact value of E\”, apart from terms which are
| independent of ¢{¥. Moreover, F, yields a minimum principle (upper bound)
. forE  when the state & is the lowest eigenvalue of H, corresponding to a given
i symmetry. The function ¢{® determined from the variational principle [2.394]
can also be used to calculate the energy correction E§’. By constructing
functionals F3[¢$], F4[¢x¥], and so on, the variation—perturbation method
j can be used to calculate higher order perturbation corrections to the wave
' functions and the energy eigenvalues.

PROBLEMS

2.1  Consider the momentum space wave function ¢(p,) = 0, [p. — po| > ¥
&(p,) = C, |p, — po| = y where po, C and vy are constants. Find the
corresponding wave function (x) in configuration space and determine
the constant C, so that (x) satisfies the normalisation condition

y f dx|g(0* = 1.
| Using a reasonable definition of the ‘width’ Ax of |¢(x)|, show that
' Ax Ap, > h.

y‘ 2.2 Consider an electron of momentum p in the Coulomb field of a proton.
! The total energy is

2

P’ e

i 2m  (Ameg)r’

where r is the distance of the electron from the proton. Assuming that the
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23

24

2.5

2.6

2.7

2.8

2.9
2.10
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uncertainty Ar of the radial coordinate is Ar = r and that Ap = p, use
Heisenberg’s uncertainty principle to obtain an estimate of the size and
the energy of the hydrogen atom in the ground state.

Consider the normalised Gaussian wave packet y(x) = N exp(—A%x?)
where N = (2A%/m)"/*. Using [2.16], calculate the uncertainties Ax and
Ap, from [2.41] and show that Ax Ap, = #i/2.

Starting from [2.39] show that

p) = J O*(p, )pP(p, 1) dp

where ®(p, ?) is the normalised momentum space wave function corres-

ponding to W(r, 1) (see [2.20]).

A particle of mass m moving in a potential V(r) has the Hamiltonian

H = —(k*/2m)V? + V(r).. Using the result [2.56] prove Ehrenfest’s

theorem [2.57].

(a) Using the definition of an adjoint operator [2.65] prove that if A and
B are two operators then (AB)f = BIAY.

(b) Suppose that A and B are two non-commuting Hermitian operators.
Determine which of the following operators are Hermitian (i) AB
(i) [A, B] (iii) AB + BA (iv) ABA (v) A™ where n is a positive
integer.

Let E, denote the energy eigenvalues of a one-dimensional system and

,(x) the corresponding energy eigenfunctions. Suppose that the nor-

malised wave function of the system at ¢ = 0 is given by

1 . ) 1 .
V(x,1=0) = 7 ey (x) + -\/—56'“21/12(36) + T e ra(x)

where the a; are constants.

(a) Write down the wave function ¥(x, ¢) at time 1.

(b) Find the probability that at time 7 a measurement of the energy of the
system gives the value E;.

(c) Does (x) vary with time? Does {p,) vary with time? Does E = (H)
vary with time?

If U is a unitary operator and A’ = UAUT where A is a Hermitian

operator, show that:

(a) A’ is Hermitian.

(b) The eigenvalues of A’ are the same as those of A

(c) (®'|A'|¥') = (®|A|¥) where ¥’ and P’ are connected with ¥ and ®
by [2.106].

Verify the equations [2.120].

Consider a particle of mass m moving in one dimension in the infinite

square well [2.122]. Suppose that at time ¢ = 0 its wave function is given

by

W(x, 1 = 0) = A(@® — x%)



2.11

2.12

2.13

2.14
2.15

2.16

2.17

2.18
2.19

Probioms |

(a) Find the probability P, that a measurement of the energy will give - .
the value E,, where E, is given by [2.131]. A

(b) Obtain the average value of the energy.
Classically the simple harmonic oscillator having the total energy

E = p?/2m + mw’x?/2 could have x = p = 0 and hence E = 0. In
quantum mechanics, there will be uncertainties x = 0 + Ax,
p. = 0 + Ap, such that A, Ap, = #. Show that because of this condition

the minimum total energy cannot be zero and must be of the order of hw.
Starting from the definitions [2.154] show that L,, L, and L, can be
expressed in spherical polar coordinates (see [2.157]) as

L i sin ¢ 9 + cot 6 ¢ 5
. = th|sin ¢ — —
) cot 6 cos 9

. ad ) d
L,=1h —cos¢-£+cot()sm¢-a—$

. 0

L, h 9
and verify that L2 = L2 + L2 + L2 is given by [2.159]. Using these
results show that [L, f(r)] = 0 and [L?, f()] = 0 where f(r) is an
arbitrary function of the radial coordinate r. Show also that [L, p*] = 0,
where p? = —#? V2.
Obtain the results [2.187] and [2.188], and show that for s = §
(S3) = (S2) = £Y/4.
Verify equations [2.217] and [2.218].
Write down explicitly the matrices representing the operators S8y Ses
S.,S_and S$?fors = lands = 3/2.
Prove that L2, S2, J? and ¥, form a commuting set of operators, and that
[(L-8),F.)=0.
Assuming that the expansion of a plane wave in a series of Legendre
polynomials is of the form

exp(ikr cos 0) = Ec, 7:(kr)P(cos 8)
=0

find the coefficients c;,.
Hint: Use the fact that jy(kr) —, (kr) !sin (kr — I7/2).
Show that E® and E{ are given by [2.311] and [2.312] respectively.

Consider a linear harmonic oscillator for which the Hamiltonian is
H _ hZ dZ +. 1 k 5
0% Tomde? | 2

If this oscillator is perturbed by an additional potential of the form
H' = 3k'x?, find the first and second order corrections to the energy
levels using perturbation theory. Also find the first order correction to the

125




Problems

2.20

2.21

2.22
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wave function. Compare your results with the exact solution

1 B’ 1/2
oenefes i )

where » = (k/m)'/?. Hint: Obtain first the matrix elements:
x§ = (i)
@eDHNG+ DG+ IV i=j+2

=)™ 2 +D 1=J
Qa?)7'[j(G - DIV? i=j5—2
where a = (2—5)1/4
A two-dimensional isotropic harmonic oscillator has the Hamiltonian
H = —%1—(;—:2 + a—i;) + -;—k(x2 + 39

(a) Show that the energy levels are given by

=0,1,2...

Enx,,y =tfw (n, +n, + 1) n,
n,=0,1,2..., o= &m?

What is the degeneracy of each level?

(b) If the oscillator is perturbed by an interaction of the form A’ = Axy,
where A is a constant, find the first-order modification of the energy
of the first excited level.

Consider a particle of charge ¢ and mass m, which is in simple harmonic

motion along the X axis with force constant k. An electric field €(z),

directed along the X axis, is switched on at time ¢ = 0 so that the system
is perturbed by an interaction

H'(t) = —gxé(1)
If €(¢) has the form
E(t) = € exp(—1/7)

where €, and 7 are constants, and if the oscillator is in the ground state
for t < 0, find the probability that the oscillator will be found in an
excited state as t — .

(a) By varying the parameter a in the trial function

do(x) = (&* — ), x| <a
=0 x| = a

obtain an upper bound for the ground state energy of a linear harmonic




2.23
2.24

/

oscillator having the Hamiltonian

#? d2+lm 2
= 2y
“Imdxr 27

(b) Show that the function ¢;(x) = x¢o(x) is a suitable trial function for
the first excited state and obtain a variational estimate of the energy
of this level.

Prove the result given in equation [2.380].

Let E, ; denote the discrete energy levels of a particle of mass m in a

central potential V(r), corresponding to a given orbital angular momen-

tum quantum number I, and let E™F be their minimum value. Prove
that E;‘“,“ < Enta

Hint: Write the Hamiltonian of the particle as

2 21 9

L 4
H=H + —— H= o= (=] +
H, 2mr2’Hr T 2m A or (r ar) Ve

and note that H, is a purely radial operator.
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One-electron atoms

In this chapter we begin our quantum mechanical study of atomic structure by
considering the simplest atom, namely the hydrogen atom, which consists of a
proton and an electron. Apart from small corrections, which we shall discuss in
Chapter 5, the hydrogen atom may be considered as a non-relativistic system of
two particles interacting by means of an attractive Coulomb potential. Other
similar one-electron systems, called hydrogenic atoms, include the isotopes of
hydrogen (deuterium, tritium) and the hydrogenic ions (He™, Li* ™, etc.) which
we have already encountered in our study of the Bohr model. These hydrogenic
systems will also be discussed in the present chapter.

Our starting point is the Schrodinger equation for one-electron atoms. After
separating the centre of mass motion, we solve the eigenvalue equation for the
relative motion in spherical polar coordinates, and obtain the energy levels and
wave functions of the discrete spectrum. We then consider the expectation
values of various operators, prove the virial theorem and conclude this chapter
with a discussion of ‘special’ hydrogenic systems such as muonium, positro-
nium, muonic and hadronic atoms, and Rydberg atoms.

3.1 THE SCHRODINGER EQUATION FOR ONE-ELECTRON ATOMS

Let us consider a hydrogenic atom containing an atomic nucleus of charge Ze
and an electron of charge —e interacting by means of the Coulomb potential

Ze?

(4mreg)r [3.1]

Vi) = —

where r is the distance between the two particles. We denote by m the mass of
the electron and M the mass of the nucleus. Since the interaction potential [3.1]
only depends on the relative coordinate of the two particles, we may use the
results of Section 2.7 to separate the motion of the centre of mass. Remembering
that P is the total momentum associated with the motion of the centre of mass
and p the relative momentum, the total energy of the atom can be split into two
parts. The first one is the kinetic energy P?/2(M+m) corresponding to the
motion of the centre of mass, and the second one is the (internal) energy of the
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relative motion, governed by the Hamiltonian
PZ ZeZ

2] 1§

T 2u @meor
where
o 3.3
H= m+ M [3.3]

is the reduced mass of the two particles. Thus, working in the centre of mass
system (where P = 0) and in the position representation, we must solve the
one-body time-independent Schrodinger equation

2 2
{ Mg Ze ]d/(r)=Ed/(r) (3.4)

T2u 0 (weor

Instead of using the position representation, as we shall do below, it is also
possible to solve the Schrodinger equation for one-electron atoms in momentum
space. This is carried out in Appendix 5, where the hydrogenic wave functions

in momentum space are obtained.

Solution in spherical polar coordinates

Because the interaction potential [3.1] is central, the wave equation [3.4] may be
separated in spherical polar coordinates (see Section 2.6). Thus we write a

particular solution of this equation as
Y 1wt 0, @) = Re (DY 1(6, &) [3.5]

where Y,,(0, ¢) is a spherical harmonic corresponding to the orbital angular
momentum quantum number / and to the magnetic quantum number m (with
m = —I, =1 + 1,. .. +1). The function R ,(r) satisfies the radial Schrodinger

equation

21 d[(,d\ 1W+1D Ze? B
{_Z {75 <r 5) S ] - (47780)’}RE’1® = ERir) (3.6]

r

which we have obtained by substituting into [2.235] the expression [3.1] of the
Coulomb potential. As we remarked in Section 2.6, we can simplify [3.6] by

introducing the new unknown function
ug,(r) = R /() (3.7]

Thus, using [2.239] we find that uy ,(r) satisfies the equation

dPug, 2
Sl 4 Zh [E ~ Ve () = 0 [3.8]
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where

Zé? Id + DA?
2

V() = ;3.9] |

(4meg)r * 2ur
is the effective potential. Figure 3.1 shows Vg(r) for thecase Z = land p = m
(corresponding to a hydrogen atom with an ‘infinitely heavy’ proton) and for the
values [ = 0, 1, 2.

The problem of solving the Schrédinger equation [3.4] therefore reduces to
that of solving the radial one-dimensional equation [3.8] corresponding to a
particle of mass u moving in an effective potential Vg made up of the Coulomb
potential [3.1] plus the ‘centrifugal barrier’ potential /(/ + DA%/2ur?. Tt is clear
that since V. 4(r) tends to zero for large r, the solution ug ,(r) for E > 0 will have
an oscillatory behaviour at infinity and will be an acceptable eigenfunction for
any positive value of E. We therefore have a continuum spectrum for £ > 0.

Ver( 1.0
(a.u.)
0.8

0.6\

0.4

L | [
1.0 2.0 3.0~——4.0 5.0 6.0 7.0 7(a.u.)

-0.2}
~0.4f
~0.6/

—-0.8-

-1.0—
3.1 The effective potential Veg (r) given by [3.9], for the case Z = 1 and p = m, and the values

1 = 0,1, 2. Atomic units are used (see Appendix 11), so that Vg (r) is expressed in units e*/(4meoao)
and r in units of @y, where ao is the Bohr radius [1.86].
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The corresponding unbound states play an important role in the analysis of the
scattering of electrons by ions; we shall return to such collision phenomens in .3“3‘?”,
Chapter 11. For the moment, however, we will only be concerned with the -
bound states of hydrogenic atoms, corresponding to the case E < 0.

Let us return to the radial equation [3.8]. We shall look for solutions which
vanish at r = 0, i.e.

ug,(0) =0 | [.3. 10]

so that the radial function Rg ;(r) — and hence the full wave function Y, j,m(r)
given by [3.5] - remains finite at the origin [1]. It is convenient to introduce the

dimensionless quantities

8uE\'?
p=<——ﬁ’f2—) r [3.11]
and
~ 762 " 1/2 ~ ;ch 1/2
A= 4meoh (_EE> = Za " 2E [3.12]

where a = ¢?/(4meohc) = 1/137 is the fine structure constant and we recall that
E < 0. In terms of the new quantities p and A, the equation [3.8] now reads

& W+n a1
-1 o= 3.1

As in the case of the harmonic oscillator (see Section 2.4) we first analyse the
asymptotic behaviour of ug ;(p). To this end, we remark that when p — = the
terms in 1/p and 1/p? become negligible with respect to the constant term
(—1/4), so that [3.13] reduces to the equation

d? 1
3 ug(p) =0 (3.14]

whose solutions are exp(=p/2). Therefore, using the fact that the function
ug (r) must be bounded everywhere, including infinity, we keep only the
exponentially decreasing function and we have

ug(p) ~ € o2 [3.15]

p—>®

[1] The finiteness of the wave function g ;,(r) is not really a necessary requirement. In fact, mildly
singular wave functions are encountered in some cases, for example in the Dirac relativistic
theory of one-electron atoms. The correct boundary condition is obtained by requiring that all
the possible physical states are described by a complete, orthogonal set of wave functions.
However, for a large class of potentials including the Coulomb potential [3.1], this condition
may be shown to lead to the simpler requirement [3.10].
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This result suggests that we should search for a solution of the radial equation
[3.13] having the form
ug(p) = e "*f(p) [3.16]

where we have written f(p) = fg.(p) to simplify the notation. Substituting
[3.16] in [3.13], we obtain for f(p) the equation

[dz d I+ A

- 4+ =
dp* dp P’ p

jlf(p) =0 [3.17]

We now write a power series expansion for f(p) in the form

fp) = p""g(p) [3.18]
where
glp) = ;0 apts o # 0 (3.19]

and we have used the fact (see Section 2.6) that ug (p)—and therefore
f(p) — behaves like p'*! for all central potentials V(r) which are less singular
than r 2 at the origin. Upon substitution of [3.18] into [3.17] we find that the
function g(p) satisfies the differential equation

—qz—+21+2— 4 a—i =0 3.20
P ( p)g; ( )18(p) = [3.20]

Moreover, using the expansion [3.19] to solve the equation [3.20], we find that

kio [k(k — Depp®™ ' + 21+ 2 — pkepp* '+ (A — 1 = Depp®] = 0 [3.21]
or _
go (et + 1)+ QL+ 2)(k+ Dlggey T A =1 -1~ R }pf =0 [3.22]
so that the coefficients ¢, must satisfy the recursion relation
E+1+1-2A [3.23]

ST R r DR+ 2+
If the series [3.19] does not terminate, we see from [3.23] that for large k&

Cr+1 1
o 3 [3.24]

a ratio which is the same as that of the series for p? exp(p), where p has a
finite value. Thus in this case we deduce from [3.16] and [3.18] that the
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function ug ,(r) has an asymptotic behaviour of the type fi | Wh
uE,I(p) - pl+l+pep/2 [3.23] ‘M"M'

p—>

which is clearly unacceptable.
The series [3.19] must therefore terminate, or in other words g(p) must bea
polynomial in p. Let us assume that the highest power of p in g(p) is p™, where

the radial quantum number n, = 0, 1, 2, . . . is a positive integer or zero. Then
the coefficient ¢, ., = 0, and from the recursion relation [3.23] we deduce that
. A=m +1+1 [3.26)
‘ Let us introduce the principal quantum number
] n=mn+1+1 (3.27)
“ | which is a positive integer (n = 1, 2, . . .) since n, and [ can take on positive

l integer or zero values. Thus, from [3.26] and [3.27], we see that the eigenvalues
of [3.13] are given by

A=n, n=1,2,...7 [3.28]

3.2 ENERGY LEVELS
Replacing in [3.12] the parameter A by its value [3.28] we obtain the energy

eigenvalues
1 [ Ze* \?
PR
2n° \4meg) £
e’ w Z*
(47eg)ag m 2n*
e? VA

(dmegla, 2n?

(3.29]

; where ay = 4weoh?/me? is the Bohr radius [1.86] and a, =
\' 4meoh?/we? = agm/p is the modified Bohr radius [1.101]. We may also write

| 1 VA 2
E,= — pet &2 [3.30]

n

1 where a = ¢2/(4meohic) is the fine structure constant. The first form [3.29]
% “ which does not contain the velocity of light ¢ clearly shows that the energy levels
' E,, have been obtained by solving a non-relativistic equation. The second form
| [3.30], in which the energies E,, are expressed in terms of the rest mass energy
‘ pc?, will be useful at a later stage when we shall discuss the relativistic
f ‘ corrections to the energy levels of one-electron atoms (see Chapter 5). Using
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atomic units (a.u.) defined in Appendix 11, we also have

7z (n

where we have written explicitly the electron mass (which is equal to unity in
a.u.) for future convenience.

The energy values E,, which we have obtained here by solving the
Schrodinger equation for one-electron atoms, agree exactly with those found in
Section 1.7 from the Bohr model. The agreement of this energy spectrum with
the main features of the experimental spectrum was pointed out when we
analysed the Bohr results. This agreement, however, is not perfect and we shall
discuss in Chapter 5 various corrections (such as the fine structure arising from
relativistic effects and the electron spin, the Lamb shift and the hyperfine
structure due to nuclear effects) which must be taken into account in order to
explain the details of the experimental spectrum.

We note from [3.31] that since n may take on all integral values from 1 to + =,
the energy spectrum corresponding to the Coulomb potential [3.1] contains an
infinite number of discrete energy levels extending from —(Z?/2n*)(u/m) to
zero. This is due to the fact that the magnitude of the Coulomb potential falls off
slowly at large r. On the contrary, short-range potentials such as the square well
have a finite (sometimes zero) number of bound states.

Another striking feature of the result [3.31] is that the energy eigenvalues
depend only on the principal quantum number 7, and are therefore degenerate
with respect to [ and m. Indeed, for each value of n the orbital quantum number

I may take on the values 0, 1, . . . n — 1 and for each value of / the 21 + 1)
possible values of the magnetic quantum number m are L, =-l+1,...,+1
The total degeneracy of the energy level E, is therefore given by
nl n—1
2(21-!»l)=2n—(—2——)+n=n2 [3.32]
-0

As we have already pointed out in Section 2.6, the degeneracy with respect to m
is present for any central potential V(r). On the other hand, the degeneracy with
respect to [ is characteristic of the Coulomb potential; it is removed if the
dependence of the potential on r is modified. For example, we shall see in
Chapters 7 and 8 that many properties of the alkali atoms can be understood in
terms of the motion of a single ‘valence’ electron in a potential which is central,
but which deviates from the 1/r Coulomb behaviour because of the presence of
the ‘inner’ electrons. As a result, the energy of this valence electron does depend
on / and the degeneracy with respect to ! is removed, leading to n distincts levels
E,, for a given principal quantum number 7. Finally, if an external magnetic
field is applied to the atom, we shall see in Chapter S that the 2/ + 1)
degeneracy with respect to the magnetic quantum number m is removed.
Figure 3.2 shows an energy-level diagram for the hydrogen atom; it is similar
to that displayed in Fig. 1.16 except that the degenerate energy levels with the
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3.2 Energy-level diagram for atomic hydrogen.

same n but different / are shown separately. Following the usual spectroscopic
notation, these levels are labelled by two symbols. The first one gives the value
of the principal quantum number # and the second one indicates the orbital
quantum number / according to the correspondence discussed in Section 2.5,

namely

Value of / 0 1 2 3 4 5
O
Code letter s p d f g h

Looking at the hydrogen atom spectrum (Fig. 3.2), we see that the ground state
is a 1s state, the first excited state is fourfold degenerate and contains a 2s state
and three 2p states (with m = —1, 0, + 1), etc.

Having obtained the energy levels of one-electron atoms within the
framework of the Schrédinger non-relativistic theory, we may now ask about
the spectral lines corresponding to transitions from one level to another. This
problem will be discussed in detail in the next chapter, where we shall study the
interaction of one-electron atoms with electromagnetic radiation. In particular,
we shall calculate the transition rates for the most common transitions, the
so-called electric dipole transitions, and we shall prove that these transitions
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obey the selection rules
— [ — .
Al=1-1= =1 (3.33)
Am=m-m =0, =1
‘ while An = n — n’' is arbitrary. Here the symbols n, I, m refer to the quantum
! numbers of the upper state and n’, I', m’ to those of the lower state of the
! transition. Since the bound state energies E, depend only on n, and because
1 transitions can occur between states with any two values of #, it is clear that the
! Bohr frequency rule [1.70] can still be applied to obtain the frequencies of the
spectral lines corresponding to transitions between the energy levels. Thus,
we have

_ 2R (= - — 3.34
Vn'n ( ) n,z nz [ ]

where R(M) is defined by [1.102] and wheren=2,3,4,...,n' =1,2,3,. ..
with n > n'. !

3.3 THE EIGENFUNCTIONS OF THE BOUND STATES

So far we have seen that the energy levels predicted by the Schrodinger theory
for one-electron atoms agree with those already obtained in Section 1.7 by using
the Bohr model. However, the Schrodinger theory has much more predictive
power than the old quantum theory since it also yields the eigenfunctions which
will enable us to calculate probability densities, transition rates, and so on.

The radial eigenfunctions of the bound states

In order to obtain these eigenfunctions explicitly, let us return to [3.20]. We ‘
shall now show that the physically acceptable solutions of this equation,
corresponding to A = n, may be expressed in terms of associated Laguerre
polynomials. To this end we first define the Laguerre polynomials L (p) by the
relation

! d? 3.35 ’
] Lip) = ¢35 (o' ") [3.33]

| and we note that these Laguerre polynomials may also be obtained from the

i generating function

| Ulp, ) = exp[ — ps/(1 — 9)]

‘.{ 1 - [
] = L |
. = ;(ip) s, <1 [3.36] 1}
! q=0 . !
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Differentiation of this generating function with respect to s yields the recurrence .

formula } ”m"m
Lyvi(p) + (p = 1 = 29Lp) + ¢*Lyr(p) = 0 [3.37]

| Similarly, if we differentiate U(p, s) with respect to p we find that

d d

'a'; Lq(p) - q a;qul(p) + qu—l(P) =0 [3.38]

Using [3.37] and [3.38] it is a simple matter to prove that the lowest order
differential equation involving only L, (p) is given by

¢ Ll =0 [3.39]
pﬁ; ( p)dp g|Lp) = .

‘ Next, we define the associated Laguerre polynomials L5(p) by the rellm

P

4 ,
Lip) = d—p;Lq(p) (3.40)

Upon differentiation of [3.39] p times, one finds that L#(p) satisfies the
differential equation

d? d _
[95? ++1-p L + (g - p)}Ls(p) =0 [3.41]

< Setting A = n in [3.20] and comparing with [3.41] we see that the physically
‘ acceptable solution g(p) of [3.20] is given by

g(p) = NuL3 ' (p) [3.42)

‘; | where N, is a constant which will be determined below (apart from an arbitrary
phase factor) by the normalisation condition. We note that LZ}'(p) is a
polynomial of order (n + 1) — (2l + 1) =n — [ — 1 = n, in agreement with

the discussion following [3.25]. We also note from [3.11] and [3.29] that
el
p=—I\—]|r
‘ nag \m
2Z
=—7 [3.43]

na,

‘ where we recall that a, = aom/u is the modified Bohr radius. In atomic units
(ap = 1) we have

j p= (ﬁ) , [3.44]
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We may also obtain a generating function for the associated Laguerre
polynomials by differentiating [3.36] p times with respect to p. That is,

(=9 expl—ps/(1 ~ 9)] |
(1 _ s)p+l .

Ups 9) =

_ v L, [3.45]
i 4

An explicit expression for L21%,'(p) is given by

i [(n + DIF ot
2i+1 — _1\k+1 —
Lo = Z«O o T W T T ]

n=n-1-1 [3.46]

and is readily verified by substitution into [3.45], with ¢ =n + [ and
p=2+1. ,

Using [3.7], [3.16], [3.18] and [3.42] we may now write the full hydrogenic |
radial function as

R, (1) = Nye ”?p'LZH (p), '
2Z

o=y [3.47]
nau

where we have used the notation R,; (which displays explicitly the quantum
numbers 7 and 1) instead of the symbol Ry ; introduced at the beginning of this
chapter. ’

Hydrogenic wave functions of the discrete spectrum

Using [3.5], we see that the complete eigenfunctions of the discrete spectrum for |
a one-electron atom may be written as

Ynim(T> 05 &) = Ry(Y (0, &) (3.48]

where the radial functions R,; are given by [3.47] and the spherical harmonics
Y,, provide the angular part of the wave functions. We require that the
eigenfunctions [3.48] be normalised, namely

x T 2w
I dr rz[ dé sin ej Ao [Prum(rs 8, &) = 1 [3.49]

0 0 0

Since the spherical harmonics are already normalised on the unit sphere (see
[2.182]), the normalisation condition [3.49] shows that the radial functions
; R,;(r) are normalised as

oc

) J IRy(NPridr =1 (3.50]

0
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Using [3.47] we see that [3.50] becomes
3 [ " ;

'N”"2<zz> L e PP [LI (PPp? dp = 1 [3.517,

It is shown in Appendix 3 that the integral over p can be evaluated by using thc ‘
generating function [3.45]. The result is (see [A3.26]) .

* 2 + D3
L e P L2 () 2 dp (i[—(—)l)], [3.52]

so that the normalised radial functions for the bound states of one-electron
atoms may be written as [2] oy

3 I 1/2
R,d(r) _ __{(LZ_) (71 l 1)!3} e—p/z ILZH-l(p)

na,) 2n[(n + D!]
I.“”
2Z d7egh? Ll
=1, == R 3.
P 4= [3.99]

As an illustration of the above formulae, we shall consider the case of an
‘infinitely heavy’ nucleus, so that a,, reduces to ay = 4meoh?/me?, the first Bolr
radius. The first few radial eigenfunctions are then given explicitly by

Ryo(r) = 2(Z/ao)*’* exp(—Zr/ao)
Rao(P) = 2Z/2a0)>*(1 — Zr/2a,) exp(—Zr/2aq)

Ry () = L Z/ 200)3/2(27/ ao) exp(—Zr/2ap)

7

Rso(r) = 2Z/3a)>*(1 — 2Zr/3ay + 2Z%?/27a3) exp(—Zr/3a,)

42

Ra(n) = =5~ (Z/3a0)"*(1 — Zr/6ao)(Zr/ao) exp(—Zr/3ap)

4
R3r) = 27/10 (Z/3a0)*'*(Zr/ao)* exp(~Zr/3a0) : [3.54)
In order to express these functions in atomic units (a.u.) one just sets ¢ = 1 in
[3.54]. To take into account the reduced mass effect, we should replace a, by
a, = aom/ ).

Using the radial wave functions [3.53] together with the explicit expressions
of the spherical harmonics given in Table 2.1, we display in Table 3.1 the com-
plete normalised bound state hydrogenic eigenfunctions ,,,(r, 8, ¢) for the
first three shells (i.e. the K, L and M shells corresponding respectively to the
values n = 1, 2 and 3 of the principal quantum number) for the case of an

[2] In writing [3.53] we have used the fact that the radial eigenfunctions R,(r) may be taken to be
real without loss of generality.
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3.3 The eigenfunctions of the bound siates

‘infinitely heavy nucleus’. We have also indicated in Table 3.1 the spectroscopic
notation, introduced in our discussion of the energy levels. We shall often refer '
to one-electron orbital wave functions such as the hydrogenic wave functions
U, @s orbitals. In accordance with the spectroscopic notation, orbitals corre-
sponding to I = 0 will be called s orbitals, those with / = 1 will be denoted as
p orbitals, and so on.

In some applications it is convenient to consider a different set of hydrogenic
wave functions, in which the real form of the spherical harmonics is used for the
angular part. As we saw in Section 2.5, the spherical harmonics in real form
exhibit a directional dependence and behave like simple functions of Cartesian
coordinates. Orbitals using the real form of the spherical harmonics for thelr
angular part are therefore particularly convenient to discuss some propertiod
such as the directed valence characteristic of chemical bonds. We recall that the
spherical harmonics in real form are not eigenfunctions of L, (expect, of coursa,
for m = 0 where they coincide with the usual spherical harmonics). For a given -
n and I the hydrogenic wave functions obtained by using the real form of the
spherical harmonics are distinguished by the symbols x, y, 2, 322 — r2, xs, y8,
xy, etc. which have been introduced in Section 2.5. As an example, let us
consider the three 2p wave functions (for whichn = 2,/ = landm = 0, x1).
Using the real forms of the spherical harmonics given in Table 2.2, together
with the radial function R,;(r) from [3.54], we see that the corresponding
normalised hydrogenic wave functions are given by

1

Yp, = U2,1,c050 = T\/fr (Z/a0)*XZr/ao) exp(—Zr/2a,) sin 0 cos ¢ [3.55a]
1

Uap, = Y2,1sine = Z\/—Z_;(Z/ao)yz(Zr/ao) exp(—Zr/2ay) sin 6 sin ¢ [3.55b]

1
Yap, = tap, = Y210 = NG

In what follows, unless otherwise stated, we shall always use the usual
(complex) form of the spherical harmonics.

(Z /a0y *(Zr/ay) exp(—Zr/2ap) cos 6 [3.55¢]

Discussion of the hydrogenic bound state wave functions.
Probability density. Parity

Let us return to the hydrogenic wave functions [3.48]. First of all, we note that

|d/nlm(r’ 9’ d))|2dl' = w:lmO’ 03 ¢) d/nlm(rs 0, d’)rz dr Sin 6de d¢ [356J

represents the probability of finding the electron in the volume element dr
(given in spherical polar coordinates by dr = r? dr sin 6 df d¢) when the sys-
tem is in the stationary state specified by the quantum numbers (n, [, m). The
QUANILY |Ynim|? = UXmnim is the probability density. Using [3.48] and [2.184],
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we see that

l‘pnlm(n 03 ¢>IZ - |Rnl(r)|2|ylm(0) d’)lz
= [Ru(P2m) @4 (6) [3.57]

so that the probability density does not depend on the coordinate ¢. In fact, we
see from [3.57] that the behaviour of |¢s,,,|* is completely specified by the
product of the quantity |R,,;(r)|?, which gives the electron density as a function of r
along a given direction, and the angular factor 2m)™}©,.(0)]*.

The spherical harmonics Y},,(6, ¢) and the angular factors 27)~}|0,,,(6)?
have been studied in detail in Section 2.5. In particular, we refer the reader to
polar plots shown in Fig. 2.6. We also recall that if the real form of the spherical
harmonics is used (i.e. if the sine and cosine functions of ¢ are used), then the
probability density will depend on ¢, the dependence being through the functions
sin? m¢ and cos? m¢. Polar representations of the angular dependence of the
probability density for s and p orbitals (in the real form) are given by Fig. 2.7.

We now turn our attention to the properties of the radial eigenfunctions
R,;(r). We have already seen that the quantity |R,,(r)|* represents the electron
density as a function of r along a given direction. On the other hand, the radial
distribution function

D,y = rRy(n* [3.58]
gives the probability per unit length that the electron is to be found at a distance

r from the nucleus. Indeed, by integrating [3.56] over the polar angles ¢ and ¢
and using [3.48], we see that

2

k

IR, (N dr f dé sin 8 f
0 0

r?|R (M dr [3.59]

Dyy(r) dr d¢ [Y, (8, O

I

represents the probability of finding the electron between the distances r and
r + dr from the nucleus, regardless of direction. The appearance of the factor of
r? on the right side of [3.59] is because the volume enclosed between two spheres
of radii r and r + dr is proportional to that factor. The first few radial
eigenfunctions [3.53] are plotted in Fig. 3.3, together with the corresponding
radial distribution functions D,,(r).

Several interesting features emerge from the examination of the eigenfunc-
tions R,,;(r) and the radial distribution functions D,(r).

1. Only for s-states (/ = 0) are the radial wave functions different from zero at
r = 0. We also note that since Yoo = (47) /2 is independent of § and ¢, one
has from [3.53] A

3

1
|¢m00(0)* = ol IR0 = 3 (3.60]

3
man
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3.3 The eigenfunctions of the bound states
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3.3 Radial functions R.(r) and radial distribution functions r?R(r) for atomic hydrogen.
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a result which plays an important role in the theory of hyperfine structure
(see Chapter 5). Moreover, each of the s-state eigenfunctions g0 = s
is such that dR,o/dr # 0 at r = 0. This peculiar behaviour is because the
potential energy [3.1] is infinite at the origin.

2. For [ # 0 the fact that R, is proportional to ' for small r forces the wave

function to remain small over distances from the nucleus which increase with
1. This is because the effective potential [3.9] contains the centrifugal barrier
term [(! + 1)A%/(2ur?) which prevents the electron from approaching the
nucleus. Among the eigenfunctions which have the same n, the one with the
lowest value of / has the largest amplitude in the vicinity of the nucleus.

3. The associated Laguerre polynomial LZ}}}(p) is a polynomial of degree

n, = n — | —1 having n, radial nodes (zeros). Thus the radial distribution
function D,,(r) will exhibit n — | maxima. We note that there is only one
maximum when, for a given 7, the orbital quantum number / has its largest
value / = n — 1. In this case n, = 0, and we see from [3.46] and [3.53] that

R, () ~ "l Zr/nan [3.61]
Hence, D, ,_i(r) = R f,,,,_l(r) will have a maximum at a value of r obtained
by solving the equation
dD, 2Z
mn—1 (2nr2n—l _ r2n>e—22r/na,‘ =0 [362]
dr na,
i.e. at 5
_na,
r=— [3.63]

which is precisely the value [1.100] appearing in the Bohr model. However,
in contrast to the Bohr model, the diffuseness of the electron cloud implies
that the concept of size is less precise in the quantum mechanical theory, so
that the value [3.63] should be interpreted as ‘a most probable distance’. We
see from [3.63] that this most probable distance is proportional to n? and
inversely proportional to Z. More generally, the maximum value of D, (r)
recedes from the nucleus with increasing values of n (see Fig. 3.3) and
becomes closer to the nucleus by a factor of Z~! when Z increases.

To conclude our study of the hydrogenic bound state wave functions [3.48]
we now discuss their parity. Since we have reduced the study of hydrogenic
atoms to the problem of a particle of mass w in a central field, we may use
directly the results of Section 2.6. Thus the parity operation r— —r (i.e.
(ry 6, ) — (r, m — 0, ¢ + ) in spherical polar coordinates) leaves the radial
part R,(r) of the hydrogenic wave function unaffected, while the angular part
Y;,.(6, @) has the parity of [, as shown by [2.252]. As a result, under the parity
operation Pr = —r the hydrogenic wave functions [3.48] transform according
to

PRu(NY (0, )] = Ry()Ypu(r — 6, & + m)
= Ry(r)(—1YY,,(6, ¢) (3.64]
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We see that for ! even the hydrogenic wave functions Y(r, 6, ¢) = .
R,(P)Y,,(6, ¢)are unaffected by the parity operation: they are said to be of even
parity. For [ odd the wave functions y,,, change sign under the parity operation
and are said to be of odd parity.

3.4 EXPECTATION VALUES. THE VIRIAL THEOREM

Using normalised hydrogenic wave functions ), (r) we can calculate the
expectation (or average) values of various operators. As a simple example, let us
consider the average value of the distance r when the hydrogenic atom is in the
ground state, that is the quantity (¢100/r/¢/100) = (r)100- Taking into account the
reduced mass effect, we have 00 = (Z°/7 a3)'/? exp(—Zr/a,) and therefore

{N100 = J dloo(Mriioo(r) dr

= J |100(r)*r dr

3
™a, jo 0 0

Z3 x Fd 2
= J dr rie=2%/ax J dé sin ()J do [3.65]

The angular integral has the value 47 and the radial integral is readily
performed to give

3au
2Z

For a general hydrogenic eigenstate i,,,(r) we may calculate in the same way

[3.66]

(Moo =

<r>nlm = [ d/:lm(r)“//nlm<r) dr

= Jx IR,(n[*r* dr [3.67]
0

Using the normalised radial eigenfunctions [3.53] it is found that

2 1 I+ 1 ,
<r>nlm = ap. %{1 + z ,:1 - ( nz ):|} l3.68|

which is seen to agree with [3.66] when n = 1 and [ = 0. We remark from
[3.68] that (r),,, which we may interpret as the ‘size’ of the atom, is inversely
proportional to Z and roughly proportional to n?, in agreement with the
discussion following [3.63]. In fact, we see that for s-states (! = 0) (P pim 18
directly proportional to n?; for states with ! # 0 the deviations from this
proportionality are small.

It is also interesting to evaluate the average values of r*, where k is a positive
or a negative integer, since the quantities (r*),m clearly exhibit the differences
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between the radial eigenfunctions. For example, one has ‘
n* 3 a+1n-1/3 :
(i = @2 7 {1 + 3 [1 S R [3.69]
n® 27 1 /35 10
D im = a‘g‘?{l + —8—{1 —7<§7 - 3(1 + 2){1 - 1))
1
+ o I+ 21+ Did - 1)}} [3.70]
1 zZ
<—> =— [3.71]
L T
1 _ z?
7)o @A+ 1/2) [3.72]
1 VA
— = 3.73
<r3>n,m aing’l(l +1/2d+ 1) [ ]

We note from [3.68]-[3.73] that (r*),,,, ~ (a,/Z)", a result which is easily
explained since the Z dependence can be ‘factored out’ of the problem by
defining a new reference length @,, = a,/Z. We also remark that the expectation
values of positive powers of r(k > 0) are controlled by the principal quantum
number n, while those corresponding to negative powers of r are strongly
dependent on [ for 2 << —1. This is due to the fact that for positive powers
(k > 0) the important contributions to the integral

<rk>nlm = J ,Rnl(r)lzrk+2 dr [374]
0

arise from large values of r, for which R,, behaves essentially like r" !
exp(—Zr/na,,). On the other hand, for negative powers such that 2 < —1 the
main contributions to the integral [3.74] come from the region of small r, where
R,, is proportional to ..

Using the result [3.71] we may immediately obtain the average value of the
potential energy V(r) = —Ze?/(4meo)r. The result is

Ze? |1
Vm = — -
< >nlm 47T60 < r >nlm

eZ ZZ
(4meo)a, n*
= 2E, [3.75]

where we have also used the equation [3.29] which gives the energy eigenvalues
E,. From [3.75] we can also deduce the average value of the kinetic energy
operator T = —(#%/2u)V2. That is,

<T>nlm = En - <V>nlm = _En [376]
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so that ;

AT) = ~(V) om

where we have dropped the subscripts. The result [3.77] is a particular case of
the virial theorem, which we shall now prove.

The virial theorem

Let us denote by H the Hamiltonian of a physical system and by V¥ its state
vector, solution of the time-dependent Schrodinger equation [2.46]. We have
proved in Section 2.3 that the time rate of change of the expectation value
(A) = (W|A|¥) of an operator which does not depend explicitly on ¢ satisfies the

equation
ih S (VAN = (VA HTY) [3.78)°

where [A, H] = AH — HA is the commutator of the operators A and H.
Let us further assume that H is time-independent and denote respectively by
E, and ¢, its eigenenergies and eigenfunctions. For a stationary stats
W, = y, exp(—iE,t/#) and a time-independent operator A it is clear that the
expectation value (¥,|A|¥,) = (¢,|A|¢;,) does not depend on ¢ so that [3.78]
reduces in this case to ‘

(WllA, Hlgr) = 0 (3.79]

We now apply this result to the particular case of the non-relativistic motion
of a particle of mass u in a potential V(r), the corresponding time-independent
Hamiltonian being

2 .
H="—+V=T+V [3.80]
2u

where T = p2/2u = —#2?V?/2p is the Kkinetic energy operator. Moreover, we
choose A to be the time-independent operator r * p. We then have from [3.79]

(Wllx - p)> Hllg) =[x~ p), H]) = 0 [3.81]
Using the algebraic properties [2.120] of the commutators, together with the
fundamental commutation relations [2.119] and the fact thatp = —ihV, we find

that

1 .
[(l' ’ P)’ H] = (xpx + ypy + sz); 5. (P:zc + P§ + Pg) + V(xa Y z)
2u )

E.E(2+ 2+ ph) - ik xi‘—/—+ aV+28V
AR AR el P

= 2iAT — ih(r - VV) [3.82]
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From [3.81] and [3.82] we therefore obtain the relation
XT) =(r- VV) [3.83]

which is known as the virial theorem [3]. It is worth noting that this result may
also be obtained by choosing the operator A to be p - r instead of r - p. Indeed,
. the difference between r - p and p * r is a constant, and therefore commutes
with H.
If the interaction potential is spherically symmetric and proportional to r*,
and if the expectation values exist, we deduce from [3.83] that ,

| | A7) <r %‘ri> x
, (V) [3.84] |

‘ For example the case s = 2 corresponds to the harmonic oscillator, for which
X (T) = (V). On the other hand the case s = —1, corresponding to the hydro-
genic atom, yields the relation 2(T) = —(V), in agreement with our result
[3.77], which is therefore seen to be a direct consequence of the virial theorem.

3.5 SPECIAL HYDROGENIC SYSTEMS: MUONIUM; POSITRONIUM;
MUONIC AND HADRONIC ATOMS; RYDBERG ATOMS

Let us recall some of the key results we have obtained for hydrogenic systems.
The energy eigenvalues are given by [3.29] and the frequencies of the transitions

by [3.34]. In particular, the ionisation potential Ip = |E,_;|1sjust
Ei‘ 2 ZZ
Ip = ¢ £
(47780)(1“ 2

[3.85]

: and the ‘extension’ a of the wave function describing the relative motion of the
4 system is roughly given in the ground state (see [3.63]) by

(4reg)h?
= —Z—;Z—Z— [3.86]

=%

where u = mM/(m + M) is the reduced mass.

[3] We recall that_in classical mechanics the woirial of a particle is defined as the
quantity — (1/2)F - r, where F is the force acting on the particle and the bar denotes a rime
average. If the motion is periodic (or even if the motion is not periodic, but the coordinate and
velocity of the particle remain finite) and 7 denotes the time average of the kinetic energy of the
particle, one has (Goldstein, 1962).

T= 4F s ‘

and this relation is known as the virial theorem. If the force is derivable from a potential V the :
virial theorem becomes 1
2T=r-VV ‘

which is the classical analogue of [3.83].

148
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The hydrogenic systems we have considered so far correspond to an atomic
nucleus of mass M and charge Ze and an electron of mass m and charge —s¢
interacting by means of the Coulomb potential [3.1]. The ‘normal’ hydrogen
atom, containing a proton and an electron is the prototype of these hydrogenic
systems. The hydrogenic ions He* (Z = 2), Li** (Z = 3), Be’" (Z = 4), ete.
are also examples of such systems. As we have already noted in Chapter 1, and
as we can see again from the above formulae, the value of a for these ions is
reduced with respect to that of the hydrogen atom by a factor of Z and their
ionisation potential is increased by a factor of Z* (neglecting small reduced mass
effects).

The (neutral) isotopes of atomic hydrogen, deuterium and tritium, also
provide examples of hydrogenic systems. Here the proton is replaced by a
nucleus having the same charge +e, namely a deuteron (containing one proton
and one neutron) in the case of deuterium or a triton (containing one proton and

two neutrons) in the case of tritium. Since My = 2M, and M, = 3M,, where '

M, is the mass of the proton, M, the mass of the deuteron and M, the mass of
the triton, we see that the reduced mass u is slightly different for hydrogen,
deuterium and tritium, the relative differences being of the order of 10~3. Thus
the quantities Ip and @ are nearly identical for the three atoms, the small
differences in the value of w giving rise to isotopic shifts of the spectral lines (of
the order of 10™3) which we have already discussed in Chapter 1.

Positronium, muonium

In addition to deuterium and tritium, there exist also other ‘less conventional’
isotopes of hydrogen, in which the role of the nucleus is played by another
particle. For example, positronium (e*e ™) is a bound hydrogenic system made of
a positron e” (the antiparticle of the electron, having the same mass as the
electron, but the opposite charge) and an electron e . Muonium (u'e ) is
another non-conventional isotope of hydrogen, in which the proton has been
replaced by a positive muon ™, a particle which is very similar to the positron
¢ ', except that it has a mass M,,- = 207 m and that it is unstable, with a lifetime
of about 2.2 x 10~ s. Both positronium and muonium may thus be considered
as light isotopes of hydrogen. Positronium was first observed in 1951 and
muonium in 1960. Table 3.2 gives the values of the reduced mass u, the ‘radius’
a and the ionisation potential Ip for positronium and muonium, compared with
those of the hydrogen atom.

Positronium and muonium have attracted a great deal of interest because they
only contain leptons (i.e. particles which are not affected by the strong
interactions) and hence are particularly suitable systems to verify the predictions
of quantum electrodynamics. We remark that both positronium and muonium
are unstable. Indeed, muonium has a lifetime of 2.2 X 107% s (which is the
lifetime of the muon u* itself) while in positronium the electron and the
positron may annihilate, their total energy including their rest mass energy
being completely converted into electromagnetic radiation (photons).
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Muonic atoms

In all the hydrogenic systems we have considered until now the negative particle
is an electron. In 1947 J. A. Wheeler suggested that other negative particles

could form a bound system with a nucleus. These negative particles can be

leptons such as the negative muon = (which is a kind of ‘heavy electron’ having

the same mass and lifetime as the positive muon u*, but a negative charge —e)

or hadrons (particles which can have strong interactions). The unusual ‘atoms’

formed in this way are sometimes called ‘exotic atoms’. We shall return shortly

to hadronic atoms and examine for the moment the muonic atoms which are

formed when a negative muon u~ is captured by the Coulomb attraction of a

nucleus of charge Ze as the muon is slowing down in bulk matter.

As a first example, let us consider the simplest muonic atom (pu~) which
contains a proton p and a muon u~ . Since the muon has a mass which is about
207 times that of the electron, the reduced mass of the muon with respect to the
proton is approximately 186 times the electron mass. As a result, the ‘radius’ a
of the muonic atom (pu ) is 186 times smaller than that of the hydrogen atom,
the ionisation potential Ip of (pu ~) being 186 times larger than the correspond-
ing quantity for atomic hydrogen (see Table 3.2). The frequencies of the
spectral lines corresponding to transitions between the energy levels of (pu™)
may thus be obtained from those of the hydrogen atom by multiplying the latter
by a factor of 186. For transitions between the lowest energy levels of (pu™) the
spectral lines are therefore lying in the X-ray region.

Let us now assume that the negative muon w~ is captured by the Coulomb
field of a nucleus N of charge Ze. Assuming that we are dealing with a heavy
nucleus, so that we may neglect the reduced mass effect, we see thatequation[3.86]
would then yield for the bound system (Nu™) the value @ = ¢,/(207 Z), while
[3.85] would give an ionisation potential Ip larger than that of hydrogen by
a factor of 207 Z2. Thus for the case of muonic lead (corresponding to a nucleus

Table 3.2 The reduced mass u, ‘radius’ a and ionisation potential /p of some ‘unconventional’
hydrogenic systems, compared with the corresponding quantities for the hydrogen atom (pe ™). Atomic
units are used. The masses of the particles considered are M, = M; =~ 1836, M, = M,,, = 207,
M, _ = 273, Mg_ = 966, M5- = 2343, the unit of mass being the electron mass m.

System Reduced mass ‘Radius’ Tonisation potential
M a Ip
(pe™) 1836 | ‘ e
c —_— = = = ——

P 1837 o (4meo)2aq
(e*en) 0.5 2 5
(ue) 207 1 05

e _— = = = =~ 0.
a 208 o
(pu™) = 186 ~354x 103 =93
(p77) = 238 =4.2x 1073 = 119
(PK7) = 633 = 1.6 x 1073 =317
(pP) =918 =1.1x1073 = 459
(p27) = 1029 =97 x107* ~ 515
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with Z = 82) we would have Ip=19MeV (1 MeV = 10°eV) and
a = 3 x 10 * m = 3 Fermi. In fact this value of a is smaller than the radius R
of the lead nucleus, which is given by R = 6.7 Fermi, so that the expressions
[3.85]—[3.86]cannot be used any more! Indeed, they have been derived on the
assumption that the two particles of the hydrogenic system interact by means of
the Coulomb potential [3.1] for all values of the relative distance r, i.e. that both
particles are considered to be point-like. This assumption is an excellent one for
‘usual’ (electronic) atoms or ions such as hydrogen, deuterium, tritium, He™,
Li’*, etc., where the finite extension of the nucleus gives rise to very small
effects such as the volume effect which will be shown in Chapter 5 to yield tiny
shifts of the energies associated with low-lying s-states. However, for muonic
atoms with large values of Z (such as muonic lead) the volume effect may lead to
important shifts of the low-lying levels (in particular of the ls and 2s states).
Nevertheless the main qualitative features predicted by [3.85]-[3.86] are
correct: the ionisation potential I is of the order of several MeV, the spectral
lines corresponding to transitions between the lowest energy levels lie at the
limit of the X-ray and y-ray regions, and in the 1Is state the muon spends a
significant fraction of its time within the nucleus. The fact that the muon acts as
a probe of the nucleus and that the energy spectrum of muonic atoms s
therefore sensitive to the internal structure of the nucleus constitutes one of the
major interests of the study of muonic atoms.

We conclude this brief discussion of muonic atoms by three remarks. Firstly,
muonic atoms are unstable, since the negative muon u~ has a finite lifetime
7= 2.2 X 107¢s (which is the same as that of its antiparticle, the positive
muon p ). Secondly, muonic atoms usually keep an electron cloud, but the
influence of the electrons on the hydrogenic system (nucleus + muon u ) is
almost always negligible, since the muon p~ remains on the average much closer
to the nucleus than the electrons. Thirdly, the muon is often captured into an
cxcited state of the (nucleus + muon) system. It will then ‘cascade’ down to the
ground state, either by emitting radiation in the form of X-rays or by means of
radiationless transitions known as Auger fransitions, in which electrons from the

cloud are ejected.

Hadronic atoms

In contrast with the leptons (such as the electron e, the positron e and the
muons = and w”) which participate only in the electromagnetic and weak
interactions, the hadrons participate in the szrong (nuclear-type) interactions in
addition to the electromagnetic and weak interactions. There are two kinds of
hadrons, the baryons (such as the proton p, the neutron n, the antiproton p, the
antineutron i, the hyperons ¥, =, ...) which have half-integer spin (3,
3, ...) and are therefore fermions, and the mesons (such as the 7-mesons, the
K-mesons, etc.) which have integral spin (0, 1, . . .) and hence are bosons.
Among the hadrons, those having a negative charge can form with a nucleus N a
‘hydrogenic-type’ system which is referred to as a hadronic atom. In particular,

151




One-electron atoms 3.5

the system (N7 ) is called a pionic atom, (NK™) is known as a kaonic atom while
(NP) is called an antiprotonic atom. Hydrogenic-type systems containing a
nucleus and a negative hyperon — for example (N2 ) — are known as hyperonic
atoms. All these hadronic atoms are unstable, but their lifetime is long enough so
that some of their spectral lines have actually been observed.

Since hadrons interact strongly with nuclei, it is clear that the theory of
hydrogenic systems which we have developed in this chapter — and which only
takes into account the Coulomb interaction [3.1] — cannot be directly applied to
hadronic atoms. Thus the values of @ and Ip listed in Table 3.2 only give a rough
estimate of the ‘radius’ and of the ionisation potentials of the hadronic atoms
(pm ), (PK™), (pp) and (pZ ™). However, because the strong interactions have a
short range, excited states of hadronic atoms and in particular those withl # 0
for which the wave function is very small in the vicinity of the origin can
essentially be studied by using the theory of this chapter. The energies of these
excited states are thus given by

E,~-——1Ip [3.87]
n

and their ‘radii’ by
a, = n‘a [3.88]

where Ip and a are given respectively by [3:85] and [3.86].

Rydberg atoms

A highly excited atom (or ion) has an electron with a large principal quantum
number n. The electron (or the atom) is said to be in a ‘high Rydberg state’ and
the highly excited atom is also referred to more simply as a ‘Rydberg atom’.

Several characteristic quantities of the hydrogen atom are compared in Table
3.3 for n = 1, arbitrary » and n = 100. It is clear from the examination of this
table that highly excited hydrogen atoms with # = 100 exhibit some remarkable
properties. For example, their size is enormous on the atomic scale. Indeed, with
electron orbital radii of the order of 1077 m, such atoms are as big as simple
bacteria! Also, their geometrical cross-section being proportional to n* is
therefore 108 larger when n = 100 than in the ground state n = 1. On the other
hand, the electron in a high Rydberg state is very weakly bound, its binding
energy being smaller than the binding energy of the ground state by a factor n?.
For example the energy required to ionise a hydrogen atom withn = 100 is only
1.36 x 10 2 eV. We also remark that the energy separation AE between

adjacent levels is given for large n by

AE = E —E—IH<—1————1—
n+1 n P nz (n + 1)2 [3.89]
= 218 /n?

where IH = 13.6 eV is the ionisation potential of the hydl:ogen atom. Thus for
n = 100 this energy separation is given by AE = 2.7 X 107% eV (=0.22 cm™*
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Table 3.3 Comparison of some characteristic quantities of the hydrogen atom for different values
of the principal quantum number n ‘

Quantity n=1 Arbitrary n n = 100

Radius a, of Bohr orbit ap = 5.3 x 1071 = n’a, 53 x 10°7
(in m)

(ycometric cross- mag = 8.8 % 1072 = n'*na? 8.8 x 1071
section 7aZ (in m?) )

Binding energy |E,| =136 I /n? 1.36 x 104
(in eV)

Energy separation AE = 2I%/n} 27 x10?t
between adjacent levels (n large)
(in eV) '

Root-mean-square g = ca = 9,/n 2.2 x10*
velocity of electron = 2.2 x 10°
v, (in ms™1)

Period T, (in s) To=1.5x 1071 = n3T, 1.5 x 10710

in units of reciprocal centimetres), so that the selective excitation of atoms in
highly excited states requires experimental techniques with extremely high
resolution. A highly excited hydrogen atom left to itself has a relatively long
lifetime, increasing roughly as n> for a fixed angular momentum quantum
number /. However, even thermal collisions can transfer enough energy to the
atom to ionise it, although it is possible that a neutral system passing through
the (very large) Rydberg atom will leave it undisturbed.

Many of the studies concerning Rydberg atoms also deal with excited states of
atoms other than hydrogen. However, for a large enough n, a Rydberg atom of
any kind may be considered as an ‘ionic core’ plus a single highly excited
clectron. If this electron has enough angular momentum, so that it does not
significantly penetrate the core, it will essentially move in a Coulomb field
corresponding to an effective charge Z.¢ = 1 (in atomic units). Such Rydberg
atoms are therefore very similar to highly excited (Rydberg) hydrogen atoms.

Rydberg atoms have attracted much attention in recent years. In addition to
their intrinsic interest they are also important in such diverse areas as
radioastronomy, plasma physics and laser physics.

PROBLEMS

3.1 Using the explicit expressions of the hydrogenic wave functions given in
Table 3.1, calculate the expectation values (r), (r?), (1/r), (p) and ( p?) for
the following states: (i) s, (ii) 2s, (iii) 2p. Verify that the virial theorem
[3.77] is satisfied.

3.2 Any region of space in which the kinetic energy 7 of a particle would
become negative is forbidden for classical motion. For a hydrogen atom in
the ground state, of total energy E;s = —% a.u.

(a) Find the classically forbidden region.
(b) Using the ground state wave function ¢4(r), calculate the probability
of finding the electron in this region.
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3.5
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Problems

Consider a hydrogen atom of which the wave function at ¢ = 0 is the
following superposition of energy eigenfunctions ,,,(r)

1
Y(r,t=0) = ?/ﬁ [2¢100(r) — 3ia00(r) + P322(r)]

(a) Is the wave function an eigenfunction of the parity operator?
(b) What is the probability of finding the system in the ground state (100)?
In the state (200)? In the state (322)? In another eigenstate?
(¢) What is the expectation value of the energy? Of the operator L?? Of
the operator L,?
Consider a tritium atom, containing a nucleus, 3H (the triton) and an
electron. The triton nucleus, which consists of one proton (Z = 1) and
two neutrons, is unstable, since by beta emission it decays to 3He, which
contains two protons (Z = 2) and one neutron. This decay process occurs
very rapidly with respect to characteristic atomic times, and will be
assumed here to take place instantaneously. As a result, there is a sudden
doubling of the Coulomb attraction between the atomic electron and the
nucleus when the tritium nucleus >H decays by beta emission into 3He.
Assuming that the tritium atom is in the ground state when the decay takes
place, and neglecting recoil effects (M = =) find the probability that
immediately after the decay the He™ ion can be found:
(a) In its ground state 1s?
(b) In any state other than the ground state? (Total probability for
excitation or ionisation.)
(c) In the 2s state?
(d) In a state with [ # 0?
The electron and the proton of an hydrogen atom interact not only
through the electrostatic potential [3.1], but also by means of the
gravitational interaction. Using perturbation theory (Section 2.8), obtain
the relative energy shift AE/E,, where AE is the energy change due to
the gravitational force and E|; is the ground state energy of hydrogen, as
given by [3.29] with Z = l and n = 1.
(Note: The gravitational constant is G = 6.672 x 107'! N m’ kg2.)
Using the definition [2.21], obtain the momentum space wave functions of
the hydrogen atom for the s, 2s and 2p states. Compare your results with
those of Appendix 5.
(Hints: Use the expansion [2.261] of a plane wave in spherical harmonics,
and the known integral
= 261!
L e X (bx)x' dx = '(—az‘(T%zYﬁ
Note that integrals involving higher powers of x can be obtained by
differentiating this result with respect to the parameter a.)



Interaction of one-electron atoms with
electromagnetic radiation

In this chapter, we shall first discuss the interaction of hydrogenic atoms with
electromagnetic radiation and show how spectral lines arise, and at a later stage
we shall study the photoelectric effect. In considering the interaction of an atom
with radiation, there are three processes to analyse. First, just as a classical
oscillating charge will radiate spontaneously, an atom can make a spontaneous
transition from an excited state to a state of lower energy, emitting a photon
which is the quantum of the electromagnetic field. This process is called
spontaneous emission. Second, an atom can absorb a photon from a beam of
radiation, making a transition from a state of lower to a state of higher energy.
The rate of absorption is proportional to the intensity of the applied field.
Finally, atoms can also emit photons under the influence of an applied radiation
field. This is called stimulated emission and it is distinguished from spontaneous
emission because the transition rate, like that for absorption, is proportional to
the intensity of the applied field. Stimulated emission finds an important
practical application in the laser which produces intense beams of coherent
radiation and which will be discussed in Chapter 14.

In a rigorous treatment, we would have to start by studying quantum
clectrodynamics, in which the electromagnetic field is expressed in terms of its
quanta — the photons. Each photon corresponding to a field of frequency v carries
an amount of energy hv. Even in comparatively weak fields the photon density
can be very high (see Problem 4.1) and under these circumstances the number
of photons can be treated as a continuous variable and the field can be described
classically by the usual Maxwell equations. We shall proceed by using a
semi-classical model in which the radiation field is treated classically, but the
atomic system is described by quantum mechanics. The approximation will also
be made that the influence of the atom on the external field can be neglected.
Clearly these assumptions do not hold in the case of spontaneous emission,
because only one photon is concerned — and one is not a large number! The
proper treatment of spontaneous emission is well understood, but is beyond the
scope of this book. However, in this case, we shall be able to find the transition
rate indirectly using a statistical argument due to Einstein.
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Interaction of one-electron atoms with electromagnetic radiation 4.1

4.1 THE ELECTROMAGNETIC FIELD AND
ITS INTERACTION WITH CHARGED PARTICLES

The classical electromagnetic field in vacuo is described by electric and magnetic
field vectors € and B, which satisfy Maxwell’s equations [1]. We shall express
these and other electromagnetic quantities in rationalised MKS units, which
form part of the standard SI system. The electric field € and magnetic field 9
can be generated from scalar and vector potentials ¢ and A by

B, ) = ~Vo(r, )~ o A, ) [4.1]

Br, 1) = V X Ar, 1) : (4.2]

The potentials are not completely defined by [4.1] and [4.2]. In particular, €
and ® are unaltered by the substitutions A — A + Vy, ¢ = ¢ — dx/ot,
where y is any scalar field. This property of gauge invariance allows us to 1mpose
a further condition on A, which we shall choose to be

V-A=0 [4.3]

When A satisfies this condition, we are said to be using the Coulomb gauge.
From Maxwell’s equations (without sources) we can show that A satisfies the
wave equation (as do ¢, € and ®B)
5 1 A
V°A iy 0 [4.4]

In what follows we shall set the scalar potential ¢ = 0 since in empty space the
most general solution of Maxwell’s equations for a radiation field can always be
expressed in terms of potentials such that V- A = 0 and ¢ = 0.

A monochromatic plane wave solution of equations [4.3]-[4.4] corresponding
to the angular frequency  (i.e. to the frequency v = w/2#) is one that
represents a real vector potential A as

Alw;r, t) = 2A(w) cosk * 1 — wt + §,)
= Ao(w)[exp[ik ' r — wt + §,)] + c.c.] [4.5]
Here A, is a vector which, as we shall see shortly, describes both the intensity

and the polarisation of the radiation, k is the propagation vector, J, is a real
phase and c.c. denotes the complex conjugate. We note that [4.3] is satisfied if

k- Ayw)=0 (4.6]

so that Ag(w) is perpendicular to k and the wave is transverse. Equation [4.4] is
satisfied provided that w = kc, where k is the magnitude of the propagation

vector k.

[1] Useful texts on electromagnetism are those by Duffin (1968) and Jackson (1975).
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Electromagnetic field and charged particles

The electric and magnetic fields associated with the vector potential [4.5] are
given respectively from [4.1] and [4.2] by
B = 20Agw)ésin(k "t — wt + 8,)
B = —24,(w)k X &) sink-r— wt + 3,) [4.7]

where we have written Ag(w) = Ao(w)£. The direction of the electric field € is
along the real unit vector £, which specifies the polarisation of the radiation, and
is called the polarisation vector. From [4.6] we note that € must lie in a plane
perpendicular to the propagation vector k and can therefore be specified by
giving its components along two linearly independent vectors lying in this plane.
We also see from [4.7] that both € and B are perpendicular to the direction of
propagation k, and to each other.

The expressions [4.7] describe a linearly polarised plane wave, namely a plane
wave with its electric field vector € always in the direction of the polarisation
vector £. A general state of polarisation for a plane wave propagating in the
direction k can be described by combining two independent linearly polarised
plane waves with polarisation vectors £,(A = 1, 2) perpendicular to k, where
the phases in the two component waves are in general different.

In a quantum description of the electromagnetic field the energy in each mode
of angular frequency w, in some region of volume V' [2], is carried by a number
N(w) of photons, each of energy Aw. The total energy in the mode is therefore
given by N(w)fiw and the energy density by N(w)hw/V. In order to relate this
quantum description with the classical approach we are using here, we first
construct the energy density of the field, which is given by

16082 + B2/ uo) = 4eow’Af(w) sin’k » r — wt + 8,) [4.8]

where g and o are respectively the permittivity and permeability of free space
[3]. The average energy density over a period (27/w) is

plw) = 2e00°Af(w) [4.9]

Equating this result with N(w) Aw/V, we have

Aw) = N(w) [4.10]

h
20V

Similarly, the magnitude of the Poynting vector (€ X ®)/uo is the rate of
energy flow through a unit cross-sectional area normal to the direction of
propagation k. Averaged over a period, this quantity defines the intensity of the

[2] Provided V is taken to be much larger than atomic dimensions, the physical results are
independent of this quantity.
[3] Numerical values of & and pg are given in Appendix 11.
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radiation, which is given by
I(w) = 2eo0’cAY(w)

_ |N(who
= | c
= p(w)c [4.11]

A general pulse of radiation can be described by taking ¢ = 0 and represent-
ing A(r, 1) as a superposition of the plane waves A(w; r, t). Taking each plane
wave component to have the same direction of propagation k and adopting a
given direction of linear polarisation £, so that

Ap(w) = Ag(w)é ' [4.12]

we write
A, 1) = J Agw)é[explitk - £ — wt + §,)] + c.c.] dw [4.13]
Aw

We shall be concerned with the case in which the radiation is nearly
monochromatic, so that the amplitude Ag(w) is peaked about some angular
frequency wy, differing from zero in a region of width Aw.

In a naturally occurring pulse the radiation arises from many atoms emitting
photons independently, which implies that the phases &, are distributed at
random, as a function of w; in other words, the radiation is incoherent [4]. It
follows that the average energy density in a pulse of the form [4.13] is

p= J 2eqw?Ad(w) do = J' p(w) dw [4.14]
Aw

Aw

As seen by comparing with [4.9], the contributions from each mode are
summed, with no interference terms. Similarly the average intensity is

I= J I{w) dw [4.15]
Aw
where the intensity per unit angular frequency range I(w) is given by [4.11].

Charged particles in an electromagnetic field

The Hamiltonian of a spinless particle of charge ¢ and mass m in an
electromagnetic field is

LA
H=——(p—qA) +q¢ [4.16]

[4] This remark does not apply to radiation from lasers, which exhibits a high degree of coherence.
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4_,1‘ Electromagnetic field and charged particles

where p is the generalised momentum of the particle. The steps leading to [4.16]
are given in Appendix 6. Ignoring for the present small spin-dependent terms,
the Hamiltonian of an electron of mass m in an electromagnetic field is given by
[4.16], with ¢ = —e.

In order to describe a hydrogenic atom in an electromagnetic field we must
also take into account the presence of the nucleus, of charge Ze and mass M.
Since M is very large compared to the electron mass m (we are considering here
‘ordinary’ one-electron systems such as H, He™, . . .) the interaction between
the radiation field and the nucleus can be ignored to a high degree of accuracy.
In the same spirit we shall also neglect reduced mass effects and take the nu-
cleus to be the origin of the coordinates. However, we must include in the
Hamiltonian the electrostatic Coulomb potential —Ze®/(4meo)r between the
electron and the nucleus. It is convenient to regard this electrostatic interaction
as an additional potential energy term, while the radiation field which perturbs
the atom is described in terms of a vector potential A alone, as discussed above.
The time-dependent Schrédinger equation for a hydrogenic atom in an electro-
magnetic field then reads

2

}‘lf(r, t) [4.17]

] 1
N (= + 2
1h Py Y(r, t) [Zm (—1ihV + €A) Gmeor

where we have written p = —i4V. Because of the gauge condition [4.3], we
have
V- -(A¥) = A (VI) + (V- AW
= A (V¥) [4.18]

so that V and A commute. Making use of this fact, we may rewrite the
Schrodinger equation [4.17] as

. R, Ze? the et
th— Y, )=|—=—V —A'V+ —A |V, 1) [4.19]
ot 2m

2m B (dmreg)r m

We shall treat the weak field case in which the term in A? is small compared
with the term linear in A [5]. Accordingly we shall drop the term in A¢ and
treat the linear term as a small perturbation. In terms of photons, this means
that we shall only treat the emission or absorption of one photon at a time. The
simultaneous emission or absorption of two photons is generally negligible. An
exception to this arises in the very strong coherent fields generated by lasers.

[5) Although we are treating the case for which A? is small compared with A, the photon density is
assumed to be high enough for the radiation field to be treated classically. Both conditions are
well satisfied in the emission and absorption processes we shall describe.
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Interaction of one-electron atoms with electromagnetic radiation .

4.2 TRANSITION RATES

Having neglected the term in A%, we see that the time-dependent Schrodinger
equation [4.19] may be written as

L ov
th s = [Hy + H'@®)]¥ [4.20]
where
K2 Ze?
Hy= -——V? — 2
0 2m 4meg)r [4.21]

is the time-independent hydrogenic Hamiltonian describing the one-electron
atom in the absence of external fields and ;
h
H®=—%A-V [4.22]

is a perturbation which depends explicitly on the time variable through the

vector potential A.
We shall study this problem by using the time-dependent perturbation theory
given in Chapter 2. The unperturbed eigenfunctions ¢, solutions of

Holy, = Epi [4.23]

are normalised hydrogenic wave functions. Because the set of functions i
(including both the discrete set studied in Chapter 3 and the continuous set
corresponding to unbound states) is complete, the general solution ¥ of the
time-dependent Schrodinger equation [4.20], which we assume to be normal-
ised, can be expanded as

W= () E [4.24]
3

where the sum is over both the discrete set and the continuous set of hydrogenic
eigenfunctions . The coefficients ¢,(r) satisfy the coupled equations [2.336]
with A = 1,

&) = R~ ; Hip(Dcx(n)e’ ™ (4.25]
where
Hi (D) = YplH' @)
= J FE)H' 'Y, (r) dr [4.26]
and
wp, = (Ep — Ep)/fi (4.27]
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4.2 Transition rates

Let us suppose that the system is initially in a well-defined stationary bound
state of energy E, described by the wave function ¢, and that the pulseeof
radiation is switched on at the time ¢ = 0. Thus the initial conditions are given

by
G <0)= 8, (4.28]

and, to first order in the perturbation H', we have (see [2.343])

t
C;,D(l) (lﬁ)lj H}/m([/)eiwbal’ dr’
0

Il

—if (YslA - V]g,) et dr’ (4.29]
m jo

where w,, = (E, — E,)/# and
(UlA * Vi) = J YDA Vif(r) dr [4.30)

To proceed further, we use the vector potential A(r, t) given by [4.13] to
obtain

C;,D(t) = _i dCUAO(w) ei6“<lﬂb|eik" £-V (/fa> dt'ei(w”“—“’)"
m 0

Aw
t

+ e PpleTRT 8 - Vi) J dr'etlr* '“”} (4.31]

0
In general, the duration of the pulse will be much larger than the periodic time
(27/ wy,) which is for example ~2 X 107" s for the yellow sodium D line at
5890 A. It follows that the first integral over ¢’ will be negligible unless w,, ~ @,
i.e. unless E, = E, + fiw. Thus we see that in this case the final state of the
atom has greater energy than the initial state and one photon of energy fiw has
been absorbed from the radiation. On the other hand, the second integral over ¢’
in [4.31] will be negligible unless w,, = —, that is unless E, = E, — fiw. In
this case the initial state of the atom has greater energy than the final state and
one photon of energy % is emitted. Since only one of these conditions can be
satisfied for a pair of states @ and b, we can deal with the two terms separately.

We shall assume for the moment that both the initial and final atomic states
are discrete. The photoelectric effect, which corresponds to transitions from a
discrete initial state to final states lying in the continuum, will be studied in

Section 4.8.

Absorption

We start with the first term of [4.31], describing absorption. Using the fact that
the radiation is incoherent — so that no interference terms occur — we find that
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the probability for the system to be in the state b at time ¢ is

P = 2 J

A

A 2
dw [e :’Ew):l |Mba(w)|2F(t’ @ — wba) [432]

where we have defined the matrix element M,, as

szz = <¢’b|eik.ré : V|¢a>
= f F (e’ Té - Vi (r) dr (4.33]

and we recall that w = kc. Upon setting @ = w — w,,, the function F (¢, &)
which appears in [4.32] is seen to be the same as the function F (¢, w) introduced
in Chapter 2. That is (see [2.347])

1 — cos &t

Fi, &) = , ® =W — W, [4.34]

(;)2

The properties of F(f, w) discussed in Section 2.8 may therefore be used
directly here, provided that we make the substitution @ — &. In particular,
since for large ¢ the function F(z, @) has a sharp maximum at & = 0 (see
Fig. 2.9), i.e. at w = w;,, We can set @ = wy, in the slowly varying quantities
A¥(w) and | M, (w)|?, take these factors outside the integral in [4.32] and extend
the limits of integration on w to = . Hence we have

2
P = Z[A—ff*)] 'M”“(“”’“)'ZJ

+oc

F(t, @) do [4.35]

and using the result [2.348], we obtain
A 2
e @I = 27{5—‘?} | Mool 2 [4.36]

Thus the probability [c§l>(t)|2 increases linearly with time and a transition rate for
absorption W, can be defined as

d eAo(wp,) I
Wi, = a ey @I = 277[“0(—1,{' | My o(@pa)]? (4.37]
4 m
In terms of the intensity per unit angular frequency range, I(w), which is given

by [4.11], we have
_ 472 ( e’ )I(wba)

mZC 477'60 w% |Mba(wba)’2 [438]

ba

The rate of absorption of energy from the beam, per atom, is (Awp,)Ws,. It is
convenient to define an absorption cross-section gy, which is the rate of absorption
of energy (per atom) divided by [(w,,). That is,

Am?ah?
= |Mba(wba)|2 [4.39]

Opa

mzwba




4.2 Transition rates

where a = (¢?/4meg)/fic = 1/137 is the fine structure constant. Since the
incident flux of photons of angular frequency ws, is obtained by dividing the
intensity J{wy,) by #iws, » we see that the cross-section o3, may also be defined as
the transition probability per unit time and per unit atom, W, , divided by the
incident photon flux. The cross-section o3, has the dimensions of an area and
can be regarded as the area of a disc of absorbing material that, placed at right
angles to the beam, would absorb the same number of photons per second, each
of energy #w,, as the atom under consideration.

Stimulated emission

To calculate the transition rate for stimulated emission, we return to [4.31] and
in particular to the second term in the expression for c}” (), which corresponds
to a downward transition (E, = E, — #w) in which a photon of energy fiw is
emitted. It is convenient to interchange the labels of the states a and b so that the
state b is again the one with higher energy. The transition & — a corresponding
to stimulated emission may then be viewed as the reverse transition of the
absorption process a — b which we have just studied. Carrying out the same
manipulations as we did for absorption, we find that the transition rate for

stimulated emission, W, is given by

- 472 [ €% \ I{wps)
Was = (z—) > Moy () [4.40]
wEQ

Wpa

m’c
where

Mab = <‘l/a|e-ik'r - V"l’b)

= [ YH(r)e KT £« Vil (r) dr [4.41]

On integration by parts, and using the fact that £ - k = 0, one has
Mab = —Mb*a [442]

and comparing [4.38] and [4.40], we find that

Wab = Wba [4.43]

Thus we see that under the same radiation field the number of transitions per
second exciting the atom from the state a to the state b is the same as the number
de-exciting the atom from the state b to the state a. This is consistent with the
principle of detailed balancing, which says that in an enclosure containing atoms
and radiation in equilibrium, the transition probability from a to b is the same as
that from b to a, where a and b are any pair of states.

A stimulated emission cross-section &, can be defined in analogy with the
absorption cross-section [4.39] by dividing the rate at which energy is radiated
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by the atom, (fiwya)W.s, by the intensity I(w,,). From [4.43] we have
&ab = Opq [444]

Despite the fact that the transition rates W, and W, are equal, stimulated
emission is usually much less intense than absorption. Indeed, under equilib-
rium conditions the initial population of the upper level b is smaller than that of
the lower level a because of the Boltzmann factor exp(—# w;,/kT). However, if
a population inversion is achieved between the two levels ¢ and b, then stimulated
emission becomes the dominant process. This is the case in the MASER (an
acronym for Microwave Amplification by Stimulated Emission of Radiation)
and the LASER (Light Amplification by Stimulated Emission of Radiation)
where stimulated emission enables atomic or molecular systems to amplify
incident radiation. Masers and lasers will be discussed in Chapter 14.

Spontaneous emission

In quantum electrodynamics (QED), the part of the vector potential describing
the absorption of a single photon from an N photon state has the form [6]

N % 1/2 )
Clge

and it can be shown that the QED transition rate for absorption is given in
first-order perturbation theory by
_ 472 ( e’ )N(wba)ﬁ

Wba - 2 |Mba‘2 6((‘) - wba) [446]

m- \4mweg) Vawy,

Using [4.11] and integrating over a range of angular frequencies about w,, , this
result is seen to be identical with [4.38].
The corresponding part of the vector potential describing the creation of a

photon, adding a single photon to a N photon state, is

N(w) + DEV2
AZ - é|:( (z‘igow ) ] e*l(k - wi+ 6w [447]

and the transition rate for emission is given by

_ i'rr_2< e’ ) [N(wp,) + 1]A

W b =
“ mz Vwba

|Mba’2 0w — wba) [4-48]

47eg

After integrating over w, this expression is seen to be identical to the
semi-classical result [4.40], provided N(wy,) + 1 is replaced by N(w,,). The
semi-classical approximation amounts to the neglect of 1 compared with N(w,),

[6] A detailed discussion can be found in Sakurai (1967).
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and this is the same as neglecting the possibility of spontaneous emission. In the
absence of external field one has N = 0 and the transition rate for the
spontaneous emission of a photon, W?,, is given from [4.48] by

2 \dmeg) Vg,

47% [ ¢* ﬁ
ab = 'm_ ( ) |Mba|2 8w — wpe) [4-49]

What can be observed is the emission of a photon in a particular direction
(6, ¢) within an element of solid angle d). In order to obtain the physical
transition rate we must therefore sum |4.49] over the number of allowed
photon states in this interval. To do this we need to calculate the density p,(w)
of the final photon states, in accordance with the Golden Rule [2.359].

Density of states

Let the volume V be a cube of side L. (In fact the shape does not matter
provided V is large.) We can impose periodic boundary conditions {7] on the
function exp(—ik - r) which is contained in the expression [4.47] representing
the wave function of the emitted photon. That is,
27 27 27

k, = —n,, k, = T M k,=—n, [4.50]
where n,, n,, n, are positive or negative integers, or zero. Since L is very large,
we can treat n,, n, and n, as continuous variables, and the number of states in
the range dk = dk, dk, dk, is

L 3
dn, dn, dn, = <z—> dk, dk, dk,

m

L 3

= (—) k? dk dQ [4.51]

2

Expressed in terms of V = L and w = ck, the number of states in the angular
frequency interval de with directions of propagation within d{} is

V o

pw) dw dQ_ = e e do dQ [4.52]

Using [4.49] and integrating over the angular frequency w, the transition rate
for the emission of a photon into the solid angle d{) is then given by

h &2
W5,(Q) dQ = — 2 .
26({1) dQ 2mmicd ( 4Treo)wba|Mba(wba)l dQ [4 53]

[7] The imposition of periodic boundary conditions amounts to assuming that all space can be
divided into identical large cubes of volume L3, each containing an identical physical system.
The vector potential A must then be periodic.with period L along each of the three Cartesian
axes.
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The total transition rate is found by summing over each of the two independent
polarisations of the photon, corresponding to polarisation vectors (A =1,2)
and integrating over all angles of emission. That is

3 e? 2
fzb - 5 ( ) J dQ )‘21 wba|MI;\a(wba)I2 [454]

2mmPe3 \ 4mreg

where M}, is given by [4.33], with £ replaced by &,.

4.3 THE DIPOLE APPROXIMATION

In many cases of practical interest the matrix element M,, defined in [4.33] can
be simplified by expanding the exponential exp(ik * r) as

. 1
e =1+ (k1) + o (koo (4.55]

Consider for example the case of optical transitions. The atomic wave functions
extend over distances of the order of the first Bohr radius of the atom, i.e. about
1A (= 10~ %cm). On the other hand, the wavelengths associated with optical
transitions are of the order of several thousand Angstroms, so that the
corresponding wave number k = 27/ is of the order of 10> cm™'. Thus the
quantity (kr) is small for r < 1 A and we can replace exp(ik * r) by unity in
[4.33], which amounts to neglecting retardation across the atom. This is known as
the electric dipole approximation [8]. In this approximation, [4.33] becomes

Mba =€ <¢’blv|¢’a>
1
=& z <¢b|p|(l/a>
L im
= & = (Wlilvs [4.56]
since p = mi = —ihV. Now, applying the Heisenberg equation of motion
[2.113] to the dynamical variable r, we have
t = (h) " Yr, Hy) [4.57]

where we have replaced H by H,, since we are working in perturbation theory.
Therefore

(pltlp) = R KilrHo — Horla)
= (ih) YE, — Ep){¥slrivia) [4.58]

or, in a more compact notation,
Pra = imwbarba [459]

[8] The dipole approximation becomes less accurate as the frequency of the radiation increases, and
is inadequate for X-ray transitions.
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where
Poa = (Yslpltha) = m(yyily) [4.60]
and
Toa = (Ylr|th) [4.61]
This allows us to express M,, in the form
My =~ &, [4.62]

The transition rate for absorption in the electric dipole approx1mat10n may
now be obtained by substituting [4.62] into [4.38]. That is,

4 e?
Wba = u ( >I(wba)lé l'ba|2 [463]
47re
It is convenient at this point to introduce the electric dipole moment
D = —er [4.64]
and its matrix element
Dba = —€rp, [4.65]
in terms of which [4.63] reads
4772 1
Wy, = e 4 I(wba)‘e Dbal (4.66]

We note that the quantity é - D,, is the component of the electric dipole
moment in the direction £, between the states b and a. If D, (or ry,) is
non-vanishing, the transition is said to be allowed; if D;, vanishes the transition
is forbidden. When the transition is forbidden, higher terms in the series [4.55],
which correspond to magnetic dipole, electric quadrupole transitions, and so on,
may be non-vanishing, but the transition rate will be much smaller than for
allowed transitions. If M,, in its unapproximated form [4.33] vanishes, the
transition is said to be strictly forbidden, but it may still occur through the
simultaneous emission (or absorption) of two photons or by processes of even
higher order in perturbation theory.

Let us now return to [4.63]. If we define 6 as the angle between the vectors £
and r,,, we may write

47? e? 2 2
. Wba = EZ— m I(wba)|rba| cos“ 8 [467]
where
Itsal® = Wopal® + 1¥5al® + |260]° [4.68]
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For unpolarised isotropic radiation, the orientation of & will be at random, and
cos? @ can be replaced by its average of 1/3 (see Problem 4.4), giving

472 ( e?

Ve = 357

) I(wba) |rba|2

41reg

4772 1
= — | — D, 4.69
342 (4 EO)I(wba)| ba| [ ]

It is worth noting that because of [4.43] the expression [4.69] also represents
the transition rate for stimulated emission in the dipole approximation correspond-
ing to the transition b — q, i.e. the dipole approximation to W, . On the other

hand, the transition rate for spontaneous emission of a photon into the solid angle
d€) is given in the dipole approximation by substituting [4.62] into {4.53]. That is,

£ rbalz dQ

1 2
W3,(Q) dQ = ( ’ )wia

27he3 \daeg

1 1
(—) whlé - Dyuf? do

N 27he? \ dare,
I 2 e cos? 6 dQ [4.70]
27he3 \dme, @pallhal  COS )

where we recall that # is the angle between £ and r,,. By summing this
expression with respect to the two polarisation directions of the photon and
integrating over the angles one obtains the full transition rate for spontaneous
emission of a photon in the dipole approximation, namely

2
ab = ‘—4 2 Wpa|Tsal”
0 3hc3 \4mey) 0T

4 1 3
= [ —— D. |?
3#c3 <47T80) @pa Dl

4
32 Wi [Tl (4.71]

4.4 THE EINSTEIN COEFFICIENTS

We shall verify that [4.71] is the correct expression for the rate of spontaneous
emission by using the treatment of emission and absorption or radiation given
by Einstein in 1916. Consider an enclosure containing atoms (of a single kind)
and radiation in equilibrium at absolute temperature 7', and let @ and b denote
two non-degenerate atomic states, with energy values E, and E, such that
E, > E,. We denote by p(w,,) the energy density of the radiation at the angular
frequency w,, = (E; — E,)/A. The number of atoms making the transition
from a to b per unit time by absorbing radiation, N,,, is proportional to the total
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number N, of atoms in the state a and to the energy density p(ws,). That is
Nio = BpaNop(who) [4.72]

where B,, is called the Einstein coefficient for absorption. Since p = I/c (see
14.11]) and the transition rate for absorption (per atom) is W,,, we have from
(4.69) '

Wy, 42 [ o 5
=t o — 73
Bu= == 3 (47780 e [4.73]

where in the last step we have used the dipole approximation [4.69] for W, .

On the other hand, the number of atoms making the transition b — a per unit
time, N, is the sum of the number of spontaneous transitions per unit time,
which is independent of p, and the number of stimulated transitions per unit
time, which is proportional to p. Thus

Nuy = ANy + By Nyp(wy,) [4.74]

where N, is the total number of atoms in the state b, A, is the Einstein coefficient
for spontaneous emission and B, is the Einstein coefficient for stimulated emission.
In our notation A,, = W3}, . At equilibrium we have N,, = N, so that from
[4.72] and [4.74] we deduce that
& - Aab + Babp(wba)
N, Byop(wsa)

We also know that at thermal equilibrium the ratio N,/N, is given by [9]

[4.75]

& = e*(Ea*Eb)/kT — efzwba/kT [476]

N,
where k is Boltzmann’s constant. From [4.75] and [4.76] we thus find for p(w,,)
the expression

Aab

PWpa) = Bbaeﬁw,m/kr _B [4.77]

ab

Since the atoms are in equilibrium with the radiation at temperature T, the
energy density p(w) is given by the Planck distribution law discussed in Section
1.3. Using [1.31] together with the fact that p(w) dw = p(v) dv, with = 27,
the energy density at the particular angular frequency w,, is

hwl, 1

p(wpa) = 2 enen/kT _ ]

[4.78]

In order for [4.77] and [4.78] to be identical, the three Einstein coefficients must

[9] See for instance the text by Kittel (1958).

169



Interaction of one-electron atoms with electromagnetic radiation B 4.5

be related by the two equations

By, = Bus [4.79a]
hiwka

Ay = 2B, [4.79b]
we

The relation [4.79a] expresses the principle of detailed balancing discussed
previously. Using [4.73] and [4.79], we verify that W3, (= A,,) is indeed given
in the dipole approximation by the expression [4.71]. It is a simple matter to
generalise the above results to the case in which the energy levels E, and (or) E,
are degenerate. Denoting by g, and g, the degeneracy of these levels, one finds
(Problem 4.5) that [4.79a] becomes

gaBba = gbBab [480]

while the relation [4.79b] remains unchanged. -

4.5 SELECTION RULES AND THE SPECTRUM OF
ONE-ELECTRON ATOMS

In the last section, we found the probability of a radiative transition between
two levels a and b, in the electric dipole approximation. For stimulated emission
or absorption of radiation with a particular polarisation vector £, the basic
expression is given by [4.63] and for spontaneous emission by [4.70]. In each
case the transition rate depends on the key quantity |€ * r,,|>. In order to study
this expression it is convenient to introduce the spherical components of the
vectors £ and r. According to the definition [A4.45] of Appendix 4 the spherical
components g,(g = 0, 1) of £ are given in terms of its Cartesian components

(x> &> &) by
1 . . | .
£, = ——\7—2— (€, + 1€y), Eo = €z, €1 = _\/—E (& — ley) [4.81]
As we shall see later, if the direction of propagation of the radiation is along the

Z axis (6, = 0), £, and £_, describe states of circular polarisation.
Similarly, the spherical components r,(g = 0, =1) of the vector r are given by

1 1 . 4\
e (x+iy) = ——=rsinfe?= r(—}) Y1.1(8, &)

" 72

To

4 1/2
z=rcosf=r (—32) Y000, ¢)

1 1 ) 1/2 ’
T, = _ﬁ (x —iy) =—=rsin ge " =r (4—371) Y, -1(6, &) [4.82]

J2
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The scalar product € - r,, can be expressed in terms of spherical components as

£ Iy = 2 gz(rba)q
g=0,*1

1 , 1
—ef _\/—E (Xpa + Wpa) + €023, + €54 7—2‘ (Xpa — Dpa) [4.83]

or
£ Lpa = 5: IZ'l’m’;nlm [484]
g=0,=1
where
4 1/2 (=
Tt = (—”) J dr PR, (PR (1)
3 0
X f dQ Y7,.(8, 9)Y, (8, ®)Y;,,(0, &) [4.85]

and where we have written the quantum numbers of the levels a and & of the
hydrogenic atom as nlm and n'l'm’, respectively. The radial integral in [4.85] is
always non-zero, but the angular integrals are only non-zero for certain values of
(I, m) and (I', m'), giving rise to selection rules which we shall now investigate.

Parity

Under the reflection r — —r we have shown in Section 3.3 that the hydrogenic
wave functions behave like (see [3.64])

R, (NY (0, ¢) = Ry(r)Yy,(r — 6, ¢ + m)
) = Ru(r)(—1)'Y,,(6, &) [4.86]

and the parity of the wave function is even or odd according to whether / is even
or odd. By making the coordinate transformation r — —r in [4.85] we see that

I;Il’l'm’;nlm = (_— 1)l+l'+ 1I‘rlt’l’m’;nlm [487]

Hence the quantity 1%, . is only non-vanishing if (/ + /' + 1) is even. In
other words, the electric dipole operator only connects states of opposite parity.

Magnetic quantum numbers

The integral over ¢ which must be performed in [4.85] is of the form
2w )
J(m,m', q) = f eI dg [4.88]
0
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We shall consider separately the two cases ¢ = 0 and ¢ = %1, which correspond

respectively to radiation polarised parallel to the Z axis and perpendicular to the
Z axis.

1. ¢ = 0 (polarisation vector £ in the Z direction).

In this case the integral [4.88] — and therefore the matrix element [4.85] —
vanishes unless

m =m ie. Am=20 [4.89a]

2. ¢ = =1 (propagation vector k in the Z direction).

Here the ¢ integration in [4.88] yields for the matrix element [4.86] the selection
rule

m=m=1 ie. Am= =1 [4.89b]

AN

In a given transition, only one of the conditions Am = 0 or Am = *1 can be
satisfied, and hence only one of the matrix elements z;, and (x * iy);, will be
non-zero.

Orbital angular momentum

The integral over the angles in [4.85], which we call (I, m; ', m’; ¢), can be
evaluated by the methods of Appendix 4. The result, expressed in terms of
Clebsch-Gordan coefficients, is

A, my U, m's ) = fdﬂ Y7 (0, &)Y 1,4(8, Y165 &)

(3 20+ 1

1/2
= : my  [4.90
P TT 1) (1100|7'0)(I1mg|l'm’) {4.90]

From the properties of the Clebsch-Gordan coefficients we note—that
(1, m; I', m'; q) vanishes unless m' = m + g, which is in agreement with the
selection rules [4.89] we have just obtained for the magnetic quantum numbers.
In addition, the properties of the Clebsch—Gordan coefficients also imply that
A, m; 'y m'; ¢) vanishes unless

I'=1=x1, ie. Al==*1 [4.91]

This is the orbital angular momentum selection rule for electric dipole
transitions. This rule can also be deduced in a more elementary fashion by using
the recurrence relations satisfied by the associated Legendre functions
P7(cos 6). Indeed, using the expressions [2.181] for the spherical harmonics,
together with the selection rules [4.89] for the magnetic quantum numbers, we
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see that the 6 integration in [4.90] can be written, apart from numerical factors

+1
J d(cos 8)P}*(cos 8) PP(cos ) cos 8§ for g=10 [4.92a]
1

+1
j d(cos 9)P(cos O)PF*(cos 6)sin 8 for ¢ = =1 [4.92b]
1

From the recurrence relations [2.176],
(2L + 1) cos 6 Pi(cos 6) = (I + 1 — m) PJi (cos 6) + (I + m)P]", (cos @)
[4.93a]
and :
(2l + 1) sin @ P? " Y(cos 6) = PT.i(cos ) — Py (cos 6) [4.93b]

together with the orthogonality relation [2.177]

20+ 11 —m)!

we find that I’ = [ + 1, in accordance with [4.91]. Using either of the above
methods one can also obtain the explicit forms of the quantities {(l, m; I, m';
q), which is left as an exercise for the reader (Problem 4.6).

! 2.+ m
j d(cos HPT(cos 8)P7Hcosb) = ¢+ m Sy (4.94]
1

Electron spin

We note that the electric dipole operator does not depend in any way on the spin
of the electron. It follows that the component of the electron spin in the
direction of quantisation remains unaltered by the absorption or emission of
dipole radiation.

The spin of the photon

The selection rules for electric dipole transitions have a simple interpretation in
terms of the spin of the photon. To discuss this point, we must first explore in
more detail the possible states of polarisation of an electromagnetic wave. In
Section 4.1 we saw that a general state of polarisation for a plane wave
propagating in the direction k can be described by combining two independent
linearly polarised plane waves (having in general different phases) with polarisa-
tion vectors £, (A = 1, 2) orthogonal to k. The resulting polarisation vector &
lies in a plane perpendicular to k, so that a state of arbitrary polarisation can
always be represented as

E=a18, +ay; al+ai=1 [4.95]

where &, = 1, 2) are fixed mutually orthogonal real unit vectors in a plane
perpendicular to k. We shall take &,, &, and k to form a right-handed system, so
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that (see Fig. 4.1)
k=28 xé&; & -&=0 [4.96]

The foregoing discussion may of course be directly generalised to pulses of the
form [4.13], for which the polarisation vector £ is independent of w.

f‘A

A 4

o
M

&

4.1 The vectors &,, &, and k, forming a right-handed set of mutually orthogonal unit vectors. Also
shown is the polarisation veetor é-which lies in the plane of é; and ¢&,.

An alternative description of a general state of polarisation of an electro-
magnetic wave may be given in terms of two circularly polarised waves. Let us
first consider the particular case in which the direction of propagation is along
the Z axis. In place of the vector potential [4.5], we consider the potentials
Al(w; r, 1) and A¥w; r, ?) defined by
AL = AR = J2A((w) cos(kz — wt + 8,)
AL = —AR = — J2A0(w) sin(kz — wt + 8,) [4.97]
AL =AR=0

The corresponding electric field vectors € and €® are such that  __

€L = €R = — 2wAy(w) sin(kz — wt + 8,,)
el = —¢R = — J2wAo(w) cos(kz — @t + 8,) [4.98]
gl=¢R=0
On facing into the oncoming wave, the vector 8" is seen to be of constant
magnitude and to be rotating in an anticlockwise way in the (X, Y) plane at a
frequency w (see Fig. 4.2(a)), while the vector X is of the same magnitude but
rotates at a frequency w in a clockwise way (see Fig. 4.2(b)). The radiation

described by € is said to be left-hand circularly polarised and that correspond-
ing to €® is right-hand circularly polarised. By forming the combination

GL%L + GR%R
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(@ (b)
4.2 In circularly polarised radiation the electric field vectors 1, and € rotate in anticlockwise and
clockwise directions when facing into the oncoming wave.

where a; and ag are complex coefficients, radiation in any state of polarisation
can be produced. For example, if a;, = ag = 1, we obtain linearly polarised
radiation, with the electric field vector oriented along the X axis.

In terms of complex exponentials, AL and AR can be written as

AL — AL _i(kz— wt+ Sw) + c.c.
. Ao(w)[& e’ - c C,] [4.99]
AR = A (w)[eRe’® @t 89 4 ¢ c]

where &~ and &R are two complex orthogonal unit vectors such that
el = ! & +1§); eR= L & — ) [4.100]
J2 V2
and describing respectively the states of left-hand and right-hand circularly
polarised radiation. An arbitrary state of polarisation can be specified by a
complex vector fi such that

i = alel + oRe®; a4 [afP =1 [4.101)

and this description is as general as the one given by [4.95]. We note that if the
direction of propagation is not along the Z axis, then we can write more

generally

Loy +isy);  €R = =) — &) [4.102]
ﬂ 2 \/E .
where &, and &, are the unit vectors introduced in [4.95].

We have already seen in Section 4.2 that the terms in A associated with
expli(kz — wt)] give rise to the absorption of photons (see [4.45]) and those with
exp[—i(kz — wt)] to the emission of photons (see [4.47]). From [4.49], [4.42],
[4.63] and [4.70] we see that, in the electric dipole approximation, we should
use the expressions &~ - r,, or &R * r,, to describe the absorption of a left-hand or
a right-hand circularly polarised photon, respectively, while the expressions
el* - pf (=é* - r,,) or éf* - rf, (=&R* - 1,,) must be used to describe the
emission of the corresponding circularly polarised photons. Thus, if a left-hand
circularly polarised photon is emitted in the Z direction, the appropriate

et =
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expression is

|
&y = —= (= i)t

[4.103]

1
:—‘(xa —iya)
ﬁ b b

If we denote by m# the Z component of the angular momentum for the initial
(upper) state b, we see from [4.82] and [4.89] that the matrix element [4.103]
vanishes unless the final (lower) state ¢ of the atom has a component (m — 1)A of
angular momentum in the Z direction. A similar reasoning leads to the
conclusion that the emission of a right-hand circularly polarised photon
increases the component of the angular momentum of the atom along the Z axis
by #.

By conservation of angular momentum, each photon must have a component
of angular momentum parallel to the Z axis (the direction of propagation) of *+#.
Since photons travelling parallel to the Z axis cannot have a component of orbital
angular momentum in the Z direction, the angular momentum carried by the
photons in this case can only be due to their intrinsic spin. Further, for electric
dipole radiation, the orbital angular momentum of the photon must be zero,
since the wave function (the vector potential) is spherically symmetrical (we
have replaced exp(ik - r) by 1). From these remarks, and from the selection rule
Al = =1, we infer that the photon has spin of unit magnitude, that is
S? = s(s + )&% with s = 1. The components of the spin in the direction of
propagation are S, = m,A with m, = =1. The component of the spin along the
direction of the propagation is called the helicity of a particle. In this case, only
two helicity states are possible, because the electromagnetic wave is transverse
and the case m, = 0 is excluded. From the definition of helicity it is clear that a
photon with helicity +# is always left-hand circularly polarised and one with
helicity —# is always right-hand circularly polarised, and this is independent of
any particular choice of axes.

Beth’s experiment

If a beam of light, propagating parallel to the positive Z axis, is left circularly
polarised, each photon in the beam will have a positive angular momentum +7%
along the Z axis. If the beam contains N photons per unit volume, the energy
density of the beam, p, will be p = Nfiw, where w is the angular frequency of
the radiation, and a unit volume will possess an angular momentum L, = N#.
The ratio p/w = N# is independent of frequency and is equal in magnitude to
the angular momentum L,. Similarly, for a right-hand circularly polarised
beam p/w = —L, (a plane polarised beam carries no angular momentum).
These facts are consistent with the results of a remarkable experiment carried
out in 1936 by R. A. Beth.
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In Beth’s experiment an anisotropic crystalline plate is prepared, which has
the property that (at a certain wavelength), it converts left-hand circularly
polarised light passing through it, to right-hand circularly polarised light, acting
as a half-wave plate. Because of this, the plate must be subjected to a couple of
magnitude I', per unit area, where

I, =2L,=2pc/w (4.104]

The angle is measured by suspending the plate from a quartz fibre and
measuring the angle through which the plate rotates. The effect can be doubled
by reflecting the light which has passed through the plate, so it passes through
the plate a second time. A fixed quarter-wave plate must be inserted, so that the
polarisation of the light is in the correct sense to reinforce the couple (see
Fig. 4.3). The angle of deflection is extremely small, but the constancy of the

V Suspension

Quartz fibre

. Fixed Y wave plate silvered on
upper surface

Suspended Y2 wave plate which

T
[

reverses the sense of circularly
> polarised light transmitted and
hence is acted upon by a torque
>
VA
Y4 wave plate which transmits
% plane pqlarised light or converts
it into circularly polarised light
according to the orientation of
the x, y axes round z
X
T Plane T
polarised light

4.3 Schematic diagram of Beth’s experiment.
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ratio p/w can be observed, and a result of the expected order of magnitude
obtained provided the experiment is carried out with due precautions. For
example, the whole apparatus must be in a vacuum to avoid the effect of
currents in the air, and the power of the source of illumination must be known
accurately.

Parity of the photon

Provided tiny effects due to the weak nuclear interactions are neglected, a
system of electrons interacting with the electromagnetic field conserves parity
[10]. From the behaviour of the vector potential A under reflections, it can be
inferred that the photon carries negative parity, which is consistent with the
selection rule [4.87] showing that an electric dipole transition causes a change in
parity of the atom.

Magnetic dipole and electric quadrupole transitions

When the electric dipole matrix elements vanish, the transition may still occur
through higher order terms in the expansion [4.55]. The next order of ap-
proximation retains the term i(k - r). If we take the direction of propagation k
to be along the Z axis, and the polarisation vector £ to be along the X axis the
part M,, of the matrix element M,, arising from this term is (see [4.33))

mawy,

Mo = = fic

(Pplex]i,) [4.105]

With a little manipulation, M,, can be written as the sum of two terms (Problem
4.8), namely

; 2
Tyl [4.106]

. w a
Mba 2;;,[; <d/b,Lyh//a> -

where L, is the y component of the orbital angular momentum operator L.

Both terms in [4.106] are of the same order of magnitude. The first is
proportional to the matrix element of the component of the orbital magnetic
moment of the atom in the y direction, M, = —eL,/2m and the second is
proportional to the electric quadrupole moment of the atom. Both terms are
smaller than the electric dipole contribution to M, (when this does not vanish)
by a factor of the order of the fine structure constant a.

To obtain the complete expression for magnetic dipole radiation, the magnetic
moment due to the electron spin must be added to the orbital magnetic moment.

[10] Very small parity-violating terms in the electromagnetic interaction, involving the so-called
‘neutral currents’ have been discovered in 1978 in the deep inelastic scattering of polarised
electrons by protons and deuterons. These neutral currents, which are a consequence of a
unified description of electromagnetic and weak interactions imply very small parity-
violating effects in atomic transitions.
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The selection rules are found to be

Al =0
Aj =0,%1 [4.107)
Am; =0, = 1

where j and m; denote the quantum numbers associated respectively with the
operators J? and ¥,, J = L + S being the total angular momentum of the
electron. An example of magnetic dipole transition is that occurring between
hyperfine levels of the ground state of atomic hydrogen at the wavelength of

21 cm, which we shall study in Chapter 5.
It is easy to see that the matrix elements of the products (xy), (y2z) and (x2)

vanish unless q and b are states of the same parity. The selection rules for electric
quadrupole radiation are then given by

Al =0,=2 (I = 0« ' = 0 forbidden)
Am=0,+1,* 2 [4.108]

We note that for Al = =2 the contribution to M,, is coming only from the
electric quadrupole part, so that we have a pure electric quadrupole transition.

The spectrum of one-electron atoms

In Chapter 3 it was shown that in the non-relativistic approximation, and
neglecting spin-orbit coupling, the bound states of a one-electron atom were
degenerate in the quantum numbers / and m and the energy of a level depended
only on the principal quantum number n. That is (see [3.29] and [3.31))

1 Ze* \*
E,= S5\ |72
2n? \4meo) #

ZZ
=~z (%) in a.u. 14.109]

where u is the reduced mass, given in terms of the mass of the nucleus M and
the mass of the electron m by u = mM/(m + M) (see [3.31]). Since there is no
selection rule limiting n, the hydrogenic spectrum contains all frequencies given
by the expression [3.34] which we recall here, namely

1 1 ,
Vpn = ZZR(M)<—,2 - -—2) [4110J
n n-,

where n = 2,3,4,...,n =1,2,3...with n > n’ and R(M) is given by
[1.102]. The gross structure of the spectra of one-electron atoms, described in
Chapter 1 within the framework of the Bohr model, agrees with this formula.
The foregoing discussion in this chapter gives a consistent derivation of the
result [4.110]. However, it is important to note that the selection rules [4.89]
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4.4 Term, or Grotrian diagram for atomic hydrogen. The ordinate shows the energy above the 1s
ground state in cm ™! (8065 cm™! = 1 eV) on the left and in eV on the right and the energy levels are
shown plotted against the orbital angular momentum. Transitions obeying the Al = +1 selection
rule are indicated by solid lines. The numbers against the lines indicate the wavelength in angstrém
units (1 A = 107 cm). For clarity, only transitions between the lower-lying levels are shown, and
the wavelengths are shown only for a selection of lines. The splitting due to fine structure is too small
to be shown on a diagram of this scale.

and [4.91] limit the values of the quantum numbers m and [ of the level
concerned. This is illustrated in Fig. 4.4 for the case of the orbital angular
momentum quantum number /.

4.6 LINE INTENSITIES AND THE LIFETIMES OF EXCITED STATES

As we have seen in Section 4.3, the intensity of a transition between a pair of
states a and b is proportional, in the dipole approximation, to the quantity |r,,|*.
Thus the relative intensities of a series of transitions from a given initial state a
to various final states & are determined by the quantities [ry,/%.
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4.6 Line intensities and lifetimes of excited states

Oscillator strengths and the Thomas-Reiche~Kuhn sum rule ‘HMM

In discussions of intensities it is customary to introduce a related dimensionless
quantity f,,, called the oscillator strength. It is defined as

meka

fra 3 |rkal (4.111]

with w,, = (E, — E,)/h. We note that this definition implies that f,, > 0 for
absorption, where E, > E,. On the other hand we have f,, < 0 for emission

processes.
The oscillator strengths [4.111] obey the sum rule, due to Thomas, Reiche

:‘ and Kuhn
| ; foa =1 [4.112]

where the sum is over all levels, including the contmuum This sum rule can be
proved as follows. Let f}, be defined as

. Zma)ka 2
fka - Bﬁ |xka‘

= D% iy il (4.113)

J 3%
where we have used the simplified notation {a|x|k) = (i,|x|¢s). From [4.59], we

have
= (klxla) = — [4.114a]
‘ X = {alx]k) = (alp.Jk) (4.114b]
and hence

" t = 2 alp ke 4.115a
! fia = 3 (alp.k)(k|x|a) [4.115a]
_2 by 4.115b
2. (allb) ko ) [4.115b]
i ~ <= alp0)Blska) ~ (alxle)Ckp,Jo) [4.115¢]

where the last line has been obtained by taking half the sum of the two
expressions [4.115a] and [4.115b].
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We can now use the closure property of the hydrogenic wave functions which
form a complete set, namely 3, [k}k| = 1 to find from [4.115¢c] that

i
Ef;a = 3 <a|pxx - xpx[a> [4116]
P’ 34
But since [x, p,] = th, we have the sum rule
1
> fia = 3 [4.117]
%

The same argument holds for f%, and f,, which proves the sum rule [4.112].

The oscillator strengths and transition probabilities can be easily calculated
for one-electron atoms and ions, because the hydrogenic wave functions are
known exactly. The labels a and k in f,,, include all the quantum numbers of the
initial and final states, and in particular f;, depends on the magnetic quantum
numbers. It is convenient to define an average oscillator strength for the transition
nl — n'l', which is independent of the magnetic quantum numbers and hence of
the polarisation of the radiation by

- 1 L
fn’l’,nl - 21 +1 ml; ; E fn’l'm',nlm [4118]

I
—1' m=—1

It is easy to see that the average oscillator strengths also obey the sum rule
[4.112]. Some calculated values of for . for hydrogenic atoms (or ions) are given
in Table 4.1.

The transition rates for spontaneous emission in the dipole approximation are
given in terms of oscillator strengths (see [4.71] and [4.111]) by

. 2wi, [ &
ka = - |fka| [4.119]

me3 \ deg

For hydrogenic atoms the oscillator strengths and transition probabilities
decrease as the principal quantum number 7 of the upper level increases, W3,
decreasing like n~* for large n.

Table 4.1 Average oscillator strengths for some transitions in hydrogenic atoms and ionst

Initial Final Discrete spectrum E Continuum
level level n=1 n=2 n=73 n=4 n=5 spectrum
Is np — 0.416 0.079 0.029 0.041 0.435
2s np —_ — 0.435 0.103 0.111 0.351
2p ns —0.139 — 0.014 0.003 0.003 0.008
2p nd — — 0.696 0.122 0.109 0.183

T More complete tabulations can be found in Bethe and Salpeter (1957).
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Atomic lifetimes -
If N(t) atoms are in an excited state b at a particular time ¢, the rate of change of
N@) is
N@ = -N@O S Wi, (4.120)
E

where W3, is the transition rate for spontaneous emission and the sum is over all
states k, of lower energy, to which decay is allowed by the selection rules. On
integration, N(t) can be expressed in terms of N(t = 0) by

N@) = N@ =0 " [4.121]
where 7 is called the lifetime or half-life of the level b, and
=Y W, [4.122]
P)

In the absence of external fields, the lifetime of an atomic level cannot depend

on the orientation of the atom, and hence cannot depend on the magnetic
quantum number m of the level b. This property can also be verified by
evaluating [4.122] explicitly in the dipole approximation, and remembering that

the sum over & includes all the magnetic substates of the final levels k& to which |
the atom can decay. The lifetimes 7 of some of the lower levels of atomic
hydrogen are shown in Table 4.2. The corresponding lifetimes of hydrogenic
ions, with nuclear charge Z, are shorter and are given by

7Z)=Z*(Z =1) [4.123]

Table 4.2 Lifetime of some levels of atomic hydrogen (in 107% s)

Level 2p 3s 3p 3d 4s 4p 4d 4f
Lifetime 0.16 16 0.54 1.56 23 1.24 3.65 7.3

In general the lifetime of a highly excited state is longer than that of a
low-lying level. It is also interesting to note that the 2s level has an infinite
lifetime in the dipole approximation. In fact the 2s level has a lifetime of 1/7 s,
the dominant decay process, 2s — 1s, occurring by the emission of two photons
(i.e. through higher order in the interaction between the atom and the
electromagnetic field). The lifetime of 1/7 s is very long on the atomic
| time-scale, and the 2s level is said to be metastable.

4.7 LINE SHAPES AND WIDTHS

In the approximation used in Section 4.2 to calculate transition rates, we found
that the angular frequency of the radiation emitted or absorbed between two
atomic levels of energies E, and E, (with E, > E,) was exactly
wp, = (Ey — E,)/#, so that the spectral line was infinitely sharp. This cannot
| ‘ be completely accurate for the following reason. All atomic levels, except the
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ground state, decay with a finite lifetime 7. By the uncertainty principle, the
energy of such a level cannot be precisely determined, but must be uncertain by
an amount of order % /7. Therefore there is a finite probability that photons will
be emitted with energies in an interval about (K, — E,) of width (A/7, +
fi/7,), where 7, and 7, are the lifetimes of the states @ and b, respectively.

Let us consider for example the spontaneous decay of an excited state b of the
atom to the state ¢ which we choose to be the ground state. We return to the
coupled equations [4.25] — with the perturbation H' given by [4.22] - and
retain only those terms which contain the two atomic states @ and &. The initial
state of the system is characterised by an amplitude c¢,(¢), while the final state
consists of a photon of angular frequency w, emitted in a direction (8, ¢) with a
polarisation €,, in addition to the ground state atom. The corresponding
amplitude depends on w, (0, @) and A, but we will write it in shortened form as
c(w, t). When summing over the possible final states, we must make use of the
density of states factor [4.52]. Using [4.22], the expression [4.13] of A(r, ) and
remembering that M2, is given by [4.33], with & replaced by £,s the
equation [4.25] for ¢,(¢) can be written in explicit form as

b = —— (2#)3 5 2 J do o* f dQAo(@) Mpy(w)et @™ DT 8¢ (4 1)
[4.124]
where we have only retained the part of A(w) that corresponds to the emission of

a photon. Since a single photon is emitted Ayw) is found from [4.47] with
N(w) = 0, namely

B 1/2
Aolw) = <2V80w> [4.125]

The equation for the time derivative of the amplitude ¢,(w, ) is again given by
[4.25], with the same value of Ag(w). We find that

ifw, 1) = —%Ao(w)Mib(w)e““"“’“””i5“c,,(t) — [4.126]

Since there is only a single amplitude c,(¢), there is no sum over states on the

right-hand side of [4.126].
In our previous treatment we solved the coupled equatlons by making the

approximation c,(¢) = 1 on the right-hand side of [4.126], but we now allow for
the decay of the upper level by writing

4.127
) =¢"" 1=0 [4.127]

This is still an approximation, but it has been shown that the departure from
exponential decay is exceedingly small. We can now integrate [4.126] over 7 to
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find ¢ (w, 1),

e _ s . , ,
Ca((l), t) = — 7”— Ao(w)M;\b(w)e 15wf el(w— wha)t e—t /27 dr’
1]

i(w— wba)teft/27 _

o — wy,) — 1/27

= —— Adw) M@ [4.128]

At times ¢ > 7 the probability that a photon has been emitted is given by

|c(w, 1)|?, which is proportional to
1

w — wp,) — 1/27

2 1
(@ — o) + 1/477

[4.129]

The intensity of the emitted radiation therefore reaches a maximum when

w = wy, = (E, — E;)/h, and decreases to one-half of the maximum value at
= wy, * 1/Q2
© = @y = 1/Q27) [4.130]
=(Ey — E, = I'/2)/h

where

F= [4.131]

ERE

is the width of the line. The intensity distribution given by [4.129] is said to be
Lorentzian in shape (see Fig. 4.5). We note that this intensity distribution may

4

fw)
1.0
0.5
le—— —T/h———— |
] ! i | .
wpe = TI2R) wpy  wpy + TJ(2H) w

4.5 A plot of the Lorentzian intensity distribution

I'?/4%2
(w — wpe)? + T'2/482

flw) =

Note that f(w,,) = 1 and f(w) = 1/2 when @ = w,, = 1/(27) = wy, £ T/(24).

185




Interaction of one-electron atoms with electromagnatic X

also be written as
/4
0 2 2/4°
(hw + E, — E))" + /4

To calculate the lifetime 7, we insert the expression [4.128] for ¢,(w, t) into
[4.124]. Using [4.125] for Ao(w) we find that

$o = const [4.132]

S (w) =9

eZ 3 2 N " e*t/Z‘r - ei(wba— w)t
. _ _ PR d
&(D) (4778()) dPm’c? )\gl f 2 J dww|Mi(w)] L(w = wp,) — 1/27]
[4.133]

The function in square brackets is sharply peaked about w = w;,. The term
w|lMP, ()|? is slowly varying, and so can be evaluated at @ = w,,. The range of
integration can then be taken from wp, — 710 Wy, + 7, With n — +. Using

[11].

lim T 1
——dx = —1 h .
s 4o _,,x—a+z[3x i [4.134a]
+oc e*ixt
—  dx = —2mie i
J—w ot B x 2wie [4.134b]

with x = w, @ = wp, and B = 1/27, we find that

e 7 2
éb(l) = _( ) Jdﬂ 2 wbal Ml:\a(wba) '267[/27 [4135]
A=1

41 | dam?c?

This is consistent with [4.127], from which we see that

1,
) = —5-e 7 120 [4.136]

1

The transition rate is given by W5, = 7 and we have therefore

1 A &2 2 \ ,
ab = T dQ 2 wba|Mba(wba)| [4.137]
A=1

T 2mm?c \ dmeg

-

which agrees with our previous result [4.54).
The intensity distribution of the spectral lines corresponding to absorption
and stimulated emission can be shown, in the same way, to have the Lorentzian

shape [4.132]. By using the identity

’ Ir/2

I o + E, — E,) + /4
it may also be verified that the total absorption cross-section o, (integrated over
all angular frequencies w) has the value previously found in [4.39].

= 7o(hw + E, — E;)  [4.138]

[11] The second integral can be evaluated by using contour integration.
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As the uncertainty principle suggests, a more complete treatment demon-
strates that the width of a line from one excited level b to another excited level a
is given by

r-f, % [4.139]
Ta Ty

where 7, and 7, are the half-lives of each of the levels, taking into account all
possible ways in which the levels can decay.

When the final state a is the ground state (in which case 7, = «) the width
%/ 1y is called the natural width of the level b. From Table 4.2 we see that the
half-life of the 2p level of atomic hydrogen is 1.6 X 10~° s, giving a width of
[ =4.11 % 1077 eV = 3.32 x 1073 cm™!. In general the natural widths of
spectral lines are very small and are usually masked by other effects, which
contribute to the broadening of spectral lines. Among the most important of
these are the pressure broadening effect and the Doppler effect.

Pressure broadening

The atoms emitting or absorbing radiation in a gas undergo collisions. In each
collision there is a certain probability that an atom initially in an excited state b
will make a radiationless transition to a lower state, so that the lifetime of the
excited state b will be decreased. If the number of collisions per second
removing atoms from the state b is W, the total number of transitions out of the
state b, per second, is W. + 1/7,, where 7, is the natural lifetime of the state b.
The total observed breadth of the line will then be

= ﬁ(W/C + i) (4.140]
Tp

The shape of the line remains Lorentzian. The number of collisions per second
depends on the pressure of the gas, and this effect is therefore called pressure
broadening. Thus, in order to observe experimentally the natural line width it is
essential that the pressure in the spectral source should be low. By changing the
pressure and observing the corresponding change in line width, information
about the collisions occurring in a gas can be obtained.

Doppler broadening

The wavelength of the light emitted by a moving atom is shifted by the Doppler
effect. If the gas atoms are moving at non-relativistic speeds, and the radiation is
viewed in the X direction, the wavelength A of light emitted by an atom with a
component of velocity v, in the x direction is

A= ,\(,<1 + 3’(-) ' [4.141)




Interaction of one-electron atoms with electromagnetic ra

where Ay = c¢/vp is the natural wavelength of the line and vo the natural
frequency. The plus sign in [4.141] corresponds to an atom receding from
the observer and the minus sign to an atom approaching the observer. The
frequency v = ¢/A of the light emitted by the moving atom is thus related to the
natural frequency v, by

y=—0 V0<1 + f’i) [4.142]
c

1=

c
The Maxwellian velocity distribution of the gas atoms is
dN(v,) = Ny exp(—Mv2/2kT) do, [4.143]

where M is the atomic mass, k is Boltzmann’s constant, T is the absolute
temperature and N, is a constant.

4.6 A comparison of a Gaussian distribution (solid line) of form F| (@) = exp[—alw ~ wp,)?], with a
Lorentzian distribution (dotted line)

I2/4#2
(0 = W, + I'2/482

flw) =

The intensity $(v) of light emitted in the frequency interval (v, v + dv), with
v close to 1y, is proportional to the number of atoms emitting light of frequency
between v and » + dv, i.e. having a velocity component v, between 2, and
v, + do,. Using [4.142] and [4.143], we then have

[} 2 _ 2
$) = 3(vo) exp[—g—f—T ( - ”") } [4.144]
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The width Av of the curve $() at half-maximum is given by 2|vy — v, |, where
v, is the frequency at which the exponential is equal to 1/2. Thus

2 1/2
Ay = _V_O[___ZkT A‘;’g 2] [4.145]
c

This quantity is usually much greater than the natural width of the line. It is
clear that since Av is proportional to T'/? one should work at low temperatures
to decrease the importance of Doppler broadening. We also note from [4.145]
that the Doppler broadening is proportional to the frequency v, and inversely
proportional to the square root of the atomic mass M.

Although pressure broadening does not alter the line shape, which remains
Lorentzian, the Gaussian shape produced by the Doppler effect is quite
different. However, the Gaussian decrease exhibited by [4.144] is so rapid that
for |v — vg| greater than a few times the width Av, the observed intensity is
due to the ‘tail’ of the Lorentzian intensity distribution, as shown in Fig. 4.6.

4.8 THE PHOTOELECTRIC EFFECT

If electromagnetic radiation of sufficiently high frequency is absorbed by an
atomic system A the final state may lie in the continuum and one or several
electrons will be ejected from A. This is known as phototonisation and is the
process responsible for the photoelectric effect (see Section 1.4).

In this section we shall obtain the cross-section for a particular (single)
photoionisation process, in which the electron is ejected from a hydrogenic atom
(ion). We assume that this atom (ion) is initially in the ground state (Is),
described by the wave fui tion ,(tr) = ¥,4(r) and having the energy E ;. We
denote by E = hv = fiw tuc energy of the absorbed photon. Let k¢ be the wave
vector of the electron in the final state and ps = #k; its momentum. Assuming
that the ejected electron is non-relativistic, its kinetic energy in the final state is
given by A%k#/2m, and energy conservation yields

T

— 4.146
o [4.146)

ﬁw+Els =

a relation which is valid in the non-relativistic regime, for which
hw(or A2kE/2m) < mc? [4.147]

The final state ,(ks, t) represents a continuum state corresponding to an
electron with a wave vector ke and a (positive) energy #%k#/2m moving in the
field of a nucleus of charge Ze (which we assume to be infinitely heavy). Thus
Yp(ks, 1) is a (positive energy) Coulomb wave function satisfying the equation

#? Zeé? 72k}
—V - —— - — ki, r) = 0 4.148
( 2m (dmeg)r  2m )dlb( £ [ I
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For sufficiently high energies of ejection (i.e. when #A%k§/2m > |E\,|) the
interaction with the nucleus can be neglected and ¢, (ks¢, r) can be represented
by a plane wave: ‘

Up(ke, 1) = V12t [4.149]

where we have normalised the system in a box of large volume V.

The photoelectric cross-section can be obtained from [4.39] by summing over
the continuous states of the ejected electron, in a manner analogous to the one
described in Section 2.8. Thus we find that

_ 4772aﬁ21

o 7 ﬁbf M (0)* d© [4.150]

m-w

where () = (6, ¢) denotes the angular coordinates of the ejected electron (see
Fig. 4.7) and p, = 27) 3 Vm kst~ ! is the density of final states (see Problem
4.11). The differential cross-section for an electron to be ejected within the solid
angle dQ in the direction (8, ¢) is therefore

do 47’k <kf

o =@ ;)IVI/ZMba<w>|2 [4.151]

m

From [4.33] and using [4.149] the matrix element M,, is given by
M, = V"I/ZJ e kerekTg - Wy (r) dr (4.152]
Upon integration by parts, we find that

VM, = —ié - (k — k) [ ek Ty, () dr [4.153]

Since k -+ € = 0, we have
£ (k— ko = —kscos y [4.154]

where vy is the angle between the direction of ejection and the direction of
polarisation (see Fig. 4.7). The integral appearing in [4.153] is proportional to
the Fourier transform of the ground state wave function ,(r), namely

Kor zZ3\12 Z/a
Jexsninan =3 ) gt

map

[4.155]

where we have introduced the vector
K=Kk — k¢ (4.156]
From [4.151] and [4.153] — [4.156], the differential cross-section is seen to be
given by

do £\ (k}\ Z’a} cos? y
= - S il e L 4.157
an - e (m) (w) (2% + K23 [4.157]
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T — e i

Without loss of generality we can take the direction of propagation, k, of the r “?‘.‘
radiation to be along the Z axis and the direction of the polarisation vector & ﬁmw
to be the X direction. Then, as ke is in the direction £ = (8, ¢), we have (see '

Fig. 4.7)
cos y = sin 0 cos ¢ [4.158]

and
K?=Fk + k} — 2k kgcos 0 [4.159]

At incident photon energies well in excess of the ionisation threshold
(=13.6 eV for atomic hydrogen), i.e. when fiw > |E 4|, we have from [4.146]

h2kE
hw ==~ (4.160)
so that
k ﬁkf _ Ur
ke 2mc  2c [4.161]

where v¢ is the velocity of the ejected electron. In the non-relativistic regime, for
which v¢/c < 1, we use this result to write

(23
K? = k?(l — — cos 0) [4.162]
t
\ —_ —
.\\_ kg Ejected electron
\
\
\\ e
v
-
Incident photon \\ 9
+Z

Y

4.7 The angles employed in the discussion of the photoelectric effect. The incident radiation is
in the Z direction, with polarisation vector in the X direction. The momentum of the cjected

electron is fik;.
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Moreover, since hw = #%k%/2m > |E | and E\, = —Z%e?*/4meo)/2a0, we have |
2
kidd >ﬁ—'f |Eyi|ad = 22 [4.163]
so that ]
7% + K%} =~ k%ag(l— ch cos 0) [4.164]
and the differential cross-section [4.157] reads
do 1 # VA sin® 6 cos® ¢
a0 T on) wlkaey v 4 [4.165]
1 - - cos 0

We note that the ejected electrons have a cosine-squared distribution with
respect to the polarisation vector € of the incident radiation. For an unpolarised
photon beam an average must be made over the polarisations of the photon, so
that we have in that case

do 1 A Z3 sin’ 0 4.166]
AQ Jumpot \m) w(keao) v ‘ [+
1 - 7 cos 6

We remark that both cross-sections [4.165] and [4.166] exhibit a sine-squared
distribution in the angle 8, which favours the ejection of the electrons at right
angles to the incident photon beam. The quantity (1 — ¢ cos 6/c)”* also affects
the angular distribution, but since v¢/c < 1 it only yields a small correction to
the sin? 6 distribution. In fact, since

Of - Ut
1 ——cos# =1+4—cosh+--- [4.167]
¢ ¢

we see that if we drop terms of order (v¢/c)> we may write the differential
cross-section [4.166] as

do h Z5 2 of
=~} = -z in 61+ 4 Lcos ) [4.168
(d9>unpol 16 (m) wolragy P 0( —cos [ ]

Upon integration over the angles (8, ¢) of the ejected electron, the total
cross-section (for an unpolarised incident photon beam) is given by
1287 (ﬁ) z3

AR T w(krag)®

Using [4.160] and the fact that E,, = —Z%(e?/4meg)/2a0 = —(1/2) mcX(Za)?,
we may also write [4.169] as

256 E\772
o= Tﬂaz—z(%) @ [4.170]

[4.169]

m
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162 2772
o= {’T agls[%] o [4.171]

We note from [4.171] that the photoelectrlc cross-section o decreases like
(hw)~7/? with increasing photon energy and increases like Z 3 with increasing
nuclear charge. This formula can be applied not only to the ionisation of
one-electron atoms and ions, but also (approximately) to the ejection of
electrons from the inner shell of atoms by X-rays, although the dipole
approximation worsens with increasing photon energy.

PROBLEMS

4.1

4.2

4.3

4.4

Calculate how many photons per second are radiated from a
monochromatic source, 1 watt in power, for the following wavelengths
(a) 10 m (radio wave) (b) 10 cm (microwave) (c) 5890 A (yellow sodium
light) (d) 1 A (soft X-ray). At a distance of 10 m from the source,
calculate the number of photons passing through unit area, normal to the
direction of propagation, per unit time and the density of photons, in
each case.

Show that the Schrédinger equation [4.17] representing a’ hydrogenic
atom in an external electromagnetic field, can be transformed to the form
oD [ w_, Zé

™ Ve - @meo)r + ¢(€ - r)](b

provided the vectc potential A does not vary over the atom (the electric
dipole approximat. 1) and where

] oA
V= exp[—%i AQ) - r] and € = T

Starting from the transformed Schrédinger equation of Problem 4.2 and
taking € = 2wA, sin(wt), use first-order perturbation theory to obtain
the transition rate for absorption in the electric dipole approximation
given by [4.66].

(a) Establish the result [4. 6’9ﬁ starting from equation [4.67].

(b) The full transition rate for spontaneous emission of a photon from an
atom is obtained from [4.70], by integrating over all angles of
emission and summing over two independent polarisation directions
él N éz:

1

2
S e ~
a =53 ('——41T50> Wi J dQ {|&) - ral® + &2~ 104|%}

Starting from this expression obtain the result [4.71].
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4.5

4.6

4.7

4.8

4.9

4.10

4.11

194

Generalise the results of Section 4.4 to the case in which the level E, is g,
times degenerate and the level E, is g, times degenerate, and show that
the Einstein coefficients satisfy the relations
ﬁwia
aB a = Ba 5 Aa = "33 Ba

8abPp 86D ap b= 2.3 Dab
Obtain the explicit forms of the coefficients A(l, m; I, m’; g), either by
using a table of Clebsch—Gordan coefficients, or by using the recurrence
relations [4.93].
Show that

3 1+1
47 21+ 1

> A, my Uy m's m' — m)? =
if ! =1+ 1 and

3 1
. 1. ’ 2 _
S lstth ms 1y m's ' = m)ft = o (2, " 1)

if ' = (I - 1); find the transition rate for absorption of unpolarised
isotropic radiation by a hydrogenic atom from a level (nl) to the (2I" + 1)
degenerate levels (n'l’) and show that it is independent of the magnetic
quantum number of the initial sublevel.

Show that the matrix element M, given by [4.105], can be obtained from
[4.33] and deduce [4.106].

Calculate the oscillator strength for the 2p — 1s transition in a hydro-
genic atom, and find the half-life of the 2p level, checking the answer
against Table 4.1.

For a given initial level a, of a hydrogen atom, show that

z Tpg — E/G"ba = 27727'06',
b b

where a3, is the absorption cross-section, in the electric dipole approxi-
mation, and the sum X, is over all states (including continuum states)
with E, > E,, and 3, is the corresponding cross-section for stimulated
emission and the sum 3 is over all states with E, < E,. On the
right-hand side r, is the classical electron radius, ro = e /(4megme?).
Show that the number of states of a free electron moving in a direction
(6, ¢) within a solid angle dQ in a large cubical box of volume V, with
energy between E and E + dE is given by

po(E) dQ = Qm)7? Vmk dQ/a?

where E = #%?/2m. In terms of the angular frequency w = E /h we
have p(0) do = p(E) dE = fip(E) dw




One-electron atoms: fine structure, hyperfine
structure and interaction with external
electric and magnetic fields

Our discussion of the energy levels and wave functions of one-electron atoms in
Chapter 3 was based on the simple, non-relativistic Hamiltonian

PZ Z 82

H=— - [5.1]

2u  (Amey)r
where the first term represents the (non-relativistic) kinetic energy of the atom
in the centre of mass system, and the second term is the electrostatic (Coulomb)
interaction between the electron and the nucleus. Although the energy levels
obtained in Chapter 3 from the Hamiltonian [5.1] are in good qualitative
agreement with experiment, the very precise measurements carried out in
atomic physics demonstrate the existence of several effects which cannot be
derived from the Hamiltonian [5.1] and require the addition of correction
terms to [5.1]. In this chapter we shall discuss several of these corrections and
we shall also consider the problem of the interaction of one-electron atoms with
external (static) electric and magnetic fields.

We begin by analysing the relativistic corrections to [5.1], which give rise to a
splitting of the energy lev.  known as fine structure. Next, we discuss the effect
of an external magnetic fic.a (the Zeeman effect) or electric field (the Stark
effect) on the spectra of one-electron atoms. We then describe a subtle effect
called the Lamb shift, which displaces certain of the fine structure components
and is therefore responsible for additional splittings of the energy levels.
Finally, we consider various small corrections such as the hyperfine structure
splitting and the volume effect, which take into account the fact that the nucleus
is not simply a point charge, but has a finite size, and may possess an intrinsic
angular momentum (spin), a magnetic dipole moment, an electric quadrupole
moment, and so on.

5.1 FINE STRUCTURE OF HYDROGENIC ATOMS

The fine structure of the energy levels of hydrogenic atoms is due to relativistic
effects. In order to analyse these effects we therefore need for the electron a basic
wave equation which satisfies the requirements of special relativity as well as
those of quantum mechanics. This is the Dirac equation, which is discussed
briefly in Appendix 7, and which provides the correct relativistic wave equation

for electrons.
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One-electron atoms 5.1

The most rigorous way of obtaining the relativistic corrections to the
Schrédinger (Bohr) energy levels of one-electron atoms is to solve the Dirac
equation for an electron in the central field V(r) = —Ze?/(4meg)r of the nucleus
which is assumed to be of infinite mass and at the origin of the coordinates. It
turns out that the Dirac equation for a central field can be separated in spherical
polar coordinates and that the resulting radial equations can be solved exactly
for the Coulomb potential V(r) = —Ze?/(4meo)r [1]. However, these calcula-
tions are rather lengthy and since the relativistic corrections are very small
(provided that Z is not too large), it is convenient to use perturbation theory,
keeping terms up to order v?/¢? in the Dirac Hamiltonian. We shall therefore
start from the Hamiltonian [A7.65] of Appendix 7 which we rewrite as

H=H,+ H’ _ [5.2]
where
PZ ZeZ

2m (dmeg)r (53]

Hoz

is simply the Hamiltonian {5.1] with u = m [2] and

H =H| + H, + H; [5.4]
with
»*
H = -+ _ (5.5]
! 8m3c?
1 1dv
= —5—=——VL" 5.6
H 2m?e? r er S [5.6]
and
wh? [ Ze?
b= ——=|——| & 5.7
7 2mic? (471‘80) ® [5.7]

The physical interpretation of the three terms which constitute H' is
discussed in Appendix 7. We simply note here that H is a relativistic correction
to the kinetic energy, H5 represents the spin-orbit interaction and Hj is the
Darwin term.

Before we proceed to the-evaluation of the energy shifts due to these three
terms by using perturbation theory, we remark that the Schrédinger theory

[1] See for example Bethe and Salpeter (1957).

[2] For the sake of simplicity we shall ignore all reduced mass effects in discussing the fine structure
calculations. It is of course straightforward to incorporate the reduced mass effect in Hy and in
the corresponding unperturbed energy levels E, by replacing the electron mass m by its
reduced mass . On the other hand, the reduced mass effects arising in H’ cannot be obtained
by just replacing m by p in the results of the perturbation calculation. Fortunately, these latter
reduced mass effects are very small since H' is already a correction to H,.
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5.1 Fine structure of hydrogenic atoms

discussed in Chapter 3 does not include the spin of the electron. In order to
calculate corrections involving the spin operator — such as those arising from
H) — we start from the ‘unperturbed’ equation

Hownlrrlllms = En(//nlm,m‘ [58]

where E, are the Schrodinger eigenvalues [3.29] (with 4 = m) and the zero
order wave functions i, are modified (two-component) Schrodinger wave
functions (also referred to as Pauli wave functions or ‘spin-orbitals’) given by

lpnlmlms(q) = 'Jlnlml(l‘)/\/l/Z,mr [59]
where ¢ denotes the space and spin coordinates collectively. The quantum
number m; which can take the values I, =/ + 1, ..., + [ is the magnetic

quantum number previously denoted by m[3], /,;,,(r) is a one-electron Schrodin-
ger wave function (see [3.48]) such that

Hownlm,(r) = End/nlml(r) [5 10]

and x1/2,», are the spin eigenfunctions for spin one-half (s = 1/2) introduced in
Section 2.5, with m, = +1/2. We recall that x;/;,, is a two-component spinor
and that the normalised spinors corresponding respectively to ‘spin up’
(m, = +1/2) and ‘spin down’ (m, = —1/2) are conveniently denoted by

Since H, does not act on the spin variable the two-component wave functions
[5.9] are separable in space and spin variables. It is also worth noting that we
now have four quantum numbers (n, I, m;, m,) to describe a one-electron atom,
the effect of the spin on the “ -perturbed’ soluticns being to double the
degeneracy, so that each Schrédin_ - energy level E, is now 2n* degenerate.

Energy shifts

We now calculate the energy corrections due to the three terms [5.5]-[5.7],
using the Pauli wave functions as our zero-order wave functions.

4
P A , .
1. Hi=—- Py (relativistic correction to the kinetic energy)
Since the unperturbed energy level E, is 2n” degenerate, we should use the
degenerate perturbation theory discussed in Section 2.8. However, we first note
that H} does not act on the spin variable. Moreover, it commutes with the

components of the orbital angular momentum (see Problem 2.12) so that the

—_—

[3] When no confusion is possible, we shall continue to write m instead of m, for the magnetic
quantum number associated with the operator L.
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perturbation H is already ‘diagonal’ in /, m, and m,. The energy correction AE,
due to H| is therefore given in first-order perturbation theory b
' ry by

AEI = <dfnlm,m l//nlm,m>

= < lv[/nlml d’nlm,>

1
= _W <l»[/nlm,|T2|d/nlm,> [512]

4

8m3 2

4

8m3 2

where T = p?/2m is the kinetic energy operator. From [5.3] we have
Ze?
(4eg)r

1 Ze? Ze? )
AE, = —— + +
E, 2mc? <‘l’"1"’f (H 0 (47r£0)r) (H ° 7 (dmep)r, """l'"f>

1 Ze? 1 Ze* N\ /1
= E? + 2E - +[— (= 5.14
2me? [ ! " (47T€0> <’>nlm, (47T€0> <’2>nlmj B4

where we have used [5.10]. From the results [3.30], [3.71] and [3.72] (with
w = m) we finally obtain

T = Hy + [5.13]

and therefore

1 me*(Za)* |2 Ze* \ mc*(Za)? Z
AEI = 3 3 - 2 5 3
2mc 2n 47reg 2n agh
ZeZ 2 ZZ
+
(4m;0) atn’(l + 1/2)}
1, (Za)* (Za)* |3 n
2 n’ w14 1+1/2
Za)[3 . n
= —E —_——
"ot {4 I+ 1/2} [5.15]
2H'——l—1des (spi bit term)
R = o T ar spin—-orbit term
We shall first rewrite this term more simply as
Hj = &L - S [5.16]
where we have introduced the quantity
1 1dV
€07 et ar B-17]
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5.1 Fine structure of hydrogenic atoms

In our case V(r) = —Ze?/(4mep)r, so that
1 Ze* 1

S R A 18
2mic? dmeg 1 [5-18]

&(r)

Since the operator L? does not act on the radial variable r nor on the spin
variable, and commutes with the components of L, we see from [5.16] that L?
commutes with Hj. It follows that the perturbation H; does not connect states
with different values of the orbital angular momentum /. For a given value of n
and [ there are 2(2] + 1) degenerate eigenstates of Hy (the factor of 2 arising
from the two spin states), so that the calculation of the energy shift due to H;
requires the diagonalisation of 2(2/ + 1) X 2(21 + 1) submatrices.

This diagonalisation is greatly simplified by using for the zero-order wave
functions a representation in which L - S is diagonal. It is clear that the
functions Y., » given by [5.9], which are simultaneous eigenfunctions of the
operators Hy, L?, S, L, and S, are not adequate because L - S does not
commute with L, or S,. However, we shall now show that satisfactory
zero-order wave functions may be obtained by forming certain linear combina-
tions of the functions m,m - To this end, we introduce the total angular

momentum of the electron

J=L+S [5.19]
and we note that
J=1L*+2L-S+ S? [5.20]
so that
L-S=3J-L"-8%8%) [5.21]

Consider now wave functions ., »hich are eigenstates of the operators Hy,
L2, S%, J° and J,, the correspona ¢ eigenvalues being E,, I+ DA%,
s(s + DA%, j(j + DA? and mfi. In this particular case we have s = 1/2 and
therefore (see Section 2.5)

j=1x1/2, 1#0

5.22
j=1/2, {1=0 [5.22]

and

m=—j, —j+1,...+] [5.23]

By using the methods of Section 2.5 and Appendix 4, we can form the func-
tions ¢,;, from linear combinations of the functions . [4]. Since L-S
commutes with L2, S?, J? and ¥, it is apparent that the new zero-order wave
functions Yypm, form a satisfactory basis set in which the operator L - S (and

[4] Specifically, if we use the Dirac notation so that the ket inlsmm,) corresponds to the wave
function ¢,/m,m, and the ket |nisjm;) to the wave function Yy, (With s = 1/2), we have
= nlsim) = >, (Ismmy|jm;) |nlsmm.)

mp,ms

The Clebsch-Gordan coefficients (/smm,|jm;) are not needed in the present calculation since we
are only interested in expectation values.
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hence the perturbation H3) is diagonal. Using [5.16] and [5.21], we see that for
! # 0 the energy shift due to the term HY} is given by ‘
d/nljmj> L

€ - 12 - §7)
72 N 3 )
2 em|i s v -3 (5,241

AEZ = <¢’nljrr{,

i where (£(r)) denotes the average value of £(r) in the state Wntjm, - From [5.17] and
; [3.73], we have

| 1 Ze? 1 .
f €)= 5 (Zr) <—> |
- 1 [z z3 |
‘  2m?? (47750) adn’l( + 1/2)1 + 1) 3.25]

Thus, for I # 0, we obtain from [5.24] and [5.25]

i 2 4 .
h mc-(Za) l for j=1+1/2 i
AEZ = 3 X K
1 4l + 1/D)U + 1) -l—1 for j=1-1/2 ‘
‘ Za)? l for j=1+1/2 i
- -F,———%% x T2 e
2l + 1/20+ 1) —l—-1 for j=1-1/2

For [ = 0 the spin—orbit interaction [5.16] vanishes and therefore AE, = 0 in
that case. ‘

ﬁ2 zZ
3 H = — ( e

2m2c2 ?Eo) é(r) (Darwin term)

This term does not act on the spin variable, is diagonal in I/, m; and m, and
applies only to the case [ = 0. Calling AE; the corresponding energy correction
and using the result [3.60], we have
mh?  Zé
AE; = ———— )
| 3= 2 Ao (Ura00l8(0) [ Y00)
mh? Zé?
‘ = |djn00<0)'2

2m%c? de,

1, (Za? (ZaY !
=5 me P ]
2 n n

2
‘v = -E, (Z:) , 1=0 [5.27]

We may now combine the effects of H{, H; and H} to obtain the total energy
shift AE = AE; + AE, + AE; due to relativistic corrections. From [5.15],
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5.1 Fine structure of hydrogenic atoms

[5.26] and [5.27] we have for all /

1 L, @ZaP @ m 3
AEn = 2™ T TR (j +1/2 Z)
_ @e{ n 3
-5, &L (]_, - Z) [5.28]

where the subscripts nj indicate that the correction depends on both the
principal quantum number n and the total angular momentum quantum
number j, withj = 1/2,3/2, ... n — 1/2. To each value of j correspond two
possible values of [ given by I = j = 1/2, except forj = n — 1/2 where one can
only have [ =j - 1/2 =n — 1.

Adding the relativistic correction AE,; to the non-relativistic energies E,,, we
find that the energy levels of one-electron atoms are now given by

2
E, = E, [1 " @( " 3)] [5.29]

w \j+1/2 4

so that the binding energy |E,;| of the electron is slightly increased with respect
to the non-relativistic value |E,|, the absolute value |AE, | of the energy shift
becoming smaller as n or j increases, and larger as Z increases. The formula
[5.29] is easily shown to agree through order (Za)? with the result

7 5]-1/2
Epct= mcz{[l + (n 141G +al/2)2 _Zzazll/z)] - 1} (5.30]

obtained by solving the Dir equation for the potential V{(r) =
—Ze?/(4meg)r [1]

Fine structure splitting

Starting from non-relativistic energy levels E, which are 2n” times degenerate
(the factor of two arising from the spin) we see that in the Dirac theory this
degeneracy is partly removed. In fact, a non-relativistic energy level E,
depending only on the principal quantum number # splits into n different levels
in the Dirac theory, one for each value j = 1/2,3/2, .. . n — 1/2 of the total
angular momentum quantum number j. This splitting is called fine structure
splitting, and the n levels j = 1/2,3/2,...n — 1/2 are said to form a fine
structure multiplet. We note that the dimensionless constant o = 1/137 controls
the scale of the splitting, and it is for this reason that it has been called the fine
structure constant.

The fine structure splitting of the energy levels corresponding ton = 1, 2, 3
is illustrated in Fig. 5.1. We have used in that figure the spectroscopic notation
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0.018 cm™
n=-3—-— ————-——— — — — — - —— =

3d,,(j=5/2,1=2)

,EO.O% cm™! R i
3 3p:.. G =3/2,1=1);3d,, G = 3/2,1=2)

35,(J=12,i=0);3p,,G=12,1=1)

2p,, G =3/2,1=1)

25, (j=112,1=0);2p,, G = 112,1=1)

Is,,(j=12,1=0)

@) ®)

5.1 Fine structure of the hydrogen atom. The non-relativistic levels are shown on the left in column
(a) and the split levels on the right in column (b), for » = 1, 2 and 3. For clarity, the scale in each
diagram is different.

nl; (with the usual association of the letters s, p, d, ... with the values
[=0,1,2,... and an additional subscript for the value of j) to distinguish
the various spectral terms corresponding to the Dirac theory [5].

It is important to emphasise that in Dirac’s theory two states having the same
value of the quantum number # and j but with values of / such that!/ = j = 1/2
have the same energy. The parity of the solutions is still given by (—)". Thus to
each value of j correspond two series of (27 + 1) solutions of opposite parity,
except for j = n — 1/2 where there is only one series of solutions of parity
(=)*"L. It is also worth remarking that although the three separate contributions
AE,, AE; and AE; depend on I (see [5.15], [5.26] and [5.27]), the total energy
shift AE,,; (given by [5.28]) does not! This is illustrated in Fig. 5.2, where we
show the splitting of the n = 2 levels of atomic hydrogen due to each of the
three terms H1{, H5 and H3, as well as the resulting degeneracy of the 2s,,, and
2p1/2 levels. We shall see in Section 5.4 that this degeneracy of the levels with
!l =7+ 1/2 is actually removed by small quantum electrodynamics effects,

[5] A similar notation with capital letters, such as 1S;,,, 28,2, 2Py, 2P3;, etc., is also frequently
used. We shall reserve capital letters for atomic systems with more than one electron.
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S
"= N i 012_“_’"_' e 0®m
Pi2 > P32 Pi2> P2 Pa: 0.46cm™!
ll9cm‘ ' 024cm‘ §: Pu
Snz
AE, AE, AE, AE = AE, + AE, + AE,

5.2 The contributions AE;, AE,, AE; to the splitting of the n = 2 level of hydrogen.

known as radiative corrections, which are responsible for additional energy
shifts called Lamb shifts.

Another interesting point is that the three relativistic energy shifts AE;, AE,
and AE; we have obtained above have the same order of magnitude, and must
therefore be treated together. This is a special feature of hydrogenic atoms. For
many-electron atoms (and in particular for alkali atoms) we shall see in
Chapter 7 that it is the spin—orbit effect (due here to the term H3) which is
mainly responsible for the fine structure splitting.

According to [5.28], for any Z and n # 1, the energy difference between the
two extreme components of a fine structure multiplet (corresponding respec-
tively to the values j; = n — 1/2 and j, = 1/2) is given by

. . n—1
SE(jy = n — 1/2, j, = 1/2) = |E,|(Za)*
ZZ4 -1
= % ww, n#l o [5.31]

We may also use [5.28] to obtain for any Z, n # 1 and ! # 0 the energy
separation between two levels corresponding respectively to j, = + 1/2 and
j2 =1 —1/2. The result is

(Za)
nd + 1)
_ A

T 2231+ 1)

SE(jy =1+ 1/2,j,b=1-1/2) = [E,| ——

a.u. [5.32]

For example, in the case of atomic hydrogen the splitting of the levels j = 3/2
andj = 1/2 forn = 2 and n = 3 is, respectively, 0.365 cm™! (4.52 x 107> eV)
and 0.108 cm ™' (1.34 X 107> V), while the splitting of the levels j = 5/2 and
j=3/2forn = 3is0.036 cm ! (4.48 X 10~6¢eV) as shown in Fig. 5.1.

Fine structure of spectral lines
e

The set of spectral lines due to the transitions nlj — n'l’j’ between the fine
structure components of the levels n/ and n'l’ is known as a multiplet of lines.
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Since the electric dipole operator D = —er does not depend on the spin, the

selection rule derived in Chapter 4 for the quantum number / (in the dipole .

approximation) remains

Al = %1 [5.33]

from which it follows that the selection rule with respect to the quantum
number j is

Aj =0, =1 [5.34]

Using [5.33] and [5.34), it is a simple matter to establish the character of the
fine structure splitting of the hydrogenic atom spectral lines. For example, we
see from Fig. 5.3 that the multiplet np—n's has two components. Thus each line
of the Lyman series (lower state n = 1) is split by the fine structure into a pair of
lines called a doublet, corresponding to the transitions

np1/2—-181,25 nps;2—1si/2

This is illustrated in Fig. 5.4 for the Lyman « line (upper state n = 2).
Referring to Fig. 5.3, we see that the multiplet #p—n’s has two components,

while the multiplet sd—n'p has three components. Thus, in the case of the

Balmer series (lower state n = 2) the following seven transitions are allowed:

np1/2—281/25 nps;—281/2

ns1/2—2P1/25 n81/2—2P3/2

nd3/2—2p1/25 nds/—2p32,
nds,2—2ps 2

nd;,
np“ nds 2
np;
7'y,
n'sl,z 3 ",PI
(@ (b)

5.3 Allowed transitions in (a) the multiplet ap —n's and (b) w
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j=32
n=2 j=11
n=1 j=12

s p

5.4 Allowed transitions between the n = 2 and # = 1 levels of atomic hydrogen giving rise to the
Lyman alpha doublet (L,).

However, since the levels ns,/, and npy 2 coincide, as well as the levels nps /2 and
nds/;, each Balmer line only contains five distinct components. This is
illustrated in Fig. 5.5 for the case of the fine structure of the H,, line, i.e. the red
line of the Balmer series at 6563 A, corresponding to the transition between the
upper state » = 3 and the lower state n = 2.

Because the energy differences [5.31] or [5.32] rapidly decrease with increas-
ing n, the fine structure splitting of a spectral line corresponding to a transition
between two levels of different » is mainly due to t' - fine structure of the lower
level, with additional (finer) fine structure arising fi 1 the smaller splitting of
the upper level. For example, each line of the Balmer series essentially consists
of a doublet, or more precisely of rwo groups of closely spaced lines. The distance
between these two groups is approximately given by the fine structure splitting
of the lower (n = 2) level (i.e. about 0.365 cm ™ !) and this distance is constant
for all the lines of the series. Within each of the two groups the magnitude of
the (small) residual splitting due to the fine structure of the upper level rapidly
falls off as n increases, i.e. as one goes to higher lines of the series. Similarly,
each line of the Paschen series (lower state n = 3) consists of three groups of
closely spaced lines, etc. Finally, we remark that for hydrogenic ions the fine
structure splitting is more important than for hydrogen since the energy shift

AE,; given by [5.28] is proportional to VAR

Intensities of fine structure lines

Since the radial integrals in [4.85] are the same for both the transitions
np3/2—n'sy 2 and np; ;,—n's1,2, it is easy to obtain from the angular parts of those
integrals (that is from angular momentum considerations) the ratio of the two
transition probabilities, which is found to be equal to 2 (Problem 5.1). More
generally, the ratios of the transition probabilities for the most important special
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(@ !

| . ,

i | .
' (a) (®) (© @ @e© O ]

- ——036cm }———

(b)
5.5 (a) Transitions contributing to the Balmer alpha (H,,) line between the n = 3and n = 2 levels
of atomic hydrogen. d
(b) The relative intensities of the lines (a), (b)—(g). Note that (b) and (g) have the same upper ]
level, so that the wave number difference between the lines is determined by the 2p1,2, 2ps;2 |
energy difference and is 0.36 cm~ . In the same way, the wave number difference between lines
(a) and (e) is also 0.36 cm—'. We note that the lines (d) and (e) should coincide according to
Dirac theory, as well as the lines (f) and (8)-




5.2

cases are (Bethe and Salpeter, 1957)

for sp transitions: s;/,—Ps/2:S1/2-P1/2 = 2:1
pd transitions: p3/2—d5/2!p3/2—d3/zIpl/z—dg,/z =9:1:5
df transitions: d5/2—f7/2st/z—fs/zidg/z—fs/z =20:1:14

[5.35]

Under most circumstances the initial states are excited in proportion to their
statistical weights, that is the (2j + 1) degenerate levels corresponding to an
initial state with a given value of ;j (but differing in m; = —J, -7+ 1,...+)f)
are equally populated. In this case the ratios of line intensities are the same a8
those of the corresponding transition probabilities. The relative intensities of
the fine structure components of the H, line are shown in Fig. 5.5.

Comparison with experiment

The fine structure splitting of the spectral lines of atomic hydrogen and of
hydrogenic ions (in particular He™) has been the subject of many spectroscopic
investigations. The experimental results are in good semi-quantitative agreement
with the formula [5.28] obtained from the Dirac theory. Nevertheless, and in
spite of the fact that precise optical measurements of fine structure are very
difficult to perform, small deviations from the theoretical predictions of [5.28]
were observed as early as 1934. In particular, detailed experimental studies of
the H,, line of atomic hydrogen indicated that the energy separation of the 2s,/;
and 2p,,, levels is not exactly zero, as predicted fre—: the Dirac theory (see
[5.28] or [5.30]) but is about 10 per cent of the fine ructure splitting of the
n = 2 levels. However, the Doppler broadening of the spectral lines prevented
precise results being obtained from optical spectroscopy, and the situation
remained ambiguous until the first measurements of Lamb and Retherford were
published in 1947. Using new methods of microwave spectroscopy, Lamb and
Retherford demonstrated in a decisive way the existence of an energy difference
between the two levels 2s;,; and 2p,/z. This ‘Lamb shift’, to which we have
already alluded in the discussion following [5.30], will be considered in-
Section 5.4 after we have familiarised ourselves with the behaviour of hyd-
rogenic atoms in external magnetic and electric fields.

5.2. THE ZEEMAN EFFECT

In 1896, P. Zeeman observed that the spectral lines of atoms were split in the
presence of an external magnetic field. In order to explain this effect, we shall
discuss in this section the interaction of hydrogenic atoms with constant
magnetic fields, ﬂ})ich can be taken to be uniform over atomic dimensions. The
vector potential A can then be written as

A=31® x1) [5.36]
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where B is the constant magnetic field, which satisfies the relation ® = V X A.
If B is directed along the Z axis, the components of A are
(—yB,/2, +xB./2, 0).
The non-relativistic Schrodinger equation for a hydrogenic atom in the
presence of a constant magnetic field is given by (see Appendix 6 and

Section 4.1)
[ A, Zé ihe e

2
_Z _ e e .2 _
2m (dmep)r  m AV m A }w(r) Ey@ [5.37]

where reduced mass effects have been neglected, A is given by [5.36] and we
have used the fact that V- A = 0.
The linear term in A becomes, in terms of B

the the
A V==——@®BXDV
m 2m
the
=—-—®R @ xV)
2m
- ‘&L 5.38
T 2m [5.38]
where
L=rXxp=—ihtxXV) 15.39]

is the orbital angular momentum of the electron. The quadratic term in A
appearing in [5.37] can be reduced as follows:
2 2
e e
—Al=— (B X1
2m 8m ( 2

2
— (3 (B 0] [5.40]

The relative magnitude of the two terms [5.38] and [5.40] can now be
estimated. Assumuug that the dimensions of the atomic system are of the order
of ay, the Bohr radius of hydrogen, the quadratic term is of the order
e2adB?/8m, while if we are dealing with states of low orbital angular momentum
(say about £) the linear term is approximately given by eA%/2m. The ratio of the
quadratic to the linear term is then

2,
%
0T 3107 [5.41]

where 9 is expressed in Tesla (T). In the laboratory, the fields encountered do
not exceed 10 T, so that for most purposes the quadratic term is negligible.

—
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5.2 The Zeeman effect

The linear term [5.38] corresponds to the interaction energy of a ‘magnetic
field ® with a magnetic dipole moment M, if M is defined as the operator

M= L =—pugL/h [5.42]
2m
where
eh
MuB = 2— [5.43]
m

is called the Bokr magneton and has the value 9.27408 x 10~ ** joule/tesla or
m2A. The interaction energy [5.38] then takes the form

Hi=-M % [5.44]
It is useful to express H{ in various units. For example
H;=213x10"°%® " Lau.
=0.4669 B - L/fcm ' [5.45]
where in both cases B is to be given in Tesla.
Until this point we have not teken into account the intrinsic magnetic

moment of the electron, revealed by experiments of the Stern—Gerlach type (see
Chapter 1). This intrinsic magnetic moment, due to the electron spin, is given

by

'M's = —& _e_ S / [546]
2m
or

where S is the spin operator of the electron and g, its spin gyromagnetic ratio.
Dirac’s relativistic theory predicts for g, the value g. = 2 (see Appendix 7)
which is in very good agreement with experiment [6]. The spin magnetic
moment M, gives rise to an additional interaction energy

Hy=—-M, B =gug®B S/h [5.48]

The complete Schrodinger equation for a one-electron atom in a constant
magnetic field, including the spin—orbit interaction, but neglecting the reduced
mass effect, the relativistic kinetic energy correction, the Darwin term and the
quadratic (A?) term, is (with g, = 2)

2 2
[—ﬁ— v 2 L s+ BBy %} w(r) = Eg(r)  [5.49]
2m (dmeg)r h

[6] The corrections to the Dirac result g, = 2 come from quantum electrodynamics, which yields a
value g, = (1 + a/2m + * -} in excellent agreement with the experimental result

g = 2 x 1.001 159 657.
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where &r) is given by [5.18] and ¢(r) is now a ‘spin-orbital’ with two
components.

The nature of the solution depends on whether the magnetic interaction is

greater or less than the spin—orbit interaction. We shall first discuss the former
case (strong magnetic fields) and then analyse the so-called ‘anomalous Zeeman
effect’” which corresponds to weak fields.

Strong fields

The fine structure splitting of the n = 2 level of hydrogenic atoms is
(0.365 Z*) cm™" and decreases for larger n like n~>. We see from [5.45] that the
magnetic interaction energy will be greater than this for field strengths B > Z*
Tesla. By laboratory standards, these are very strong fields even for hydrogenic
atoms with small Z, but such fields can occur in certain astrophysical situations,
such as in some stars. In the strong field limit, we first solve the Schrodinger
equation without the spin—orbit coupling, which can be subsequently treated
as a perturbation. Taking ® to be along the Z axis, we have

K2 ) Ze?
2m (4meg)r

The unperturbed hydrogenic spin-orbitals . m, defined by [5.9] are
eigenfunctions of L, and S, and satisfy this equation if

E =E, + ugB,(m;, + 2m,), m, = =1/2 [5.51]

) (r) = [E - %ﬁ (L, + 252)] $(r)  [5.50]

The introduction of the magnetic field does not remove the degeneracy in /, but
by providing a preferred direction in space, it does remove the degeneracy in m;
and m,, splitting each level with a given 7 into equally spaced terms. This is
illustrated in Fig. 5.6 for the case of a p level (I = 1). However, the energy of
the states with m; = +1 and m, = —1/2 coincides with those with m; = —1
and m, = +1/2. In the strong-field limit we are considering here (no spin—orbit
coupling) the orbital and spin angular momenta are constants of the motion and

ms m
— 2 +1
HB %ZI
—_— 0
np—— V=Y =1, +1
-2 0
Y2 -1
No field Strong field

5.6 The splitting of a p level into five equally spaced levels by a strong magnetic field.

— -
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5.2 The Zseman effect

the eigenfunctions, written in Dirac notation, are of the form |nlm;sm,), with
s=1/2 and m, = =1/2.

The selection rules for electric dipole transitions require Am, = 0 and
Am; = 0, =1. Thus the spectral line corresponding to a transition n — n’ is split
into three components. The line corresponding to Am; = 0 has the original
frequency v,,-, and is called the 7 line, while the two lines with Am; = +1 are called
o lines and correspond to frequencies

Vin = Vwn £ VL [5.52]
where
B
v = ﬁ‘?h— [5.53]

is known as the Larmor frequency. This splitting is called the normal Zeeman effect
and the three lines are said to form a Lorentz triplet (see Fig. 5.7). Apart from the
case of very strong fields, Lorentz triplets can be observed in many-electron
systems for which the total spin is zero, as in this case the spin—orbit coupling
vanishes.

my

+2

+1

n'd

—t o :

(m,=+1/2)
5.7 The normal Zeeman effect. In a strong magnetic field nine transitions are possible between the
split levels consistent with Am; = 0 or =1 and Am, = 0. Of these, there are only three different
frequencies and the lines form a Lorentz triplet. The frequencies of transitions associated with
m, = —% are the same as those for m, = +4.
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One-electron atoms 5.2

The polarisation of the radiation in each of the emission lines has interesting i
properties. The transition rate for spontaneous emission of radiation descrlbed 1
by a polarisation vector £ is given by [4. 70], namely

1 2
s dQ = ( i >w,§a}é 1P dO

27hc? \ 4areg ]
= Cwpa)| € " Tpo* dQ [5.54a]
where we have set
Clwya) = ——1—3 (6—2) Wi, [5.54b] |
2ahe’ \ 4mep |

The vector £ can be expressed in terms of two independent vectors €; and &; |
as in [4.95], where &;, &; and k form a right-handed system of axes (see [4.96]). |
If we take (as can always be done) &, to lie in the (X, Y) plane and if (®, @) are
the polar angles of k (see Fig. 5.8), we have !

(é;), = cos O cos D; (é1), = cos O sin & (), = —sin O
(62), = —sin @; (é2), = cos P; (6), = 0 [5.55]
Consider first the = line, with Am; = 0. From the discussion given in

Section 4.5 we see that in this case xp, = Y3 = 0 and we are only concerned
with z,,. The transition rate for emission in the solid angle d(} of a photon with

VA
2
k
|
|
&
(©] f
|
|
| >
~o | Y
~. |
~ |
¢ \\\ |
~

X é

5.8 The unit vectors &;, &, and k form a right-handed set. The polar angles of k are (®, @) and &,
lies in the XY plane, &, pointing downwards.

I
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5.2 The Zeeman effect

polarisation &, is then
5» dQ = Clw,,) sin O |z, dQ [5.56]

and the rate is zero for emission of a photon with polarisation &,. When the light
is viewed longitudinally, so that k is in the direction of the magnetic field (which
is parallel to the Z axis), ® = 0 and the = line is absent. In transverse
observation (® = /2), in a direction at right angles to the magnetic field, the =
radiation is plane polarised with £ = &, in the direction of the negative Z axis.

Let us now consider the case in which Am; = m; — m; = —1 which corre-
sponds to the amplitude (see [4.81]-[4.84])

* 71 -
E—IIn’l'm,flsnlmi - \/—

1 .
> (éx + léy)ﬁ (xba - lyba) [5'57]

The transition rate for emission of a photon with polarisation £ = &, is then

241 40 = Cla) |75 cos @ ¢ 2 25 (e~ 900 “da [5.58)
and that for polarisation £ = &, is
i 1211 2
W2e(2) dQ = Clws,) ﬁ e 7—2— (Xpa = Wia)| dQ [5.59]

Summing over both independent polarisation directions, the transition rate for
the line corresponding to Am; = m; — m; = —1, which is known as the o™ line,
is ‘

2

1 _
dQ  [5.60]

1
Wip(o™) dQ = Clwpe) 5 (1 + cos’ @) 7 (Xpe = Wa)

In transverse observation ® = 77/2 and the x and y components of &, vanish.
In this case the o line is plane polarised with € = é,, where &; lies in the (X, Y)
plane. In contrast, in longitudinal observation along the direction of the
magnetic field, we see from [4.102] that the radiation is left-hand circularly
polarised, that is the emitted photon has helicity +#.

In the same way, the transition rate for the o line corresponding to
Am; = m{ — m; = +1 is given by
2

dQ [5.61]

1 1 .
Wie(o ™) dQ = Clwy,) 7 (1 + cos? ®)’ﬁ (Xpa + o)

The ¢ line is right-hand circularly polarised when viewed along the direction
of the magnetic field and is plane polarised in transverse observation.

The preceding discussion of the polarisations of the o and 7 components is
illustrated in Fig. 5.9. It is easily shown (Problem 5.3) that in the transverse
direction the intensity of the = component is twice that of each ¢ component.
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(a) Longitudinal observation (7 line absent)

B, K K
Photon Photon
" with helicity +% with helicity —#%
left-h?nd circularly right-.hand circularly
Direction of magnetic polarised polarised
field along Z axis o line o line
{b) Transverse observation
Z
B,
é
Direction of magnetic Y
field along Z axis 3
X .
a*, o lines, with kK’ 7 line with kin XY plane
and & in XY plane and ¢ along negative Z axis

5.9 Polarisations of photons emitted in the direction of a magnetic field, or at right angles to a
magnetic field.

The Paschen-Back effect

At field strengths for which the spin—orbit interaction is appreciable, but still
small compared with the term in R in [5.49], it can be treated in first order
perturbation theory. We see that the perturbation is just £(rL - S, and its
contribution to the total energy is therefore

AE

= 1 1
J drr?[R,,(NTPED <l-2-m,ms L. Sll-z-m,ms>
0

A l # 0 [562]
while AE = 0 for s-states (! = 0). The quantity A, is given by

)‘nl ﬁz Jw drrZ[R,,l(r)]zg(r)

0

A 1
- 22 E 140 [5.63]

" 1
Hi+=|d+1
( 2)( )
The degeneracy in / is removed, as we expect. The energy difference between
levels nlm; and n'l'm; when m, = mq is

o8E = En’ - En + I-LB%z(m; - ml) + (/\n’l'ml, - Anl’"l)"ls [564]

This expression gives the frequencies SF /h of the observed lines, with

\_/
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Am; = mj — m, restricted to the values 0, 1. The observed splitting in this
case is known as the Paschen—-Back effect.

Weak fields: the anomalous Zeeman effect

For historical reasons the case of a weak magnetic field is known as the
anomalous Zeeman effect, although in fact this effect is the one most commonly
encountered. In the early days of spectroscopy, before the electron spin was
discovered, the normal Zeeman effect was predicted, on classical grounds, but
the observations did not conform to the predictions and were said to be
‘anomalous’. The explanation was finally given in terms of quantum mechanics
and the electron spin.

When the interaction caused by the external magnetic field is small compared
with the spin—orbit term, the unperturbed Hamiltonian can be taken to be

2 2
Hy= -2 g2 22, ¢oL-s (5.65]

2m - (47reg)r
The unperturbed wave functions are eigenfunctions of L, 8%, J? and ¥,, but
not of L, and S,. They are therefore products of radial functions times the
‘generalised spherical harmonics’ (see Appendix 4)
Y= >, (smym|jm)Yin (05 &)Xesm, [5.66]

ny,m;

where (lsm;m,|jm;) are Clebsch—Gordan coefficients and s = 1/2.
Taking the magnetic field ® to be along the Z axis, the perturbation is

H = % (L, + 253,

73
=== (J. + S)B, [5.67]
The additional energy due to the magnetic interaction H' is thus

AE = pgh,m; + %‘i B, pE J dQ (YIS, [5.68]
spin
where we have made use of the fact that %7, is a normalised eigenfunction of
. belonging to the eigenvalue m/ji.
FEither of two methods can be used to evaluate the second term in [5.68].
1. The most straightforward procedure is to use the explicit expressions for the
Clebsch—Gordan coefficients (I1/2m;m|jm;) given in Appendix 4. Setting
j=1=x1/2, we have

I+ m +1/2\'/?
Y = (‘—2[_]+—1‘—) Yim—1/2(0, #)x1/2,1/2
.
N\

I —m;+ 1/2\!/?

(_7]4_—1_) Yim+ 17206, D)x1/2,-172 [5.69]
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and

_ I —m + 1/2\Y?
Wit = - <_T/;T—) Yim 172005 @)X1/2,172

I+ m; + 1/2\'?
( 21]+ 1 ) Yl,m,+1/2(9> d)X1/2,~1/2 [5.69b]
from which one readily obtains
2m, —_— m;
;J dO LIPS Y = st [5.70a]
and
. _ . m;
S | do @RS =~ h [5.70b] -
spin 21+ 1

2. The same result can be obtained by operator methods. A vector operator V has
three components (V,, V,, V,) along three orthogonal axes, where V., V,
and V, are operators which transform under rotations like the components of
a vector. Thus, if V, = V - iis the component of V along the unit vector
which defines the axis Ou, and if the unit vector @' defines the axis Ou’
obtained from Ou by performing the rotation %, the transform of V,, under
the rotation & must be the component V, =V - of Valong i'. It may
be shown that the components V., V,, V, ot a vector operator V
satisfy the commutation relations

[7::: Vx] =0, [73:5 Vx] = -iﬁVza []z: Vx] = ith:
[Fs> Vol = 1RV, 17, V) =0, [F., V] = —thV,, [5.71]
[jx? Vz] = —iﬁVy> []y: Vz] = iﬁVx) [jza Vz] =0

The operators L, S and J are examples of vector operators. Using [5.71] and
the commutation relations for the components of J, namely

(Fer F) = ihFes [Ty Tl = thT (7., ] = ikf,  [5.72]

it may be shown after some manipulation that a vector operator V satisfies the
equations

JxV+Vx]J=2hV [5.73]
and
[J% [J% V11 = 28*(J*V + VI2) — 4%V - D] (5.74]

The matrix element of the left-hand side of the identity [5.74] with respect to
states having the same value of j vanishes, so that

(Isim;|J?V + V]?2|isjm;) = 2(lsim,|(V - DY |Isjm;) [5.75]

o
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from which we have -
JG + DRXlsim;|Vilsim) = (lsim|(V - Disfm;) (s.76) ¥

This relationship can also be obtained by using the Wigner—Eckart theorem
discussed in Appendix 4.

Setting V = S in [5.76] and taking the z component, we have
i+ DRXsim|S Jisim) = (Isim|(S - DT|igim)
= mfllsym|S - J|isjm;) (5.77]
Since S -+ J = (J* + S? — L?)/2, the matrix element of S is
+D+s(s+ -+ 1)
‘ 2+ D)
which agrees with [5.70] when s = 1/2 and j = | + 1/2. The energy shift due

to the magnetic field is seen from [5.68] and [5.70] (or [5.78]) to be proportional
to up,m; and may be written as

AE,, = gupd.m; 15.79]

| (Isim;|S Jisjm;) = mi {] G (5.78]

where g is called the Landé g factor and is given by
G+ D+ss+ DI+ 1)

3 g=1+ 2iG + D (5.80]
Since in our case s = 1/2 we have
‘ AE =21+,zug%m ji=1+1/2
20+ =
2 .
=77 I}LB%ij, j=1-1/2 [5.81]

‘ The total energy of the level with quantum numbers n, j, m, of a hydrogenic
] atom in a constant magnetic field is therefore

!
| | Epjp = E, + AE,; + AE, [5.82]

where E,, is the non-relativistic energy [3.29] [with u = m], AE, ; is the fine
r structure correction [5.28] and AE,, is the correction due to the (weak)
magnetic field.

The splitting of levels, 8E, corresponding to the ‘anomalous’ Zeeman effect
discussed above is illustrated in Fig. 5.10. We remark that since the splitting
of the levels is not the same for each multiplet, there will be more lines in
‘ this case than the three lines (Lorentz triplet) corresponding to the normal
J [ Zeeman effect. This is shown in Fig. 5.11, where we display the allowed

; transitions (cofresponding to Al = =1 and Am; = 0, =1) between the n = 2
; and n = 1 levels of atomic hydrogen occurring in the presence of a weak
| ] magnetic field. "
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np;. 8F;,

3 2 |
npy. 8E,, = < 1B, |
. y 3 ]

5.10 Splitting of nps/; and np,, levels of atomic hydrogen in a weak magnetic field.

m;

3/2

1/2
2pa2

-172

-3/2

1/2
-1/2

2pqp2

1/2
18472

Y ~1/2 ||
5.11 In electric dipole transitions between the n = 2 and n = 1 levels of hydrogen, in a weak !
magnetic field, four lines result from the 2py; — s, transitions and six lines from the |
2ps/; — 1sy,; transitions. i
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m, m, m+2m,
E
1 1/2 2
0 1/2 1
2pae
> —1 1/2 0
= Bz 1 ~1/2 0
2p1,2 1o
0 -1/2 -1
—3/2
—1 —1/2 -2

5.12 The energy of the levels of a hydrogen atom in a magnetic field are a smooth function of MR, .
For small 3, the splitting is uneven (the anomalous Zeeman effect), but for large B, , the splitting
is even and only three lines are seen (Paschen-Back effect). A schematic diagram is shown for the 2p

levels.

As the magnitude of the magnetic field B, increases from the weak field to the
strong field limit, the energy changes smoothly. This is depicted in Fig. 5.12 for
the 2p states of atomic hydrogen.

5.3 THE STARK EFFECT

The effect of static electric fields on the spectrum of hydrogen and other atoms
was studied by J. Stark and also by A. Lo Surdo in 1913. The splitting of
spectral lines observed has become known as the S tark effect. We shall assume
that the external electric field is constant over a region of atomic dimensions and
is directed along the Z axis. We also suppose that the electric field strength ¢ is
large enough for fine structure effects to be unimportant [7]. The Hamiltonian
H, for the unperturbed hydrogenic atom, given by [5.3] (we neglect reduced
mass effects) is therefore modified by the addition of the perturbation

H =e¢€z [5.83]

where we recall that —e is the charge of the electron. Since H’ does not depend
on the electron spin we shall use for the zero-order wave functions the

[7] This is a correct assumption for electric field strengths usually encountered, which are of the
order of 107 V/m. On the other hand, the treatment given here must be modified for electric
fields € < 10° V/m, since in this case the Stark splittings are of the same order of magnitude as

the fine structure splittings studied in Section 5.1.
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Schrédinger hydrogenic wave functions ¢;,,(r) where we have set m = m;[3] in
order to simplify the notation.

Linear Stark effect

Since the ground state (100) is non-degenerate, we see from [2.308] and [5.83]
that the first-order correction to its energy is given by

EWY, = e € ($100l2¢100)

e B J |¢100(r)| %2 dr [5.84]

Now our discussion at the end of Section 3.3 showed that the hydrogenic wave
functions i,;,(r) have a definite parity (even when the orbital quantum number /
is eveni, odd when [ is odd). On the other hand the perturbation [5.83] is an odd
operator under the parity operation since it changes sign when the coordinates
are reflected through the origin. Thus we have

<d/nlm|z‘ l!/nlm> =0 [585]

since the matrix element {,;|2| ) involves the product of the even function
[him(r)|? times the odd function 2 under the parity operation. In particular, we
see from [5.84] and [5.85] that E{g, = 0, so that for the ground state there is no
energy shift that is linear in the electric field 6. Remembering that a classical
system having an electric dipole moment D will experience in an electric field €
an energy shift of magnitude —D + €, and noting that —ez is the 2 component of
the electric dipole moment operator in our case, we see that atomic hydrogen in
the ground state cannot possess a permanent electric dipole moment (energy
change proportional to €).

Let us now examine the Stark effect on the first excited level (n = 2) of the
hydrogen atom. Since we assume that % is large enough for fine structure effects
to be neglected we may consider the unperturbed system in the n = 2 level to be
fourfold degenerate, the four eigenfunctions

200 5 d2i05 2115 Y1-1 [5.86]

corresponding to the same unperturbed energy E,.,= —mc?a®/8 (see [3.30]).
In principle we should therefore solve a homogeneous system [2.328] of four
equations. However, we have already shown in our discussion of selection rules
for electric dipole transitions (see Section 4.5) that matrix elements of the form
(nlmlzln'l'm’) vanish unless m =m’' and [ =1 * 1. Thus the only non-

vanishing matrix elements of the perturbation [5.83] are those conn%nﬁgg;l;i
2s (200) and 2p, (210) states, and the linear homogeneous equations 2. [

reduce to a set of two equations which we write in matrix form as

-E® Hiz\ [a \
( H, —E(”) (62 =0 [5.87]\

e
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with
H;=Hy=e¢% [ Y210(r)2t200(r) dr [5.88]

The requction of the original homogeneous system qf four equations to the
two equation [5.87] may also be obtained easily by noting that (i) the operator
H' commut€s with L,, the z component of the angular momentum, so that
H'only contiects states with the same.value of the quantum number m and
(i) H' is odd under the parity operation. .

The matriX element Hj, can be evaluated. by using the hydrogenic wave
functions given in Table 3.1 of Chapter 3. Since 2z = r cos 0, we have

z: (= L (zr Zr\ e [T aa N
Hizze%mfo drr (;;)(1__211—0)6 0desmt‘)cos 00 d¢

Z22 (" S (zr Zr\ _,
- - 1] — — r/ao
=eé Sa(s, 3 L drr do 2(10 ¢

—3e ¢ ao/Z ' [5.89]

and Hb, = Hi, since H{, is real. Thus the two roots of the determinantal

equation

_EWD | Hi,
o= 5.90
’ Hi, ~E® 0 ( ]
are given bY ,
EW = +H,,| = £3e € ao/Z [5.91]
Upon returPing to [5.87] we see that for the lower root E{ = -3¢ ¢ ap/Z one
has ¢, = ¢z~ The corresponding normalised eigenstate ¥, is given by
1
= ﬁ (Y200 + ¥210) [5.92a]
The second oot ESY = +3e € ao/Z yields ¢; = —c; and a normalised eigen-
state )
¢ = —= (200 — ¥210) [5.92b]

J2

It should be emphasised that the states [5.92] are neither eigenstates of the
parity operator, nor of L?, so that nelther_ parity nor [ is a ‘good’ quantum
number in this case. On the other hand, m is a good quantum number because
H' commut€S with L, (that is, the system is invariant under rotation about the Z
axis). We also.rema(rl% that t.he wave number shifts 80 corresponding to the
energy correction ET are given by

dp=2—2 " = :12.8(;—-—)10“7 em™! [5.93]
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Wave function
. m=0 1 _
4 degenerate states i=0,m=0 il V32 (a0 = ¥10)
I=L,m=0,x1 ~
D A —_ L TR
z Lt
~
~
AN m=20 1
7‘7('1’200*’%10)

5.13 Splitting of the degenerate n = 2 levels of atomic hydrogen due to the linear Stark effect.

so that rather strong fields (of the order of 107 V/m in Stark’s experiments) are
required to demonstrate the effect.

The splitting of the degenerate n = 7 levels of atomic hydrogen due to the
linear Stark effect is illustrated in Fig. 5.13. The degeneracy is partly removed
by the perturbation, the energies of the 2p.; (.e. 211 and 21 — 1) states
remaining unaltered. Thus the level n = 2 splits in a symmetrical way into three
sublevels, one of which (corresponding to m = *1) is twofold degenerate.

At this point it is worth recalling again that a classical system having an
electric dipole moment D will experience in an electric field € an energy shift
—D - €. This suggests that the hydrogen atom in the degenerate unperturbed
states n = 2 behaves as though it has a permanent electric -dipole moment
(independently of the value of ), of magnitude 3eao, which can be orientated in
three different ways (that is, gives rise to spatial quantisation) in the presence of
the field: one state () parallel to the field ‘€, one state (¢/2) antiparallel to €,
and two states with no component along the field.

On the other hand, we found above that for the hydrogen ground state, which
is non-degenerate and hence is an eigenstate of the parity operator, there is no
energy shift linear in the electric field strength, and hence no permanent electric
dipole moment. This conclusion may readily be generalised. Indeed, apart from
tiny effects which we shall not consider here [8] all the systems studied in this
book may be described by Hamiltonians which are unaffected by the parity
operation (that is, the reflection of the coordinates of all the particles through
the origin) and therefore any non-degenerate state of such systems has a definite

parity (even or odd). Now for a system containing N particles of charges ¢;

(i=1,2,...N)and coordinates r;, the electric-dipole moment operator
D= er; {\ [5.94]
=1 \

is odd under the parity operation, so that its expectation value in a state of given
parity is zero. As a result, systems in non-degenerate states cannot have permanent

electric dipole moments. Note, however, that if we have a positive ion A" located
at the position r; and a negative ion B at the position r;, the system (A"B7)

(8] Parity non-conserving effects occur in the so-called weak interactions, which are responsible for
weak decay processes of (elementary) particles, such as those observed in beta decay.

\—/
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does possess an electric dipole moment. This does not contradict the previous
argument since the configuration for which A* is atr and B” at r, has the same
energy as the first arrangement and the system is necessarily degenerate. For the
same reason, when atoms are bound together, the resulting molecules may
possess permanent electric dipole moments [9].

Another remark concerns our use of degenerate perturbation theory for the
treatment of the Stark effect on the n = 2 levels. As we know from our
discussion in Section 5.1 there are small effects (fine structure, Lamb shift)
which remove some of the degeneracies of this level, so that the situation will
then correspond to a near-degenerate case. We shall-not treat this problem in
detail [10] but consider instead the simple model problem in which two
unperturbed states ¢<lo> and % do not correspond exactly to the same
unperturbed energy E‘¥ (E, . in our case) but to energies given respectively by
E® =E® — ¢ and EQ® = E© + ¢, which differ by a small amount 2e.
Instead of solving an equation of the type [5.87] we must now solve the matrix

equation
E(O) —¢ —FE Hiz Cq
(H§1 E® + ¢ — E) o) 0 15.95]

where H|, = Hj; is given by [5.88]. Thus we have
E = E© = [(H}? + &7 [5.96)

It is apparent from this result that for very weak fields (such that |Hy;| <«
and the Stark splitting is small with respect to fine structure effects), there is no
linear Stark effect. On the other hand, for strong field strengths ¢ such that
|H1,| > & we retrieve the results found above by using degenerate perturbation
theory (linear Stark effect). In what follows we shall continue to assume that the
field strength % is large enough for the fine structure effects to be neglected.

The splitting of the n = 3 level due to the linear Stark effect may be treated in
a way similar to the n = 2 case analysed above. It is found (Problem 5.4) that
this level is split into five equally spaced levels, as shown in Fig. 5.14.

Also displayed in Fig. 5.14 are the radiative transitions between the levels
n = 2 and n = 3 (corresponding to the spectral line H,,) of atomic hydrogen in
the presence of an electric field. The selection rules with respect to the magnetic
quantum number m are the same as those we obtained in Chapter 4 without an
external field. That is

Am=0,=*1 [5.97]

The Am = 0 transitions are said to correspond to 7 components, and the
Am = #*1 to o components.

[9] The kind of degeneracy to which we have referred is often removed in an ‘exact’ calculation of
molecular ground statey/ However, because the splittings involved are very small, in any
experiment an average is taken over the ground and neighbouring states, of different parities,
resulting in an effective permanent electric dipole moment.

[10] A comprehensive treatment may be found in Bethe and Salpeter (1957).
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m=0 m==+1 m= *2
(s,p>d) (p,d) (d)

T 7

ks v
a g (o
n=2 / 3
(ssp) (p)

5.14 Splitting of then = 3 and n = 2 levels of hydrogen due to the linear Stark effect. The various
possible transitions are shown, those with Am = 0 correspond to 7 lines and those with Am = *1to

o lines.

On the other hand, since / is not a good quantum number in the presence of
an external electric field, it is clear that the selection rules concerning ! must be
modified. In particular, because the operator [5.83] has a non-vanishing matrix
element between the 2s and 2p, states, these two states are ‘mixed’ by the
perturbation H' with the result that the metastable 2s state is ‘contaminated’ by
the unstable 2p state. Thus a radiative transition from the 2s state to the 1s state
can be induced by an external electric field [11], so that the lifetime of the 2s
state is considerably shortened by comparison with its value (1/7 s) in the
absence of electric field.

In order to examine in more detail this process, which is called ‘quenching of
the metastable 2s state’, let us assume that at the initial time ¢ = 0 the hydrogen
atom is in the 2s (200) state. We then apply a constant electric field of strength €
directed along the Z axis, and use the results [5.91] and [5.92] to write the
time-dependent wave function of the atom at t >0 as~_

\P(l', l‘) — Clwl(r)e—(i/h)(En:z—AE)t + Czlﬁ2<r>e-<i/h><E"£Z+AE)t [598]

[11] Itis worth noting that this external electric field need not be a static field, as in the case studied
here, but can also be a time-dependent (oscillating) field.
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where E,.; = —mc?a?/8and AE = |H},;| = 3e ‘€ ay is the absolute value of the .
(first-order) energy shift. The coefficients ¢, and ¢, are easily found from the ?
initial condition

W(r, t = 0) = tgor) [5-99]

Using [5.92] and [5.99], we find that ¢; = ¢; = 2712 so that

— 1 ~ (/R En-2—AE) 1 —(t/h X En- 2+ AEN
‘l/(r, t) I~ dll(r)e + ‘1/2(1')6
V2 \/7

[(ono(f) COS('ATE l) + 1210(r) Sin('AWE‘ t)] e~ (/ME2t [5100)

Thus the atom oscillates between the 200 (2s) and 210 (2py) states, with a period

h
T = AE | [5.101]

For example, in the case of an electric field of strength € = 10’ V/m, we find
from [5.101] that T = 1.3 X 107!'% s which is much shorter than the time
r=1.6 x 10 °s corresponding to the radiative transition 2p—ls (i.e. the

i lifetime of the 2p state in the absence of external field). As a result, the average
i population of both states 2s and 2p, is nearly equal during the entire decay time.
! This conclusion is easily seen to be true for initial conditions in which the atom
is initially (at ¢ = 0) in an arbitrary superposition of the 2s and 2p, states
(Problem 5.5). Thus, in the presence of a strong electric field the radiative
transitions 2s—1s and 2p—1s have the same transition probability per unit time,
which is equal to 1/27. It is apparent from this discussion that in general, an
external electric field will be able to induce n's — ns radiative transitions.

Quadratic Stark effect

We have shown above that for the ground state (100) of hydrogenic atoms there
is no linear Stark effect. In order to investigate the effect of the perturbation
[5.83] on that state we must therefore consider the second-order term of the
perturbation series. Using [2.319] we see that in our case it reads

2
E@) = & € % %—';—'zl—"’gﬂ 15.102)
where the sum implies a summation over the discrete set together with an
integration over the continuous set of hydrogenic eigenfunctions. It is clear from
[5.102] that the ground/ state energy will be lowered by the quadratic Stark ef-
fect, since the energy differences E, — E (n = 2) are always negative. In fact,
we may readily obtain a lower limit for E3 1oo by replacing in [5.102] the energy
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differences E, — E, by E, — E,. That is,

2

ER 2 g2 [(taiml2| 100)]

160 = —e '}f:,,l _——_—En &,

1
> —e? € 0 il 2 U000 5.103
E, - E, n;l [zl ¥100)] [ ]
Im

The summation on the right of [5.103] may now be performed as follows. We
first note that because (Y1o02|¢100) = 0 we may write

;1 Kibiml2lthro0)? = >, i 2|10 *

n,l,m

= > <¢106/lzll,[/nlm) (Yutm|2| $100) [5.104]

n,,m

Im

Using the completeness of the hydrogenic states, namely

gn, (Yt (Yot = 1 [5.105]
we have
;m (U100 2| Yinim) (Wi 2| U100) = (10012 Y100)
= (2100 [5.106]
But
B = W0 = (30 = + (oo = [5.107]

so that from [5.103]-[5.107] and [3.29] we have

EZ) > —= (47780) ——%2 [5.108]

It is possible to obtain in a straightforward way another estimate for E3)

(Problem 5.6):
Ef ~ —2(47780) - ‘éz [5.109)

The exact evaluation of the expression [5.102] is more tedious and we shall
not discuss it in detail here. One finds (Bethe and Salpeter, 1957) that

3
ER, = —2.25(4meo) %%2
%2
= —3.71 X 10_‘“(-?-)]'oule [5.110]
e
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It is worth noting that about one-third of the result [5.110] arises from the
contribution of the continuum in the summation [5.102]. We also remark that
the quadratic Stark effect given by [5.110] is generally very small, being
approximately 0.02 cm™! for atomic hydrogen in the case of a field strength
€ = 108 volt/metre.

Upon differentiation of the expression [5.102] with respect to the electric field
strength, we obtain for the magnitude of the dipole moment the result

aE(Z)
D=- 6%"0 = a8 [5.111]
where
- 2 ‘<¢nlm|z|d’100>|2
= - 5.
a=2e %} T [5.112]

is called the dipole polarisability of the atom in the state (100). We see from
[5.111] that D is proportional to €, so that we have an induced dipole moment. We
also note from [5.102] and [5.112] that
1
E#) = 5 @&? [5.113]
and the result [5.110] shows that

@
4.50(47eg) 74

a

742 x 100 Z*Fm? [5.114]

il

The foregoing discussion of the quadratic Stark effect has been limited to the
ground state of hydrogenic atoms, for which it is the first non-vanishing term of
the perturbation series. Similar calculations may be carried out for excited
states, where the quadratic Stark effect is a correction to the linear Stark effect
studied above. This correction is in general quite small. For example, in the case
of the H, line, where the separation of the outermost components is about
200 cm ! for a field strength of 4 X 107 volt/metre, the corresponding (red)

shift due to the quadratic Stark effect is only 1 cm L.

lonisation by a static electric field

So far we have used perturbation theory to study the energy shifts and the
spectral lines of hydrogenic atoms in the presence of a static electric field. We
shall now consider another effect due to the presence of an external electric field,
namely the removal of the electron from the atom.

To see how this comes abeut, we first note that the total potential energy V of
the electron is obtained by.adding the potential energy e € z arising from the
external field (see [5.83]) to the Coulomb potential —Ze?/(4 £ o)r of the nucleus,
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Thus
Ze?

—(—4;0—)—"4-8%2 [5115]

V=
A schematic drawing of V is shown in Fig. 5.15 as a function of z, for x and v
fixed. It is apparent that the nucleus is not the only place at which V has a
minimum, since V can become even more negative if z is negative enough, that
is at large enough distances of the atom in the direction of the anode. Thus the
potential V has two minima, one at the nucleus and the other at the anode,
separated by a potential barrier. The electron, which is initially in a bound state
of the atom, has therefore a finite probability of ‘escaping’ from the atom by
means of the tunnel effect, and being accelerated toward the anode, so that
ionisation will occur. '

This possibility of ionisation by the electric field was first pointed out by
J. Oppenheimer in 1928. Experimentally it can be observed when the external
electric field is very strong and (or) for levels with high principal quantum
number such that the radius of the electron orbit is large. It is then seen that the
spectral lines are weakened because of the competition between the radiative
transitions and the ionisation process. Moreover, in the presence of an external

4
V (Xos Yos 2)

nv

. Zét
4me) V(& + 3%+ 2°)

S
5.15 The potential V experienced by an electron interacting with a nucleus of charge (Ze);-in a_
uniform electric field of strength €, as a function of z, for x = xo and ¥ = y, fixed.

yu
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electric field the lifetime of the discrete levels is decreased because of the ‘tunnel
effect’, so that the width of the spectral lines is increased. This is known as Starh v‘;m'm
broadening. In particular, the ground state itself is no longer a stationary state, i
but becomes a metastable state when an external electric field is applied, and the ‘
perturbation series is found to diverge. However, if the electric field is not too

| strong, the ground state is stable on a very large time scale, and the predictions

' of the first few terms of the perturbation series agree very well with experiment.

5.4 THE LAMB SHIFT

We have seen in Section 5.1 that, according to the Dirac theory, energy levels of

one-electron atoms with the same value of the quantum number j but different
‘ values of I should coincide. We also pointed out at the end of that section that in
trying to resolve the fine structure of hydrogenic atoms by optical measure-
ments, several investigators had reported small discrepancies between the
observed spectra and the Dirac theory. In particular, W. V. Houston in 1937
and R. C. Williams in 1938 carried out experiments which were interpreted by
S. Pasternack (1938) as showing that the 2s,,, and 2p;; levels did not coincide,

but that there existed a slight upward shift of the 2s; /, level of about 0.03 cm J

However, the experimental attempts to obtain accurate information about

¥ fine structure of atomic hydrogen (and in particular about the lines of t
Balmer series) were frustrated by the broadening of the spectral lines due mainly
to the Doppler effect. In fact other spectroscopists disagreed with the results of

Houston and Williams, and found no discrepancy with the Dirac theory.
The question was settled in 1947 by W. E. Lamb and R. C. Retherford who
performed a brilliant experiment which we shall now briefly describe. Instead of
attempting to resolve the fine structure of hydrogen by investigating its optical
spectrum, Lamb and Retherford used microwave techniques [12] to stimulate a
direct radio-frequency transition between the 2s,,; and 2p; levels. As we noted
in Section 4.5 there is no selection rule on the principal quantum number » for
electric dipole transitions. In particular, these transitions can occur between
levels having the same principal quantum number. This fact was pointed out as
early as 1928 by Grotrian, who suggested that it should be possible with radio
waves to induce such transitions among the excited states of the hydrogen atom.
For example, in the case of the transition 2s;,,—2ps/2, the energy separation
SE = 4.52 x 107° eV = 0.365 cm ™! which we obtained in [5.32] corresponds
to a wavelength of 2.74 cm or a frequency of 10949 MHz. Because the
‘ frequencies of radio waves are much smaller than those corresponding to optical
| lines (such as the H,, line), the Doppler broadening, which is proportional to the
‘ frequency (see [4.145)) is considerably reduced in radio-frequency experiments,
and could in fact be neglected in the experiment of Lamb and Retherford. Of
course, since the frequencies of radio waves are small, the transition rates for
spontaneous emission, which are proportional to »3 (see [4.71]) are very smali.

[12] A detailed account of microwave spectroscopy may be found in Townes and Schawlow (1955),

229




One-electron atoms T 4

However, stimulated (induced) transitions can occur if the atoms are sent
through a region where there is an electric field oscillating at the appropriate
frequency corresponding to the transition to be studied. In the experiment of
Lamb and Retherford such stimulated transitions are observed between the
levels 2s;,,—2p1/2 and 2sy,2—2p3/2. Since the transition rates for stimulated
absorption and emission are equal (see [4.43]), it is necessary that the two states
between which the transitions are studied should be unequally populated.
The experimental method of Lamb and Retherford is based on the fact that
the 2s,,; level is metastable. Indeed, as we have seen in Chapter 4, the electric
dipole transition from the state 2s,/; to the ground state 1s,, is forbidden by the
selection rule Al = +1. The most probable decay mechanism of the 2s; /; state is
two-photon emission, with a lifetime of 1/7 s. Thus, in the absence of
perturbations, the lifetime of the 2s, , state is very long compared to that of the
2p states, which is about 1.6 X 10~°s. In the apparatus of Lamb and
Retherford, shown in Fig. 5.16, a beam of atomic hydrogen containing atoms in
the metastable 2s, /, state is produced by first dissociating molecular hydrogen in
_ a tungsten oven (at a temperature of 2500 K where the dissociation is about 64
per cent complete), selecting a jet of atoms by means of slits, and bombarding
this jet with a beam of electrons having a kinetic energy somewhat larger than
10.2 eV, which is the threshold energy for excitation of the n = 2 levels of
atomic hydrogen. In this way a small fraction of hydrogen atoms (about one in
10%) is excited to the 2s1/2, 2p1,2 and 2ps, states. The average velocity of the
atornic beam is about 8 X 10° cm s~ 1. Because of their long lifetime, the atoms
in the metastable 2s,/, state can easily reach a detector placed at a distance of
about 10 cm from the region where they are produced. On the other hand the
atoms which are excited in the 2p;,; or 2ps3 2 states quickly decay to the ground
state 1s,, in 1.6 X 10~° s, moving only about 1.3 X 1072 cm in that time, s0
that they cannot reach the detector. This detector is a metallic surface (a
tungsten ribbon), from which the atoms in the metastable state 2s;,, can eject
electrons by giving up their excitation energy. Atoms in the ground state are not
detected, the measured electronic current being proportional to the number of
metastable atoms reaching the detector. Now, if the beam containing the
metastable 2s,,; atoms passes through an ‘interaction region’ in which a
radio-frequency field of the proper frequency is applied, the metastable atoms
will undergo induced transitions to the 2p1/2 and 2ps,, states, and decay to the

Interaction region

\A AL

Source >

Detector

5.16 Schematic diagram of the Lamb—Retherford experiment. The source produces. an “atamic

beam of hydrogen containing a small fraction of atoms in the 2s,, level. The beam is passe: through
a region of a radio-frequency electric field and a variable magnetic field and is detected n

apparatus which records only atoms in the n = 2 level. h
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ground state 1s;,; in which they are not detected. As a result, there is a
reduction of the number of metastable (25 /2) atoms registered by the detector
at the (resonant) radio-frequencies corresponding to the frequencies of the
2s1/2-2p1,2 and 2s1/2-2p3/2 transitions. In the ‘interaction region’ the atomic
beam also passes in a variable magnetic field. In this way Lamb and Retherford
could separate not only the Zeeman components of the 2sy,,, 2p;,2 and 2ps,;
levels, but also reduce the probability of fortuitious disintegration of the 2s; ;
state due to Stark effect mixing of the 2s;,, and the 2p levels caused by ;
perturbing electric fields. Moreover, the use of a variable external magnetic field
avoids the difficulty of producing a radio-frequency field with a variable
frequency but a constant radio-frequency power. Instead, Lamb and Retherford
could operate at a fixed frequency of the radio-frequency field and obtain the
passage through the resonance by varying the magnetic field. The resonance
frequency for zero magnetic field was found by extrapolation. In this way Lamb
and Retherford found in 1947 that the 2s,/2 level lies above the 2p, ; level by an
amount of about 1000 MHz. Further experiments carried out by Lamb and his
collaborators gave the very precise value (1057.77 = 0.10) MHz for this energy
difference, which is now called a ‘Lamb shift’. We note that this value, which
corresponds to 4.37462 X 1075 ¢V or 0.0352834 cm™ ", is about one-tenth of
the fine structure splitting of the n = 2 term.

The need to explain the Lamb shift stimulated numerous theoretical develop-
ments which led Bethe, Tomonaga, Schwinger, Feynman and Dyson
fundamental revisions of physical concepts (such as the renormalisation of mass,
and to the formulation of the theory of quantum electrodynamics (QED). In this
theory, ‘radiative corrections’ to the Dirac theory are obtained by taking into
account the interaction of the electron with the quantised electromagnetic field. |
These calculations are outside the scope of this book, and we only mention the |
following qualitative explanation of the Lamb shift given in 1948 by Welton. A
quantised radiation field in its lowest energy state is not one with zero
electromagnetic fields, but there exist zero-point oscillations similar to those we
discussed for the case of the harmonic oscillator in Section 2.4. This means that
even in the vacuum there are fluctuations in this zero-point radiation field which
can act on the electron, causing it to execute rapid oscillatory motions so that its -
charge is ‘smeared out’ and the point electron effectively becomes a sphere of a
certain radius. If the electron is bound by a non-uniform electric field, as in
atomic systems, it will therefore experience a potential which is slightly different
from that corresponding to its mean position. In particular, the electron in a
one-electron atom is not so strongly attracted to the nucleus at short distances.
As a result, s-states (which are most sensitive to short distance modifications
because |(0)|> # O for these states) are raised in energy with respect to other
states, for which the corresponding modifications are much smaller.

The energy shifts for the 2s;/2, 2p1/2 and 2ps/2 levels with respect to the
Dirac theory are illustrated in Fig. 5.17 for the case of atomic hydrogen. The
theoretical value of 1057.91 MHz for the Lamb shift (the energy difference
between the 2s,,, and 2p,,; levels) is in excellent agreement with the
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5.17 A diagram (not to scale) of the Lamb shift of the n = 2 levels of atomic hydrogen. The energies
of the levels relative to the ground state are given to the right of the diagram in units of cm™%

experimental value (1057.77 + 0.10) MHz obtained by Lamb ez al. and with
a more recent measurement by Robiscoe and Shyn giving the result
(1057.90 = 0.06) MHz. The Lamb shift has also been measured and calculated
for other levels of atomic hydrogen and also for other hydrogenic systems such
as deuterium, He™, Li**, and so on.

5.5 HYPERFINE STRUCTURE AND ISOTOPE SHIFTS

Atomic nuclei have radii of the order of 10~ A (10~ '* m) which are very small
compared with typical distances of an electron from the nucleus (~1 A). The
nuclei are also much heavier (about 10* times) than electrons. It is therefore a
very good approximation to consider the nuclei to be positive point charges of
infinite mass. However, the high-precision experiments which can be carried
out in atomic physics reveal the existence of tiny effects on the electronic energy
levels, which cannot be explained if the nuclei are considered to be point charges
of infinite mass. These effects, first observed by A. Michelson in 1891 and C.
Fabry and A. Perot in 1897 are called hyperfine effects, because they produce
shifts of the electronic energy levels which are usually much smaller than those
corresponding to the fine structure studied in Section 5.1.

it is convenient to classify the hyperfine effects into those which give rise to
splittings of the electronic energy levels, and those which slightly shift the energy
levels, but without giving rise to splittings. The former are called~hyperfine
structure effects while the latter are known as isotope shifts (or isotope effects)
since they can usually be detected only by examining their variation between
two or more isotopes. We have already encountered examples of isotgpic shifts
in Chapters 1 and 3, when we studied the modification of the energy levels of
hydrogenic atoms due to the fact that the nuclear mass is finite {feduced mass
effect). In particular, we saw that the introduction of the reduced mass gives a
very good account of the frequency difference between the spectral lines of
‘ordinary’ atomic hydrogen (proton + electron) and its heavy isotope, deuter-
ijum (deuteron + electron). Another isotope shift is the volume effect,"which
arises because the nuclear charge is distributed within a finite volumw that\
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the potential felt by the electron is modified at short distances. We shall briefly
consider this effect at the end of this section.

Let us now turn our attention to the hyperfine structure effects, which are
responsible for splittings (extending over the range from 107%to 1 cm™") of the
energy levels of the atoms. These effects result from the fact that a nucleus may
possess electromagnetic multipole moments (of higher order than the electric
monopole) which can interact with the electromagnetic field produced at the
nucleus by the electrons. By using general symmetry arguments of parity and
time-reversal invariance it may be shown [13] that the number of possible
multipole (2* pole) nuclear moments is severely restricted. Indeed, the only
non-vanishing nuclear multipole moments are the magnetic moments for odd k
and the electric moments for even k, i.e. the magnetic dipole (¢ = 1), electric
quadrupole (k¢ = 2), magnetic octupole (¢ = 3), and so on. The most important
of these moments are the magnetic dipole moment (associated with the nuclear
spin) and the electric quadrupole moment (caused by the departure from a
spherical charge distribution in the nucleus). We shall first examine the
hyperfine structure due to the magnetic dipole interaction and then discuss
briefly the electric quadrupole interaction.

Magnetic dipole hyperfine structure

In 1924 W. Pauli suggested that a nucleus has a total angular mm}tum |
(called ‘nuclear spin’) and that hyperfine structure effects might be due to mag-
netic interactions between the nucleus and the moving electrons of the atom,
dependent upon the orientation of this nuclear spin. The eigenvalues of the
operator I? will be written as I(I + D42, where I is the nuclear spin quantum
number (also often called the spin of the nucleus) or in other words the maximum
possible component of I (measured in units of #) in any given direction. Now
the nucleus is a compound structure of nucleons (protons and neutrons) which
have an intrinsic spin 1/2 and may participate in orbital motion within the
nucleus. Thus the nuclear spin is compounded from the spins of the nucleons,
and can also contain an orbital component. The corresponding spin quantum
number / may have integral or half-integral values. In the former case the
nucleus is a boson (obeying Bose—Einstein statistics) while in the latter case itisa
fermion (obeying Fermi-Dirac statistics). We shall also denote by M,# the
eigenvalues of the operator I, so that the possible values of M; are M; = -1,
-I+1,...,1

As we pointed out above, a nucleus may possess 2*-pole moments, with k odd
for magnetic moments and k even for electric moments. Furthermore, it may be
shown [13] that a nucleus of spin quantum number / cannot have a multipole
moment of order 2", where n is greater than 2/. We shall begin by considering
the nucleus as a point dipole with a magnetic dipole moment My proportional to

[13] See for example Ramscy (1953).
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the nuclear spin I. That is,
My = grunl/f [5.116]

where g; is a dimensionless number (whose order of magntiude is unity) called
the nuclear g factor or nuclear Landé factor. We note that g; is positive if My lies
along I. The quantity .y which appears in [5.116] is called the nuclear magneton; ‘
it is defined by !

eh m

MN T M, = ‘M—p MB [5.117]

where m is the mass of the electron, M, the mass of the proton and ug the Bohr
magneton. Thus the nuclear magneton gy is smaller than the Bohr magneton
ug by the factor m/M, = 1/1836.15. The numerical value of the nuclear
magneton is

pn = 5.05082 x 10777 joule/Tesla [5.118] |
It is worth noting that [5.116] is sometimes written in units of Bohr magnetons ‘:
as |
My = grusl/fi [5.119]
in which case
g oD - B [5.120]

8= o T, ¥ T 1836.15

is a very small number. Since I# is the maximum component of I in a given
direction, we may also write [5.116] as

M
My = (TN)I/ﬁ [5.121]
where My is the value of the nuclear magnetic moment. In units of nuclear
magnetons, we have

Mn = gd [5.122]

The values of the spin quantum number /, the nuclear Land¢ factor g; and the

nuclear magnetic moment /My are given in Table 5.1 for the nucleons and a few

nuclei. N
Let us consider a hydrogenic atom with a nucleus of charge Ze such that

Za < 1, and a magnetic dipole moment My . We shall write the Hamiltonian of /

this system as / ;

y |

H = HQ + HI’VXD [5.123}/ |

where the zero-order Hamiltonian H, now includes the Coulomb-interaction ]

—Ze?/(4meg)r and the relativistic (fine structure) corrections discussed in -
e
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Table 5.1 Values of the spin, Landé factor and magnetic moment of the nucleons and some
nuclei. The notation is such that !X represents a nucleus with a total of a nucleons, b of which are

protons

Nucleus Spin Landé factor Magnetic moment My
1 gr (in nuclear magnetons)

proton p 1/2 5.5883 2.79278

neutron n 1/2 —3.8263 -1.91315

deuteron 2D 1 0.85742 0.85742

3He 1/2 —4.255 ©-2.1276

$He 0 — 0

12C . 0 — 0

150 0 — 0

3K 3/2 0.2609 0.3914

$7Zn 5/2 0.35028 0.8757

$Rb 5/2 0.54108 1.3527

129% e 1/2 —1.5536 —0.7768

133Cs 7/2 0.7369 2.579

195Hg 1/2 1.0054 0.5027

WlHg 3/2 —0.37113 —0.5567

S

Section 5.1 (which are of order (Za)*, as seen from (5.29]) while Hyup is a
perturbative term due to the presence of the magnetic dipole moment My . This
term will clearly lead to even smaller corrections than those corresponding to the
fine structure, since the magnetic moment of the nucleus is much smaller than
that of the electron. We may therefore assume that we can deal with an isolated
electronic level labelled by the total electronic angular momentum quantum
number j. The zero-order wave functions (eigenfunctions of H) are separable in
the electronic and nuclear variables and are eigenfunctions of 2. 7., Pand I,
(where J = L + S is the total electronic angular momentum operator). Using
the Dirac notation, we shall write them as |yjm;IM,), where the symbol y
represents additional quantum numbers. These zero-order wave functions are
(2j + 1)(2I + 1)-fold degenerate in m;and M;. We also remark that in the Pauli
approximation (see Appendix 7) — which we shall adopt here — the zero-order
wave functions are also eigenfunctions of L? and S?, and will thus be written
more explicitly as |lsjmIM ).

We now examine the perturbation H yp due to the magnetic dipole moment
My of the nucleus. The magnetic field due to this dipole moment will interact
with both the orbital angular momentum L and the spin S of the atomic
electron. We shall denote the former interaction by H | and the second by H3, so
that

Hup = Hy + H; [5.124]
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The term H | is readily evaluated as follows. The vector potential A(r) duetoa
point dipole located at the origin is

e ).

1
- TM;(MN X 1) [5.125]

A(r)

Neglecting for a moment the spin of the electron, the interaction term due to the
presence of the vector potential A(r) is (see [4.22])
ih
Hi=-2A-V [5.126]
m
Inserting [5.125] into [5.126] we obtain after a straightforward calculation

(Problem 5.7)

, _ Mo 2 1
H1=Iq;gﬂB'r—3L'-MN
2

1t 1
= 27% 5 pnpn 5 L1 [5.127]

where we have used [5.116] and we recall that L = r X p. We remark that the
term H | may be interpreted as the interaction of the nuclear dipole moment My
with the magnetic field — (uo/4mel./ mr3 created at the nucleus by the rotation
of the electronic charge. We also note that H | has non-zero matrix elements only
between states for which [ # 0.

Next, we find the contribution H) arising from the electron spin S. The
magnetic field associated with the vector potential [5.125] is

B =VxXA
1 1 .
- B [MNW(—) - VMx V) —J [5.128]
4 r) r
The spin magnetic moment of the electron is M, = —g.usS/h so that the
corresponding interaction energy is (with g, = 2)
H,= M, B =2upS  B/f [5.129]

or

1 1
Hi = o [Ms MY (;) — (M V) V) 7}

2 1 1]
- gmm[s 2 V2(7) -V V);]\ [5.130]
where we have used [5.116].
It is convenient to examine the term H5 separately for the two cases r # 0and '
r = 0. Since the hydrogenic wave functions behave like r' at the origin, the

236




55 Hyperfine structure and isotope shifts

expression of H} at r = 0 will only be relevant for states with / = 0 (s-states).
We first note that since

VZ(%) = —4m &) (5.131]

the first term in square brackets in [5.130] vanishes for r # 0. It is also a simple
matter to show (Problem 5.8) that for r # 0

(S-V)(I~V)%=——{S I- W] r#0 [5.132]

Hence, using [5.130]} and [5.132], we have

, Ho 2 1 (S "))
H; = - 4 72 BIMBUN 3[5 I- —r—z_

_ io_ i [# _M,N (.M.s . l')(.M,N . l'):l’ ; #: 0 [5.133]

47 3 r?

which represents the dipole—dipole interaction between the magnetic moments
of the electron and the nucleus. Adding the results [5.127] and [5.133], the
interaction between the nuclear magnetic dipole moment and an electron for
which [ # 0 is seen to be

S r)z(l r)J’ . 7é)0
r
[5.134]
Let us now return to the expression [5.130] of Hj and consider the case r = 0,
which is important for s-states ({ = 0). We have already seen that the first term
in square brackets in [5.130] is porportional to 8(r). The second term in square
brackets contains a similar term proportional to 8(r), as we now show. Indeed,
for matrix elements involving spherically symmetric states (with [ = 0) we
remark that out of the expression (with x;, = x, x; = y, x3 = 2)

, Mo 2 1
HMD:E?gIIU“B/J«NF L-I-S-1I+3

3 3 aZ 1
S-vwi-Vv — 5.135
( X ) ; ; 4 dx,0%; ( ) [ J
all terms will vanish except those with ¢ = j. Each of the matrix elements of

9% (1 8t (1 9? 1)
axi\r)’ axi\r)’ ax3 \r,

must have the same value, so that for I = 0

1 1

_ - DV2 | —

3 S-D (r>

——4777 S -I4(r) [5.136]

1
S -na- V);
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From these equations and the fact that the term H does not contribute for
states with = 0, we deduce that the interaction between the nuclear magnetic
dipole moment and an s electron is given by

, Mo 2 8
Hup = e 81BN 3~ S - 1
8
= B0 0T g My 8@, 1=0 5.137)]
47 3 _

This expression, which is proportional to &8(r), is called the Fermi contact

interaction.

We now proceed to the calculation of the first-order energy shifts due to the
perturbations [5.134] and [5.137]. We begin by considering the case ! # 0, and
write [5.134] more simply as

/ po 2 1
Hup = . 72 gI/J'B:u'N'r_s G-I [5.138]
where
S 1)
G-L-8+3" rz”r [5.139]

We have seen above that the zero-order wave functions lsimIM[) are
(2j + 1)(2I + 1)-fold degenerate in m; and M, . By analogy with the spin—orbit
coupling discussed in Section 5.1, the diagonalisation of the perturbation is
greatly simplified by introducing the total angular momentum of the atom
(nucleus + electron)

F=1I-] [5.140]
We shall denote by F(F + 1)4? the eigenvalues of the operator F* al}d by MzA
those of F,, with Mz = -F,-F +1,...,+F. From the rules concerning

the addition of angular momenta, the possible values of the quantum number F
are given by

F=|I—j1,|l—j1+1,...,I+j—l,1+j [5.141]
Since F and My remain good quantum numbers under the application of the
perturbation Hjp it is convenient to form new zero-order functions |/ls/IFMg)
which are linear combinations of the functions |lsim,IM ). The energy shift due
to the perturbation [5.138] is then

lstFMF>, 1#0 [5.142]

1
—— =G'1
47 #* r
Using the identity [5.76] we can replace the matrix element of G - I taken
between states with equal j by that of

G-pa-p
= W [5.143]

Ho 2 .
AE = grupunt IFMg

G-I
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Moreover, since

FP=P+2-J+) [5.144)
so that
I1'J=3F*-PF -] [5.145]
we have
AE = —g-[F(F + 1) - IT+ 1) = G+ D] [5.1464]
with

_ Ho B SR S
C = 4 Zerkmn 7o Dﬁz<r3 G J>, 1#0  [5.146b)

and we have used the simplified notation () for the expectation value.
The quantity ("> G * J) is readily obtained as follows. We first note that

since L * r = 0, we may write

G-J=(L s+38 r)r)-(L+S)

-82+3 (Sr 2 [5.147)]
It is easily shown (Problem 5.8) that )
st 38 ;Zr)z =0 [5.148)
so that G - J = L? and
<71§ G- J> = I+ 1)ﬁ2<r—13> [5.149]

Thus we have
Mo i+ 1n/1
=09 RS Sl
C= 4 EIMBMN](]. I <r3>

[a+1 z?

_ Mo
= g CEmBiN G+ Danlld + 1/2)1 + 1) bro [5.150]

where we have used the expectation value of r > given by [3.73], and we recall
that ¢, = ag(m/u), n being the reduced mass of the electron with respect to the

nucleus.
Turning now to the case of s-states (! = 0), the first-order energy shift due to

the perturbation [5.137] is

8 .
AE = ﬁz SIMBMN ——<6(r)S D, [=0 [5.151]
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As L = 0, we have F = I + S, from which

S-I=34F -1 - S?) [5.152]
and therefore
Co
AE = ZFE+ D - IU + 1) =56+ D] [5.153a]
with
8
Co = 22 2gruppn - (8(6), 1= 0 [5.1530]
7-/ 3
Now

(8(r) = J ¢ra0o(rI? 8(r) dr

= hl/nOO(O) lZ

Z?:

=33
man

[5.154]

where we have used the result [3.60]. Thus

Mo 16 Z3

Cy = — — unli
0 47 3 ErMBMN a;n3

[5.155]

Comparing [5.146] and [5.153], and recalling that j = s for s-states, we se€
that for both cases [ # 0 and [ = 0 we have

AE = %[F(F + 1) - Id + 1) —jG + D] [5.156a]

with
o 1 VA

Q
V 5.156
dr EIHBEN ST G 1) [5.1560]

C:

Using atomic units and introducing the fine structure constant «, we may also
write this result as

32 3 — —5(5
I m  Za (u) FFE+H-IT+D-jGHD 0 15457)

AE = - —
1M, WG+ D@+ D

For a given nucleus having a spin quantum number I, a fine structure atomic '
energy level corresponding to fixed values of / and j is therefore split further into
hyperfine components labelled by F. Since the energy correction does not
depend on Mg, each of these hyperfine energy levels is (2F + 1)-fold degener-
ate. The possible values of F being U=, I=J+1...1+] (see [5.141]),
the number of hyperfine structure components corresponding to a fine structure

m
’
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energy level is the smaller of the two numbers (25 +1) and (27 + 1). These
components are said to form a hyperfine structure multiplet. As an example, we
shown in Fig. 5.18 a schematic drawing of the hyperfine structure splitting
of the n = 1 and n = 2 levels of ‘ordinary’ hydrogen (H) and deuterium (D).
For ‘ordinary’ hydrogen the spin of the nucleus is just the spin of the proton,
I =1/2,andsincej = 1/2,3/2,. . . we always have hyperfine doublets. On the
other hand, for deuterium the spin of the nucleus is I = 1, so that we have
doublets for j = 1/2 and triplets for the other values of ;.

We remark from [5.156] that since the quantity C is independent of F the
energy difference between two neighbouring hyperfine levels — called hyperfine
separation — 1s just

AE(F) - AE(F - 1)=CF [5.158]

and is thus proportional to F. This is an example of an interval rule. From
[5.157] we also see that the energy separation SE between the two outermost
components of the hyperfine multiplet (corresponding to the values Fy = I + f
and F, = |[ — j| of the quantum number F) is given in atomic units by

I+1/2 for j=<1

3 3 2

m [ 227

8E = — | — _— X P4+ 1/2 [5.159
M, (m) S3G D@+ 1) “—JJ—Q for j=1 ]

The hyperfine structure of spectral lines resulting from the magi. "~ dipole
interaction may be obtained (in a way similar to the fine structure discuésed in
Section 5.1) by combining the above results with the selection rules for
electromagnetic transitions between energy levels. For electric dipole transitions
the selection rules obtained in Section 5.1 (Al = =1 and Aj = 0, =1) remain
valid, and in addition it may be shown that the quantum number I obeys the

selection rule
AF =0, =1 [5.160]

the transition F = 0 — F = 0 being excluded. Examples of allowed hyper-
fine transitions are shown in Fig. 5.19. We note that transitions between
levels having the same value of j but different values of F can also take place.
These transitions are in the microwave region and are generally weak, so that
they are best observed by using stimulated emission techniques.

The hyperfine transitions, observed by optical or microwave spectroscopy,
can be used to determine the spin J and magnetic dipole moment My = g; [ of
the nucleus. Indeed, the maximum hyperfine multiplicity of levels with large
enough j gives (2I + 1) and the hyperfine separation allows the determination of
the nuclear Landé factor g;. Using the generalisation of the above equations for
complex atoms (to be discussed in Chapter 8), the dipole magnetic moments of
many nuclei have been obtained. .

The hyperfine structure of the 1s; ,; ground state of ‘ordinary’ hydrogen (H) is
of particular interest, because in this case very elaborate calculations can be
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— F=2
Pw
F=1
F=1
leZ
F=0
-F=1 - F=1
82 Siz
L SE—— — ——— F=0

5.19 Allowed dipole transitions between n'p and s levels of hydrogen. There is no restriction on n’
and 7, and the case n' = n is allowed.

carried out and compared with extremely high precision measurements, per-
formed by using atomic beam magnetic resonance methods [14]. Since the
proton spin is I = 1/2 and the level 1s;,, has a total electronic angular
momentum quantum number j = 1/2, this level splits into two hyperfine
components corresponding to the values F =0 and F =1, the state” *h F =0
being the ground state (see Fig. 5.18). Using [5.159] we see that the Aergy
difference between the two hyperfine levels is given in atomic units by

4 m [(u\? 5
S6E 3N, (m) g [5.161]
where g, = 5.5883 is the Landé factor of the proton. From this result we firid
that the frequency v = 8E/h of the transition between the two hyperfine levels
(which is a magnetic dipole transition) is » = 1420 MHz, the corresponding
wavelength being A = 21cm. The experimental value of v, obtained by Ramsey
et al. in 1963 with the ‘atomic hydrogen maser’ [15] is one of the most
accurately measured quantities in physics; it is given by

v = (1420405751.800 = 0.028) Hz [5.162]

It is gratifying to note that the simple theory presented above agrees with this
result within about 0.1 per cent. Much better agreement between theory and
experiment can be obtained by including various corrections in the theoretical
calculations. The most important of these is the introduction of the anomalous
magnetic moment of the electron, according to which the spin gyromagnetic ratio g,
of the electron is slightly different from the value g, = 2 predicted by the Dirac

[14] A detailed description of these methods may be found in Ramsey (1955).
[15] Masers are discussed in Chapter 14.
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theory [6]. However, there is no theory at the present time that can account for
all the significant figures given in [5.162]!

We also remark that the transition between the two hyperfine levels F = 1
and F = 0 of the ground state of hydrogen plays a very important role in
radio-astronomy. Indeed, from the analysis of the intensity of the 21 cm
radio-frequency radiation received, the astronomers have been able to learn a
great deal about the distribution of neutral hydrogen atoms in interstellar space.
We shall return in more detail to this question in Chapter 14.

Electric quadrupole hyperfine structure

A second important characteristic of the structure of a nucleus is the electric
quadrupole moment. It is a symmetric, second-order tensor whose components
Q,; are defined in the following way. Let R, be the coordinate of a proton with
respect to the centre of mass of the nucleus, and let X, = Xy, Xp2 = Yy,
Xp3 = Z,beits Cartesian components. Then

Q= > 3XpiXp — 8;RE  (4,7=1,2,3) [5.163]
P
where the sum is over all the protons in the nucleus. It is customary to define the

magnitude Q of the electric quadrupole moment as the average value of the
component Q,, = Qs3 in the state \I, M; = I). That is

Q: <I)MI:I]QZZ|I’MI:I>

= <I, M, =1 I, M, = 1> [5.164]

> 3Z; ~ R
b

The quantity Q has the dimensions of an area and is often measured in barns
(1072* cm?). For example, the deuteron has a electric quadrupole moment of
magnitude Q = 0.0028 barns. It is clear from [5.164] that a nucleus whose
charge distribution is spherically symmetric has no electric quadrupole mo-
ment, since then the average value of 3Z 2 is equal to that of R =
X2+ Y+ Z 2. In fact the value of Q gives 2 measure of the deviation from a
spherical charge distribution in the nucleus. If the nuclear charge distribution is
elongated along the direction of I (prolate), then Q > 0; on the other hand
QO < 0 if the charge distribution is flattened (oblate).

The interaction energy Hiq between the electric quadiypole moment of the
nucleus and the electrostatic potential V. created by an electron at the nucleus
was first obtained by H. Casimir. Provided I and ;j are both good quantum

numbers, it is given in atomic units by [16]
H-Jaa-y+H-ry
2121 — i — 1D

Hgq =B (5.165]

[16] See for example Casimir (1963) or Ramsey (1953). (
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* where the quadrupole coupling constant B is given by

n-of24) 5160

Here
a*V. . |o*Ve|. .
) =\ | =
. 322 — rz
—{j,m =] hmi=] (5.167]

is the average gradient of the clectric field produced by the electron at the

nucleus.
The first-order energy shift due to the electric quadrupole interaction [5.165]

is
E = (JIFMp|Hgo|jIFM)

i _ . B
_ E sK(K + 1) 21?14.— DG+ 1) [5.168]
4 I -1 -1
where .. ,
K=FF+D-II+1)—-jG+1 [5.169]

Since (9°V./02%) vanishes when the electron charge distribution is spherically
symmetric, there is no quadrupole energy shift for s-states. We rc. ) that the
nuclei having no spin (/ = 0) or a spin / = 1/2 have no electric quadrupole
moment, so that the energy shift [5.168] also vanishes in this case.

Adding the electric quadrupole correction [5.168] to the magnetic dipole
energy shift [5.156] we find that the total hyperfine structure energy correction
is given by

N B 3K(K+1) - 21 + DjiG+ D

2 4 121 - ;@ — 1)

Because its dependence on the quantum number F is different from that of the

magnetic dipole correction [5.156], we see that the electric quadrupole inter-
action causes a departure from the interval rule [5.158].

It is worth noting that the hyperfine energy levels obtained after the
correction [5.170] has been applied are still independent of the quantum
number Mg, and hence are (2F + 1)-fold degenerate. This degeneracy can be
removed by applying an external magnetic field. We shall return to this Zeeman

effect in hyperfine structure in Chapter 8.

[5.170]

Isotope shifts

We now consider briefly the isotope shifts, which do not give rise to splittings of
the energy levels. As we pointed out above, these isotope shifts are caused by
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two effects: the mass effect (due to the fact that the nuclear mass is finite) and the
volume effect (arising from the distribution of the nuclear charge within a finite
volume).

For one-electron atoms the mass effect is readily taken into account by the
introduction of the reduced mass p = mM /(m + M), as we saw in Chapters 1
and 3. For the case of atoms with more than one electron the finiteness of the
nuclear mass gives rise to an additional energy shift called the mass polarisation
correction, which will be examined in Chapter 6.

Pauli and Peierls first pointed out in 1931 that the difference in nuclear

volume between isotopes can produce an isotope shift. Indeed, since the protons -

in the nucleus are distributed in a finite nuclear volume, the electrostatic
potential inside the nucleus deviates from the 1/r law, and depends on the
proton distribution within the nucleus. In order to obtain an estimate of this
volume effect, let us consider a simple model of the nucleus, such that the
nuclear charge is distributed in a uniform way within a sphere of radius

R = r,AY? [5.171]

where A is the mass number of the nucleus, and ry is a constant whose value is
given approximately by ro = 1.2 x 107! m. In this model, the electrostatic
potential V(r) due to the nucleus is easily shown to be (Problem 5.9)

_ze (v, <R
(47e0)2R \R? r=
vo=| . (5.172]
.€

" (dreg)r

To simplify the problem further, we shall assume that the unperturbed
Hamiltonmian Hy is the hydrogenic Hamiltonian [5.1] and that the perturbation
H' is just the difference between the interaction [57172] and the Coulomb
interaction —Ze?/(4meoyr. Thus all other effects (such as the relativistic
corrections) are neglected and we have

Ze* 2 2R
¢ (1——{————3) r<R

H =| 4me2R\R* 1 [5.173]
0 r=R o

-

The first-order energy shift due to this perturbat%g is //
AE = GanlH i) /
Ze? R ¥ 2R
_ 2| R+ — 3 :
@meo2R L IRu(n)] (Rz " S)r dr [5.174]

where we have used [3.48] and the fact that the spherical harmonics are
normalised on the unit sphere. Inside the small region z< R we may write
R,(r) = R,,(0). Moreover, since R,,;(0) vanishes except t{r s-states ([ = 0), we

N
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have, after a straightforward calculation (Problem 5.9)

AE = 2 R2| OF
" 4meo 10 Ryo
Ze? 2
= 2 T RO,  L=0 [5.175]
dmeg S

while AE = 0 for states with [ # 0. Using [3.60] we have explicitly

e 2 . L z*

The quantity which is measured experimentally is the difference 8E of energy
shifts between two isotopes, whose charge distributions have radii R and
R + S8R, respectively. We thus find to first order in 6R

Ze* 4w R? , 8R
E = A5 Il//noo(o)'
TTEQ
Ze 4, Z* SR
47T80 5 ain3 R

[5.177]

We note that the isotope with the larger radius has the higher -~y value, and
this is confirmed by experiment. We also see that 8E increases whefi Z increases
and n decreases, so that the most important volume effects occur for low-lying
s-states (and in particular the ground state) of hydrogenic atoms with larger Z.

So far we have only considered ‘ordinary’ hydrogenic atoms (ions) containing
a nucleus and an electron. As we pointed out in Chapter 3, there exist also
‘exotic atoms’ such as muonic atoms, in which a muon w~ forms a bound system
with a nucleus. We also noticed in Chapter 3 that since the mass of the muon
" is about 200 times larger than the electron mass, the Bohr radius associated
with muonic atoms is much smaller than for ‘ordinary’ (electronic) atoms (see
Table 3.2). We therefore expect that hyperfine effects will be much larger for
muonic atoms than for the corresponding ordinary atoms. In particular, using the
fact that the quantity a,, is roughly 200 times smaller for a muonic atom than for
an ordinary atom, we deduce from the foregoing discussion that the volume
effect will be considerably magnified for muonic atoms, as we pointed out in
Section 3.5.

Problems

5.1 Show that the ratio of the probabllmos of the transitions in atomlc
hydrogen np;,, — n'sy/; and npy,; — n'sy 2 is 2:1.

5.2 (a) Show that the Hamiltonian of a free electron in a uniform time-

independent magnetic field 8 = 3,2 is given by H = H,, + H,,
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(b)

(©

53

5.4

5.5

5.6

5.7
5.8
5.9

with 1 1
- 2 2 2 2 2
ny Im (Px + py) + m Wi (x + y )

and 1
Hz = —pg + wr (Lz + ZSz)
2m

where wy = (upfh)#B, = 2avL is the Larmor angular frequency.

Using the fact that H can be written as a square, H = (p + eA)’/2m,
and that the Hamiltonian H,, of the harmonic motion in the XY plane
is invariant under the reflection x —» —x, ¥y — —J¥, show that the
energy eigenvalues are given by

Hr?
E=— + hwg 2r + 2m; + 1)
2m

where —© <k < +o0,r=0,1,2, ... and m, = +1/2. For given k
and m, the discrete energy levels labelled by the quantum number r are
called Landau levels.

In neutron stars magnetic fields of the order of 10® T may occur. Find

the energy separation between the adjacent Landau levels. What is the
size of the region to which the motion in the XY plane is confined?
Show that in the limit of strong magnetic fields in transverse observation
the intensity of the 7 Zeeman component is twice that of the o.
Show that in the linear Stark effect the n = 3 level of a hydrogen atom is
split into five equally spaced components, and obtain the level separation
in electron-volts.

Suppose that at time ¢ = 0 a hydrogen atom is in an arbitrary superposi-
tion of the 2s and 2p, states. A constant electric field of strength 107 V/m
is then applied along the Z axis. Show that during the lifetime of the 2po
state (due to radiative decay to the 1s state), the average population of the
2s level is nearly the same as that of the 2po level.

Show that the second-order correction to the energy in perturbation theory
can be written as

E® = (H ) (H ) S _M_

En En k#n En( n Ek) /

By neglecting the sum of the right-hand side obtain the approxi/m/ation
[5.109] for the quadratic Stark effect. e

Verify that the expression [5.127] follows from [5.125] and [5.126].
Prove the relations [5.132] and [5.148]. '

Consider an electron in the electrostatic field of a nucleus of charge Ze, and
of mass number A. If the nuclear charge is distributed uniformly within a
sphere of radius R = roAY? where ro = 1.2 X 107% m, show that the
potential is given by [5.172], and verify that the ﬁrs/l-/order energy shift
due to the perturbation [5.173] is given by [5.175].,
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In this chapter we begin our study of many-electron atoms by considering the
simplest ones, namely atoms (or ions) consisting of a nucleus of charge Ze and
two electrons. These include the negative hydrogen ion H™ (Z = 1), the helium
atom (Z = 2), the singly ionised lithium atom Li* (Z = 3), and so on. These
systems deserve particular attention for two reasons. It is for these systems that
we shall first study in detail the implications of the Pauli exclusion principle,
which plays a central role in atomic and molecular physics. Secondly, it is for
two-electron atoms that various approximations used in atomic structure
calculations can be explained most easily and tested accurately.

We shall limit our discussion to the non-relativistic theory of two-electron
atoms. After analysing in succession the space and spin symmetries and the role
of the Pauli exclusion principle, we will discuss the level scheme ~€ two-electron
atoms and introduce the independent particle model, whicn 4 of great
importance in studying many-electron systems. We then study in some detail
the ground state and the lowest excited states of two-electron atoms, using
perturbation theory and the variational method, and conclude this chapter with
a brief survey of autoionising states.

6.1 THE SCHRODINGER EQUATION FOR TWO-ELECTRON ATOMS.
PARA AND ORTHO STATES

Let us consider an atom (or ion) consisting of a nucleus of charge Ze and mass M
and two electrons of mass m. As in the case of one-electron atoms, we shall begin
our treatment by neglecting all but the Coulomb interactions between the
particles, and by writing down the Schrédinger equation for the spatial part of
the wave function describing the relative motion. The separation of the centre of
mass motion is somewhat more complicated than for the case of one-electron
atoms, since we are now dealing with a three-body problem. This separation is
performed in Appendix 8 for the general case of an atom (ion) having N
electrons. Denoting by r; and r;, the relative coordinates of the two electrons
with respect to the nucleus (see Fig. 6.1) we see from the equations [A8.12] and
[A8.16] of Appendix 8 that the Schroédinger equation for the spatial part
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Nucleus mass M charge Ze
6.1 Coordinate system for two-electron atoms.

(ry, rz) of the wave function describing the relative motion is for a two-electron
system

[_fivz R R Ze 28
2 " 2w T o MOT T (Amegyry  (4mee)rz
2
m] P(ry, 12) = Eg(ry, 12) (6.1]

where u = mM/(m + M) is the reduced mass of an electron with respect to
the nucleus and ri, = |1 — ).

We shall first consider the case of an ‘infinitely heavy’ nucleus (M = o) SO
that (i) u = m and (ii) the ‘mass polarisation’ term (—ﬂZ/M)Vrl *V,, can be
omitted. We shall work in atomic units (a.u.), in which the Hamiltonian is

H:—%Vf]—lVZ—E—EvLi [6.2]

2" o o T2
and the Schrédinger equation for i(ry, r2) becomes
1 1 z zZ 1
o V2 - = V2 - — = — o+ —|Y(r, 1) =Ey(r;, 12) [6.3]
22 7 n > T2 \

We note that this equation is unchanged when the coof‘dinates of the two

electrons are interchanged. Thus, if we denote by Pi; a permutation operator
that interchanges the spatial coordinates of the two electrons, the wave functions

W(r, 1) = Piod(ry; 12) [6.4]

and y(r,, r) satisfy the same Schrodinger equation. Moreover, both functions
¥(r1, ;) and ¢(r,, 1) must be continuous, uniform and bounded. If ¥(r, 1)
corresponds to a non-degenerate eigenvalue, Y(ry, r2) and y(rs, 1) can only
differ by a multiplicative factor A, :

W(rz, 1)) = Prog(ry, 12) = Ad(ry, l'z)( (6.5]
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Applying the permutation operator P;, twice, we must obtain y(r,, rz) agsin.
Thus
Phy(ry, 12) = APry, 1)
= Ay(ry, 12)
= (1), 1) [6.6]

so that A>= 1, A = =1 and
Yy, 1) = =Y(ry, 12) (6.7]

Wave functions which satisfy [6.7] with the plus sign (that is, whose spatial
part remains unchanged upon permutating the spatial coordinates of the two
electrons) are said to be space-symmetric and will be denoted by ¢.(ry, r2). On
the other hand, wave functions satisfying [6.7] with the minus sign (that is,
whose spatial part changes sign on interchanging the spatial coordinates of the
two electrons) are said to be space-antisymmetric and will be written as
¢_ (r1, r2). It is straightforward to show (Problem 6.1) that for degenerate
eigenvalues the eigenfunctions of [6.3] can always be chosen so that [6.7] holds.
Thus the eigenfunctions of a two-electron atom can be classified as being either
space-symmetric or space-antisymmetric. The states described by space-
symmetric wave functions are called para states; those corresponding to
space-antisymmetric wave functions are known as ortho states.

6.2 SPIN WAVE FUNCTIONS AND THE ROLE OF )
THE PAULI EXCLUSION PRINCIPLE

Until now we have not taken into account the spin of the two electrons. In the
case of one-electron atoms we have seen in Chapter 5 that the electron spin only
affects the fine and hyperfine structure of the spectrum. On the contrary, for
two-electron atoms, we shall see that spin effects directly influence the spectrum
because of the requirements of the Pauli exclusion principle.

Since we are now dealing with the Hamiltonian [6.2] which is spin-
independent, the atom can be completely described by specifying its spatial
eigenfunction, together with the components of the electron spins in a given
direction, which we choose as our Z axis. Thus the full eigenfunctions ¥ of the
system must be products of the spatial eigenfunctions y(r,, r;) satisfying the
Schrodinger equation |6.3] times spin wave functions x(1, 2) for the two-
electron system. That is

W(gy, g2) = (1, r2)x(1; 2) [6.8]

where ¢; denotes collectively the space and spin coordinates of electron 1.

Spin wave functions

The spin wave functions y(1, 2) are easily constructed from our knowledge of
the spin wave functions xi,2,» (1) and x1,2,,(2) of the individual electrons. Let
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Two-electron atoms

us denote by S; and S, the spin operators of the two electrons, and by (S,), and
(S), the components of these operators along the Z direction. We also write the
basic spin functions (see [2.209]) of the two electrons as a(l), B(1) and a(2),
B(2), respectively. We emphasise that S, only acts on a(1) and B(1), while S;
operates only on a(2) and 3(2), so that the two operators S; and S, commute.
The total spin is represented by the operator

S = Sl + Sz [69]

whose g component is

S, = (S1)s + (S2. [6.10]

Because S = S3 = 3/4 (in a.u.) we have
$2=83+83+128,'S;
3428,-S; [6.11]

I

Since there are no spin-dependent interactions each electron spin can be
directed either up (1) or down (| ) independently of the other, and we have four
independent spin states each of which can be represented as the product of two
individual spin functions. That is

xi(l, 2) = e(Da) 1 1

xA1,2) = a(HBD 1T |

x3(1, 2) = B(MHa(2) | 1

x«(1,2) = BB | | [6.12]
where the arrows illustrate the situation regarding the z components of the
electron spins. Now

Sax(l, 2) = [(S0: + (S2)Ja(Da(2)

[(SD.a(D]a@) + a(D(S2).(2)]
= Ja(D)a) + $a(a(2)
=, 2 AN [6.13]

\

. .
Thus, if we write the eigenvalue equation for the operator S, (in a.u.) as

S.x = Msx \ [6.14]

we see that x; is an eigenstate of S, corresponding\to the eigenvalue Mg = +1.
Similarly, the spin states x,, x3 and x4 are easily shown to be eigenstates of S,
corresponding respectively to the values Mg = 0, 0 and —1 of the quantum
number M [1]. Using [6.11] and the basic relations [2.206], the action of the
operator S on the four spin functions [6.12] can also be studied (Problem 6.2).

[1] In what follows we shall use capital letters to denote the values of the quantum numbers for the
total orbital angular momentum, total spin, etc.
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y

Table 6.1 Values of S,x and S2y (in a.u.) for the four two-clectron spin functions [6.12)

i
Spin function x S.x 8iy '”""m
x = aDa() 11 X1 2 ‘
x: = a(DB@D 1| 0 X1+ X0
xs = Ba@) 1 0 Xt
xs = BBD | ~xs 24

The results are given in Table 6.1. If we write the eigenvalue equation for 82
(in a.u.) as
SZy =SS + Dy [6.15]

we see that both y, and x4 are eigenstates of S corresponding to the cigenvalue
S(S + 1) = 2, that is to the value S = 1 of the quantum number S associated
with the magnitude of the total spin. On the other hand, x; and x; are not
eigenstates of S2.

Looking back at the four spin functions [6.12], we also see that both x and y4
are symmetric in the exchange of the labels of the two electrons, while neither x2
nor y; is symmetric or antisymmetric. As we shall see below, it is essential to
deal with two-electron spin functions which are either symmetric or antisym-

i metric in the interchange of the electron labels. Fortunately, it is easy to form
| linear combinations of x, and xs; which are respectively symmetric and
v antisymmetric in the exchange of the electron labels 1 and 2. That is

1
x+(1,2) = 73 [x2(1, 2) + xa(1, 2)] Vo [6.16]
and
| .
x-(1,2) = 7 [x2(1, 2) — x3(1, 2)] [6.17]

] where the subscripts + and — denote the symmetric and antisymmetric
| | functions, respectively, and the factor 27'/2 has been introduced so that both
3 ! and y_ are normalised to unity. Using the results of Table 6.1, we see that the

! symmetric spin function y. is an eigenstate of both operators SZand S,, with

\ quantum numbers given by S = 1 and Mg = 0, respectively. The antisymmet-

i ric spin function y_ is also an eigenstate of both S?and S,, with corresponding

f quantum numbers S = 0 and Mg = 0. In what follows, and by analogy with the

{ one-electron case, we shall write the eigenstates common to both operators §?

| and S, as xs,u., S0 that in this new notation we have xp0 = Y- X1,1 = X1
X1,0 = X+ and x1,-1 = X4.

The foregoing discussion shows that, starting with the four independent and
normalised spin functions [6.12], we can construct four normalised and
,: mutually orthogonal spin functions which are eigenstates of both operators §?
3 and S, and possess a definite symmetry in the exchange of the two electrons.
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Two-electron atoms 6.2 r
These are the antisymmetric spin function
x00(1; 2) = ?}5 [«(D)BQ2) — B(Da(2)] [6.18]
three symmetric spin func;!ions
x1,1(1; 2) = a(Da(2)
%l 2) = =5 [aBQ) + e [6.19]

x1,-1(1, 2) = B(HB2)

The antisymmetric spin function [6.18] corresponding to the quantum numbers
S = 0 and Mg = 0 is called a (spin) singlet, while the three symmetric spin
states [6.19] corresponding to the total spin S = 1and to the quantum numbers )
'1 Mg =1, 0, —1, respectively, are said to form a (spin) triplet (see Table 6.2). i

!
|

Table 6.2 Values of the quantum numbers S and M for the antisymmetric spin function [6.18],
and the three symmetric spin functions [6.19]. Each of these spin functions is a simultaneous
eigenstate of the operators S2and S,, with eigenvalues given respectively (in a.u.) by S(S + 1)and
M. The antisymmetric spin function [6.18], corresponding to § = 0, Mg = 0 is a spin singlet,
while the three symmetric spin states [6.19] corresponding to S =1land Mg = 1,0, —1lareseento
form a spin triplet

Spin function S Mg
1 |
v [a(DB2) — BLa@)] 0 0 ‘
v [
a(Da(2) 1 1 |
| ‘
i [a(DB2) + B(Da@)] 1 0

BB 1 -1 !

o i
N

The role of the Pauli exclusion principl\\

combining the four spin states [6.18] and [6.19] with the spatial eigenfunctions
Y(ry, 12), we could obtain four times as many eigenstates ¥ (g1, ) for an atom
(or ion) with two spin 1/2 electrons than if the electrons were spinless. However,
this is not the case because, as we have seen in Chapter 2, the Pauli exclusion |
principle requires that the total wave function V(q1, 425 - - - N) of a system of N
electrons must be antisymmetric. In other words W(q1» 425 - - - gn) must change
sign if all the coordinates (spatial as well as spin) of two electrons are
interchanged. Hence, in our two-electron case, we see from [6:8] that in order to
3 obtain total antisymmetric wave functions V(qy, ¢2) we must either multiply

AN

Let us now return to the equation [6.8]. At f:}s\t‘:\sight, it would appear that by
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symmetric spatial (para) wave functions ¢.(r;, rz) by the antisymmetrie
(singlet) spin state [6.18], o

Vg1, 42) = W (r1, ) % [a(DBQ) — B(Da()] [6.20]

or multiply antisymmetric spatial (ortho) wave functions ¢ (ry, 12) by one of the
three symmetric spin functions [6.19] belonging to the spin triplet,

a(Da(2)
Vg, 4) = U_(r1, 1) X %[aaw(z)wma(z)} [6.21]

BBR)

Thus para states must always be spin singlets, while ortho states must be spin
triplets, so that the Pauli exclusion principle introduces a coupling between the
space and spin variables of the electrons.

6.3 LEVEL SCHEME OF TWO-ELECTRON ATOMS

We shall prove in Chapter 8 that radiative transitions between singlet and triplet
spin states (known as intercombination lines) are forbidden in the electric dipole
approximation, provided that spin—orbit interactions can be neglected. This is
the case for atoms or ions with low enough Z, so that the energy spectrum of
two-electron atoms (or ions) with Z < 40 consists of two nearlv * dependent
systems of levels, one made of para (singlet) states and the other o. urtdo (triplet)
states. As an example, we show in Fig. 6.2 the first few (lowest) energy levels of
helium, divided into singlets (S = 0) and triplets (§ = 1). Because intercom-
bination lines are absent in practice in the helium spectrum, spectroscopists
spoke for a long time of two different species of helium, parahelium and
orthohelium; this terminology is still used now.

Let L = L, + L, be the sum of the two orbital angular momentum operators
of the electrons. Using atomic units (A = 1), we shall denote by L(L + 1) the
eigenvalues of L? and by M; those ‘of L., so that M,; = —-L,
—L + 1,...+ L. As seen from Fig. 6.2, the atomic energy levels, also called
terms in spectroscopic language, are designated by symbols which generalise the
ones we used for hydrogenic atoms. Thus each term is denoted as

ZS+1L

where a code letter is associated to the value of the total electronic orbital
angular momentum quantum number L according to the correspondence

L:

U,(_)N
o W
Qe &
o wn

1
4
P

N O
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Parahelium (S = 0) Orthohelium (§ = 1)
E(CV) 1 1 1 3 3 3
S P D S P D
VY
0l D K/ Z/ Z He* (1s) + e~
Lol 48— 4'P— 4'D— P £P— 4D—
1
T 3'p— 3D— 3 3p— 3’D—
—2.0} ¥S—
-3.0
2'p——
2’P—
—4.0F 2'S—
2’S—
—5.0—
—24.0—
1's—
—25.0L

6.2 The experimental values of the lowest energy levels of helium. The energy scale is chosen so that
E = 0 corresponds to the ionisation threshold. The configuration of each level is of the form 1s nl.
The doubly excited states (for example 2s nl) are at positive energies on this scale, within the
He*(1s) + e~ continuum.

and so on. In addition, a superscript to the left gives the value of the quantity
2S + 1, or multiplicity, which is equal to 1 for singlet (§ = 0) states and 3 for
triplet (§ = 1) states.

We remark that Fig. 6.2 does not exhibit the fine structure splitting of the
levels, due to the relativistic interaction between the spin and orbital angular
momentum (spin—orbit effect) and to_the magnetic interaction between the
spins of the two electrons (spin—spin effect). Calling J = L + S the total elec-
tronic angular momentum and denoting bym + 1) and My the eigenvalues of
the operators J? and ¥, respectively, it may be shown that the spin—orbit
and spin-spin interactions partially remove the degeneracy of the triplet states
by splitting them (except the 3S states) into three closely spaced levels corre-
sponding to the three possible values¥ =L + 1,Lor L — 1 of the total angular
momentum quantum number §. We shall discuss this problem in Chapter 8.

It should be noted that Fig. 6.2 only represents the discrete part of the helium
spectrum. A schematic diagram of the “full’ spectrum for the three-body system
consisting of the He* ™ nucleus and two electrons is shown in Fig. 6.3. Choos-
ing the origin of the energy scale in such a way thar(” all three particles are
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7
ok D e+ + ¢ + o

““““““ He*(n=3)+¢

~10- Doubly excited )
(autoionising) levels of helium He*(n=2)+e”

—20+—

—30

7
% He*(n=1)+¢

\ll

He (2°S)

-70—

He(1'S)
~80L . .
Discrete helium levels

6.3 The ‘complete’ energy level spectrum of helium. The energy scale is relative to the Eelhold for
the ionisation of both electrons and the zero of energy is 54 eV (the ground stz of He*),
above the zero energy of the scale of Fig. 6.2.

unbound above E = 0, we see that the discrete levels of helium (displayed in
more detail in Fig. 6.2) lic between the ground state value Eq(He) = —79.0 eV
and the value Eq(He™) = —54.4 eV of the ground state energy of the He' ion.
Thus the ionisation potential numbers given in Fig. 6.2 correspond to the
energy differences between the level Eq(He™) and a given energy level of the
helium atom. For example, the ionisation potential corresponding to the helium
ground state is

Ip = Eo(He™) — Eo(He)
~24.6 eV [6.22]

The spectrum of two-electron ions with Z > 2 is similar to that of helium
which we have just discussed. On the other hand, the negative hydrogen ion
H~, for which Z = 1, constitutes an interesting special case. Indeed, as shown
on Fig. 6.4, this ion has only one bound state. The corresponding ionisation
potential is about 0.75 eV, so that the H™ jon is barely stable against
dissociation into a neutral hydrogen atom and a free electron. We shall return
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Z 7 ﬁH(lch-

E(eV) 0

-0.75 H™(1'S)
. 6.4 The ground state of the hydrogen negative ion.

below to the H™ system, which is of great importance in astrophysics, and also
provides a stringent test of the approximation methods used in the analysis of
two-electron systems.

6.4 THE INDEPENDENT PARTICLE MODEL

Before discussing in detail the ground state and various excited states of two-
electron atoms, we shall develop in this section a simple approach which yields a
qualitative understanding of the main features of their spectrum, and which will
also pave the way for our study of many- electron atoms in Chapter 7.

We begin by rewriting the basic Hamiltonian [6.2] as

H=Hy+H [6.23]
where we choose our zero-order, ‘unperturbed’ Hamiltonian to be
zZ 1 Z
H, = ——Vfl————sz——— [6.24]
while the ‘perturbation’

H = — [6.25]

is the electron—electron interaction. We remark from [6.24] that H, is just the
sum of two hydrogenic Hamiltonians, namely

HO = ill ~+ ilz [6.26]
where T
) 1, 2 .
hi = ——2' V”; AR 1=1, 2 [627]

In what follows we shall denote by E,, the eﬂergy eigenvalues and by ¢, ;m (1:)
the corresponding normalised eigenfunctions of the hydrogenic Hamiltonian
[6.27]. Thus

ilid/n,»l,mi(rt) = Enlwn,l,m,-(ri) [628]
with -
(in \ﬁ) [6.29)

\\
\\\
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Let us for the moment neglect the electron-electron repulsion term [6.25].
The Schrédinger equation [6.3] for the spatial part of the two-electron wave
function then redyces to the ‘zero-order’ equation

Hot ey, 1) = EOYO(xy, 1) [6.30]

Using [6.26]-[6.29], we see that this equation is separable and that eigen-
functions of [6.30] can be written in the form of products of hydrogenic wave
functions. In particular, for discrete states, we have

dlw)(rl) rZ) = (/Inll,ml(rl)dlnzlzmz(IZ) |.6‘31.]
the corresponding discrete energies being given (in a.u.) by
EQ =E, +E,

zZZ[(1 1
=7 (—z + —z) (6.32]

m n;
We note that the wave function ‘
(»[I(O)(IZ)XI) = l/jnzlzmz(rl)lpnlllml(l.Z) [6'33]

which differs from [6.31] only in an exchange of the electron labels, corresponds
to the same energy E, . This particular case of degeneracy with respect to
exchange of electron labels is called exchange degeneracy. According to the
discussion of Section 6.2 the exact spatial wave functions of two-electron atoms
must be either symmetric or antisymmetric with respect to the interchange of
the coordinates r; and r, of the two electrons. The proper (zero-order) spatial
wave functions of our simple independent-particle model must therefore be the
symmetric (+) and antisymmetric (—) linear combinations
© _ L + 4
PAry, 1) = 7 (W 1, D Wiy, (12) T Ut (B 1, (T2 (6.34]

A

where the factor 2~ /2 guarantees that the functions ‘2 are normalised. The
functions ¢© are therefore approximations to the para wave functions, while the
functions ¢© are approximations to the ortho wave functions. We see that
the total orbital quantum number L can take the values L = |l; — L, . . .
I, + 1,, the possible values of the quantum number M, being M, = —L,
—L +1,...,+L. We also remark that in our crude model the two states P
correspond to the same energy EY) . We shall see below that the electron-
electron repulsion term 1/r;; removes this degeneracy.

An exception to [6.34] occurs for the case of the ground state, where both
electrons are in the 1s state (thatis, my =n, = L, =L =0, m =m; = 0).
The wave function ¢ for the ortho state is then seen to vanish, in agreement
with the original formulation of the Pauli principle, according to which two
electrons cannot be exactly in the same state. Indeed, the spatial quanium
numbers for both electrons having the same valuesn = 1,/ = 0 and m = 0, the
spin quantum numbers of the two electrons must be different, so that the two
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electrons must have antiparallel spin, and only the singlet (para) state is allowed.
It is interesting to note that historically the argument was made the other way
around, the experimental absence of the ground state triplet level of helium
having provided key evidence that led Pauli to the discovery of the exclusion
principle.

The normalised zero-order spatial wave function for the ground state of
two-electron atoms is therefore given by the simple symmetric (para) wave
function

l/fg))(”la ) = lﬂls(ﬁ)l//ls(rz)

3
_ Lz [6.35]
T

where the subscript indicates that we are dealing with the ground state, and we
have used the fact that the ground state wave function of the hydrogenic
Hamiltonian [6.27] is

73\1/2
Yioo(r) = Yns(r) = < ) e #n [6.36]

e
The ground state energy corresponding to [6.35] is (see [6.32])
EQ =E) 1= ~Z% au [6.37]

Thus for helium (Z = 2) we find from [6.37] that EY = —4au.
(= —108.8 eV), which corresponds to an ionisation potential I(S) = 2 a.u.
(= 54.4 eV). The experimental values are Eg® = —2.90 a.u. (= —79.0 eV)
and /%P = 0.90 a.u. (=24.6 ev). As we should expect, our crude model gives an
energy which is too low because we have neglected the repulsion term [6.25]
between the two electrons, whose effect is clearly to raise the energy levels. It is
also apparent that our simple independent particle approach should yield better
results when Z is increased, since in that case the relative importance of the
neglected term 1/ry, becomes-smaller. For example, in the case of the C** ion,
corresponding to Z = 6, the approximation [6.37] yields EQ = —36 a.u.
(= —980 eV) while the experimental value is E§** = —32.4 a.u. (= —882 eV).
On the other hand, for the negative hydrogen ion H™ (Z = 1), the value
E E)O) = —1a.u. (= —27.2 eV) is in gross disagreement with the observed value
Eg® = —0.528 a.u. (= —14.4 €V).

Let us now examine the predictions of our simple model concerning excited
states. The energy spectrum corresponding to [6.32] is illustrated in Fig. 6.5(a)
for the case of helium (Z = 2). Also shown for comparison in Fig. 6.5(b) is
the experimental spectrum. We first remark that the energy levels E,(,?fnz
corresponding to states for which both electrons are excited (that is, n; = 2
and n, = 2) are higher than the ground state energy of the He™ “ion
(Eo(He™) = —2 a.u. =— 54.4 ¢V) plus a free electron. The§e/ doubly excited
states therefore lie in the continuum of our simpliﬁeﬁ spectrum (see
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6.5 (a) The energy spectrum given by expression [6.32] with Z = 2. The levels are labelled by

(ny, n2).

(b) The energy spectrum of helium.

i Fig. 6.5(a)). Since the repulsion term 1/r;; can only raise the unperturbed
energy levels E, , the same property is also true for the actual He spectrum,
and in fact it holds for all other He-like ions. We shall return at the end of this
chapter to these discrete states embedded in the continuum. For the moment,
however, we focus our attention on the genuinely discrete states of two-electron
atoms, for which one of the two electrons remains in the ground state. The
properly symmetrised zero-order spatial wave functions for these states arc/

given (see [6.34]) by

Oy, ) = —% (1001 Yim(T2) = Yum(TW100(r2)], n =2 [6.38]
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and are therefore characterised by three quantum numbers (n, I, m) as in the
case of one-electron atoms. The total orbital angular momentum quantum
number L is given by L = [ and the values of M; (=m) are My = -1,
—~1+1,...L The energy levels corresponding to the wave functions [6.38]
namely (see [6.32])

z? 1
EQ = __-2—<1 + —n—z-) au., n=2 [6.39]

are degenerate in / and m. As pointed out above, they also exhibit the exchange
degeneracy, according to which the para (+) and ortho (=) levels are degenerate
in the ‘zero-order’ approximation [6.38]. The electron—electron repulsion term
1/r12, which is ignored in the very simple approach leading to [6.39], will clearly
raise these energy levels, as may be seen from Fig. 6.5. As we shall show at the
end of this section, the term 1/ry; is responsible for removing the exchange
degeneracy between the para and ortho states.

For the special case of the negative hydrogen ion H™, corresponding to
Z = 1, the repulsive term 1 /r12 has an even more drastic effect on the spectrum,
as Fig. 6.6 illustrates. Indeed, all the excited states [6.39] which are present in
the ‘unperturbed’ spectrum shown in Fig. 6.6(a) are lifted into the continuum
when the electron—electron repulsion 1/r1» is taken into account (see
Fig. 6.6(b)). This spectacular effect of the ‘perturbation’ 1/r13 is obviously due

E(a.n.)
ok W(m;ﬁ) W H*+e +e
Y Y
Y 2. DD s (n = 2) + &
pe—— 2% ))
(2,2)

-~

oSk W ey YA +

< _
1,3 / H-(1'S
( /)?\ , (s
1,2) -,
/
/
/
/
/
/
/ s
/
l/ ’/
~1.0 R ) \
@ ®)
6.6 (2) The energy spectrum given by expression [6.32] with Z = 1. The levels ‘gre labelled by

(ny, ma). \
(b) The energy spectrum of H™. :
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to the small value (Z = 1) of the nuclear charge. In what follows, when
discussing the excited states of two-electron atoms, we shall assume implicitly
that we are dealing with the case Z = 2.

So far we have used a very crude independent-particle approximation, in
which the electron—electron repulsion term 1/ry; is completely omitted. While
remaining within the corwenient framework of the independent-particle model,
we may improve our treatment by splitting the basic Hamiltonian [6.2] as

H = ﬁo -+ g' [6.40]
where
Hy= -%V2 +V(r) -3V} + V() (6.41)
is the sum of the two individual Hamiltonians
hi= =%V + V() [6.42]
and
_ 1 zZ Z
A==-=-Vi)-=- V) (6.43]
T2 (a1 r

In the above formulae V(r) js a central pote~ntial which should be chosen in
such a way that the effect of the perturbation A’ is small. In Chapter 7 we shall
study in detail this central field approximation for many-electron atoms, but for
the moment we limit ourselves to simple qualitative considerations. Roughly
speaking, the net effect of each electron on the motion of the other one is to
screen somewhat the charge of the nucleus, so that a simple guess for V(r) is

Z-S Z, ,

V)= ———— = —— [6.44]

r r N,

where S is a ‘screening constant’ and the quantity Z, =Z — § {nay be

considered as an ‘effective charge’. Since the potential [6.44] is a Coulomb

interaction, the corresponding individual electron energies are given (in a.u.) by

(see [6.29])
1Z-87 122

E =———5—=—>— 6.45

i 2 2 n? [6.45]

and are independent of the quantum numbers /; and m;. Neglecting the

perturbation H', the total energy of the atom is just the sum of the individual

electron energies [6.45]. In particular, the ground state energy Ej is then given
approximately (in a.u.) by

Eo=—~(Z-8¢= -7} : [6.46)

the corresponding spatial part of the ground state wave function being (5‘&
[6.35]) ’

z
Yolry, 12) = —ﬂ_i g 4 D) [6.47]
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In the next section we shall use the variational method to determine the
‘optimum’ value of the effective charge Z,. Here we simply remark that the
value Z, = 1.70 would make the approximate expression [6.46] agree with
the experimental value Eq = —2.903 a.u. of the ground state energy of helium.
Since Z = 2 in this case, the corresponding screening constant is S = 0.30.
Thus, for the ground state of helium, we see thatein this simple, ‘average
shielding’ approximation, the screening effect of each electron on the other one
is equivalent to about one-third of the electronic charge.

A better choice for the central potential V(r) than the Coulomb form [6.44] is
provided by an expression of the same type, but in which the ‘screening
constant’ S varies with the distance r. Indeed, at small distances (r — 0), the
potential acting on an electron is essentially the Coulomb attraction —Z/r of the
nucleus, while for large r (r — =), this potential is just the Coulomb field
—(Z — 1)/r due to a net charge (Z — 1), namely the nuclear charge Z screened
by the charge (— 1) of the other electron. Thus we expect the quantity S in [6.44]
to be in fact an increasing function of r, which takes on the valuesS = Qatr = 0
and S = 1atr = . Since a potential of the form [6.44] where S is a function of
r is no longer a Coulomb potential, the [ degeneracy which is characteristic of the
Coulomb field is removed. Thus the individual electron energies E,; (where we
have dropped the subscript ) are still degenerate with respect to the quantum
number m, but now depend on both quantum numbers 7 and /. The principal
quantum number n is defined as in the case of hydrogenic atoms, the number of

nodes of the radial function being n, = n — [ — 1, with n = 1,2,...and
1=0,1,...n— 1. Calling u,,,(r) an individual electron orbital, solution of the
single-particle equation

[_%Vf + V(r)]unlm(r) = Enlunlm(r) [648]

we see that u,,,(r) is just the product of a radial function and a spherical
harmonic Y,,(6, ¢). It is important not to confuse the orbitals u,,,(r), whose
radial part depends on V(r) and is likely to be a complicated function, with a
hydrogenic function (), whose radial part corresponds to the particular
choice V(r) = —Z/r, and which has been obtained in Chapter 3.

Let us now return to the Hamiltonian [6.41]. In terms of the individual
electron orbitals #,,,(r), our new zero-order spatial wave functions, which are
the properly symmetrised eigensté\t%s\of [6.41] are given by

Gy, r2) = u;oo(fl)uwo("z) [6.49]

for the ground state and by
- 1
FOry, 1) = 7—3 (#1000 ) hnim(F2) F Unim(TDU100(T2)], 7 = 2 [6.50]

for the genuinely discrete excited states. If we still neglect the perturbation H',
the total energy of the atom is just

0y = Ey + E [6.51]\
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] and the total orbital angular momentum quantum number is L = /. The para .,
*' (+) and ortho (—) states [6.50] are still degenerate, but the degeneracy in { Is {ﬂmml
" removed. For a fixed value of n the (algebraic) value of E,, is an increasing "
function of /. Indeed, electrons with a smaller value of ! are more likely to
penetrate at certain times the ‘centrifugal barrier’ (which is proportional to
I(I + 1)/r?) and hence to feel the fully unscreened attractive Coulomb potential
—Z/r of the nucleus. We therefore expect that the energy of the atom will be an
! increasing function of L (=1). That this is the case may be seen from Fig. 6.2.
We note that in the central field approximation leading to [6.51] the energy of
the atom is specified by the electron configuration, that is by the values of the
‘ quantum numbers # and / of the electrons. For the genuinely discrete states of
two-electron atoms considered here, one electron remains in the ground state
(that is, withn = 1and = 0) while the other, ‘optically active’ electron has the
! quantum numbers n and . Following the convention used in spectroscopy the
! values of n and [ are usually indicated by writing » as a number, and / as a letter,
: according to the code described in Chapter 3 (i.e. s for [ = 0, p for ! = 1, d for
I = 2, etc.). If there are k electrons having the same values of n and /, this is
denoted as (n/)*. For example, in this notation the ground state [6.49] is
characterised by the configuration (1s)? [also written 1s?], the first excited states
[6.50] by the configurations (1s)(2s) [or 1s2s], (1s)(2p) [or 1s2p], and so on. It is
of course understood that when we write for example (1s)(3s) this does not mean
that electron 1 (say) is in the state 1s and electron 2 in the state 3s, since we
know that properly symmetrised spatiai wave functions must be used in order to
obtain two-electron wave functions which are fully antisymmetric in the space
and spin coordinates of the two electrons.
From our discussion of the wave functions of one-electron atoms it is also
clear that for states of the excited electron corresponding to large va' <s of n and
I the orbitals u,,,,(r) are concentrated at much larger values of r than . ) ground
‘ state orbital u;00(r). We may then speak of an ‘inner’ (1s) electron with spatial
4 quantum numbers (1, 0, 0) which is moving in the unscreened Coulomb field
—Z/r of the nucleus, and an ‘outer’ electron, which moves in the fully screened
| potential —(Z — 1)/r. For such states of large n and / the ‘zero-order’ energy
levels are then given approximately (in a.u.) by

’ . 1 1(Z - 1)7?
E® = __72_ ¥ ~7
| " ZZ 2 n?

[6.52]
‘ Apart from the addition constant —Z?/2, we see that these energy levels are
| identical to those of a hydrogenic atom of nuclear charge Z — 1. This can be
i illustrated by drawing the energy levels of atomic hydrogen (shifted by the
| amount —1/2 a.u.) next to those of helium.

We shall not pursue further here the study of the central field approximatjon.
From the above discussion it is clear that according to this approximation cach
electron moves independently of the other one in a net central potential V(r)
which represents the attraction of the nucleus plus some average central
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repulsive potential due to the other electron. This basic idea, first expressed by
Hartree in 1928, will be fully developed in the next chapter. It is also apparent
from the foregoing discussion that the averaged repulsive effect of the other
electron depends on its dynamical state, so that a single potential V(r) cannot,
even approximately, account for the entire energy spectrum of the atom.

To conclude this section we shall now give a simple, qualitative argument
showing how the exchange degeneracy is removed when the electron—electron
repulsion term 1/r); is taken into account. Returning to the symmetrised
zero—order spatial wave functions [6.38], we first observe that the space-
antisymmetric {ortho) wave functions % given by [6.38] vanish for r; = 13, 50
that in ortho (spin triplet) states the two electrons tend to ‘keep away’ from each
other and hence, on the average, have a relatively small repulsion energy. On
the other hand, the space-symmetric (para) wave functions ¢’ do not vanish for
I, = 1y, so that in para (spin singlet) states the two electrons may be very close at
certain times and experience on the average a stronger repulsion than in the cor-
responding ortho state having the same values of the quantum numbers (n, [, m).
Therefore the electron-electron repulsion term 1 /r12 is more effective in
raising the energy of the atom in the para (spin singlet) states, from which we
conclude that an ortho (triplet) state must lie lower than the corresponding para
(singlet) state having the same values of (, 1, m). That this is indeed the case
may be seen for example in Fig. 6.2. Thus, as pointed out in Section 6.2, the
Pauli exclusion principle introduces a coupling between the space and spin
variables of the electrons, which act as if they were moving under the influence
of a force whose sign depends on the relative orientation of their spins. Such a
force, which has no classical analogue, is known as an exchange force, and its
effects will be studied in detail in Section 6.6.

It is worth stressing at this point that exchange forces are negligible between
two electrons which always remain far apart. Indeed, in that case the wave
functions of the two electrons have a vanishingly small overlap, and the two
electrons may be considered as distinguishable. An example of this situation is
provided by the electrons of two hydrogen atoms which are located at a large
distance from each other. Similarly, for excited states of two-electron atoms
with high values of both n and /, the ‘outer’ orbital has a very small overlap with
the ‘inner’ (1s) orbital. The éﬁithgnge force is then very small and the para and
ortho levels are nearly degenerate;-as may be seen from Fig. 6.2. On the other
hand, for small values of n and / (in particular for S-states) the orbitals of the two
electrons overlap significantly, and the energy difference between para (singlet)
and ortho (triplet) states is appreciable as shown in Fig. 6.2.

The results we have obtainéd in this section thus show that in addition to their
symmetry property (para or ortho), the spatial wave functions for the genuinely
discrete states of two-electron atoms may be characterised by the three
quantum numbers 7, /(=L) and m(=M ). The ground state is a para state and
is non-degenerate. Excluding the negative hydrogen ion H~ (which has no other
bound state than the ground state), the energy levels of the excited states are
degenerate with respect to M; ahd depend on 7, on land on S (with S = O for
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para states, and S = 1 for ortho states). The energy levels or terms may .
therefore be labelled by the symbol B

nZS+ lL
where the multiplicity 25 + 1 takes on the values 1 or 3, and the code letters S,
P,D, .. .correspondtoL = 0,1, 2,...as we have seen in Section 6.3. Thus

in this notation the ground state is denoted by 1'S and the following energy
levels (by order of increasing energy) are 23S, 2'S, 2P, 2!'P, and so on. In the
following two sections we shall study successively the ground state 1'S and
various excited states by using perturbation theory and the variational method

deyeloped in Chapter 2.

6.5 THE GROUND STATE OF TWO-ELECTRON ATOMS

We have seen in the previous sections that the ground state wave function of
two-electron atoms, Wo(q1, ¢2), is a para (spin singlet) state whose general
expression in the non-relativistic approximation is

Yolq1, q2) = ﬂbo(l'ul'z)\/—[a(l)ﬁ(z) B(Da(2)] [6.53]

where o(r, r;) is a space-symmetric function. We shall now focus our
attention on this function and on the corresponding ground state energy E, of
the Hamiltonian [6.2]. The motion oythe nucleus and other small corrections
will be briefly discussed at the end of this section. It is worth noting that the
quantum mechanical treatment of the ground state of helium has been of great
historical importance since the ‘old quantum theory’ was unab’ \ \to deal
successfully with the problem. Py

Perturbation theory

We shall first use the time-independent perturbation theory of Section 2.8. As
in the beginning of the previous section, we split the Hamiltonian [6.2] as
H = Hy + H', where the unperturbed Hamiltonian H,, given by [6.24] is the
sum of two hydrogenic Hamiltonians (see [6.26]—[6.27]) and where H' = 1/r};
is the perturbation. The ‘zero-order’ approximation to the wave function
Yo(ry, 1) is then given by the simple wave function ¢{"(r, , r,) of equation [6.35]

and the corresponding ‘zero-order’ ground state energy is ES’ = —Z2 a.u.
According to [2.308] the first-order correction to the ground state energy is
EQ = o H w6 [6.54]
or, using [6.25] and [6.35], /
1 » .
Ey’ = f [l = )l dry dr, [6.55]
1
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We note that in SI units this quantity reads
2
EQ = | s e [ns(r2)|? dry d .
0 J |$1s(ro)l @reo)roa |15(r2)|* dry dr2 [6.56]

and the integral on the right has a simple physical interpretation. Indeed, since
|th1s(r1)|? is the probability density of finding the electron 1 at r;, we see that

p(ry) = —eln(rpl? [6.57]
may be interpreted as the charge density due to electron 1. A similar
interpretation may be given to the quantity p(rz) = —e|ys(r2)*. Thus the

integral in [6.56] is just the electrostatic interaction energy of two overlapping
spherically symmetric distributions of electricity, of charge density p(r;) and
p(ry) respectively.

Let us now return to [6.55], which we write explicitly (see [6.35]-[6.36]) as

VA 1
EY = = Je—zzmm) - dr, dr, [6.58]

We shall calculate this integral by using a general procedure which is very useful
in many atomic physics calculations. Using the generating function [2.168], we
first expand 1/r; in Legendre polynomials as

! -

<:—2> PI(COS 0), > r (//

1 \

\
) ‘ \, [6.59]
_ Pl(COS 0), rn<r \

0 \"2

1 1
T2 AW
1

L

M

0

M

where 6 is the angle between the vectors ry and r, (see Fig. \6\.‘7), so that
cos § = cos 6, cos 6, + sin 6, sin 6, cos(éd1 — ¢2) [6.60]

Here (6,, ¢1) and (62, ¢,) are the polar angles of the vectors r; and 12,
respectively. We can als\o\\write [6.59] in the more compact form

A o5 O pcos ) [6.61]

YS!
r2  =ofrs)

where r— is the smaller and r- the larger of r, and r,. Using the ‘addition
theorem’ of the spherical harmonics (see [A4.23]) we have

1 © +1 <l
> A O Y61, 61 Yim(02s 62)  [6.62]

ry  Somemt 2+ 1 ()t

Let us substitute this expansion in [6.58] and use the fact that the spherical
harmonics are orthonormal on the unit sphere (see [2.182]). Since the function
exp[—2Z(r, + r2)] which appears under the integral sign in [6.58] is spherically
symmetric, and because Yoo = (47)~ Y2, we obtain at once by integrating over
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6.7 The polar coordinates of vectors r; and r;.

the polar angles (6,, ¢;) and (8, ¢2)

6 = 1 2 %0 o !
E® = E_ 2 +Z (4m) I dfl"%f dror} e 22+ _(_r_<_)_
0 0

w? =0 mer;2l+1 (r>)+l
X J d, Y}, (61, ¢1)Yeo J dQ, YooY}, (82, b2) 2
Z ES +1 4 2 £ ES
= E 25 W) f dm%J dryr} e722
oy Wil 0 0
(T<)l

TSLL 81,0 8m,0 (6.63]

(r

Thus all the terms in this double sum vanish, except the first one, for which
I=m=0, and

20 fe.o] 1

E{ = 16ZGf drlrfj dryr e 22t —
0 ] T
o 1 g}

— 1626J drer —~22Zry dr2r2 —22Zr;
(] 1 Jo /
+ [ drzfz e—ZZrz:l . [664]
4}
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The integrals are now straightforward, and yield the answer

EY =32 a.u. [6.65]
which is a positive contribution to the energy, as expected. We also remark that
E(V is linear in Z [2], while the unperturbed energy EQ = -Z% au. is

quadratic in Z, so that the ratio |[E{"/E{”| decreases like Z ~! when Z increases.
This is in line with our comments in the previous section concerning the
decrease in relative importance of the electron-electron repulsion term 1 /112
with increasing Z.

Adding the first-order correction [6.65] to our zero-order result EY =
—~Z? a.u., we find for the ground state energy E, the approximate value

Eo~EQ + EP = -7+ $Z au. (6.66]

Both this ‘first-order’ result and the unperturbed energy EY’ are given in
Table 6.3 for various two-electron atoms (ions), from the negative hydrogen ion
H™ (Z = 1) to four times ionised carbon C* (Z = 6). The ‘exact’ [3] values EG*
are also tabulated. Except for H ™, the simple first-order perturbation approach
yields quite good results. If we define AE, where

AE = E& — (EY + EP) [6.67]

Table 6.3 Values of the ground state energy E, of the Hamiltonian [6.2], for ‘various two-electron
atoms and ions (in atomic units) \

Ground state energy N\
Unperturbed First order Simple variationa\l\
Ey Eg’ + Eo (Ze —z-2
16,
(equation [6.37]) (equation [6.66]) (equation [6.79)) ‘Exact’
H~ -1 -0.375 -0.473 —0.528
He e N —2.750 —2.848 -2.904
Li* -9 -7.125 -7.222 —7.280
Be?* -16 e —13.50 —13.60 —-13.66
B** -25 S -21.88 -21.97 —22.03
c* -36 -32.25 —32.35 -32.41

[2] The fact that E{V is linear in Z may readily be understood by noting that each charge
distribution in [6.56] contains a total charge —e and extends over a region of space of linear
dimension given approximately by a = ao/Z. Their mutual interaction energy is therefore
roughly given by &2 /(4mep)a = Ze*[(4meg)ap, which is indeed proportional to Z.

[3] The ‘exact’ results quoted in Table 6.3 are accurate values of the ground state energy E of the
Hamiltonian [6.2], obtained by using the Rayleigh—Ritz variational method with elaborate trial
functions. Only a few of the presently available significant figures are given. Since these ‘exact’
values of E, must still be corrected for the motion of the nucleus, as well as relativistic and
radiative corrections, they should not be confused with the experimental ground state energies
E§*®.
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as the difference between the ‘exact’ value E§* and the first-order result [6.66],
we see that the ratio |[AE/E§Y| varies from about 5 per cent for He to 0.4 per cent
for C**. It is interesting to note that this first-order perturbation treatment,
carried out by Unsdld in 1927, was the first quantum mechanical calculation of
the helium ground state. In view of the large discrepancies shown by the old
quantum theory calculations, the relatively small difference of about 0.15 a.u.
(=4 eV) between his result and the experimental value was very promising.,

The calculation of second and higher order corrections, E((,") (n=2),isa
much more difficult problem, to which we shall return further, after having
discussed the Rayleigh—Ritz variational approach.

Variational method

We have seen in Section 2.8 that if H denotes the Hamiltonian of a quantum
system, and ¢ a physically admissible trial function, the functional

(d|H| )

—_— [6.68]
(Bl

provides a variational principle for the discrete eigenvalues of the Hamiltonian.

Moreover, it also yields a minimum principle for the ground state energy. That
is,

El[¢] =

Eo < E[4] (6.69]

For the case of two-electron atoms the Hamiltonian H (neglecting the motion
of the nucleus and all but the Coulofnb interactions) is given by [6.2]. Following
the Rayleigh—Ritz variational method, we shall use trial functions ¢ depending
on variational parameters, and carry out the variation 6E = 0 wit’ yespect 10
these parameters. )

It is apparent from the discussion of Section 6.4 that a basic defect of the
‘zero-order’ ground state wave function [6.35] (from which the first-order
energy result [6.66] was obtained) is that each electron moves in the fully-
unscreened field of the nucleus. In order to take into account approximately the
screening effect of each electron on the other one, we shall therefore choose a
trial function of the form [6.47]. That is, (in a.u.)

3
d(ry, 1) = Ze g Ty [6.70]
T
or
B(r1, r2) = UisrDYis(r) [6.71a]
where
73\l - /
Yis(r) = (-ﬂi) e [6.71b]

and the ‘effective charge’ Z, is considered as a variational parameter.
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The first step of the calculation consists in evaluating the expression E[¢).
Since our trial function [6.70] is normalised ({¢|¢) = 1) we have from [6.68]
and [6.2]

zZ Z 1
E[¢]=<¢T1+Tz—7l'——+—

r2 12

d>> [6.72]
where we have set T} = —Vfl/ 2and T, = —sz /2. Using the equations [6.71]
and the virial theorem (see [3.76]-[3.77]) we find that

(@Thl¢) = Wi Tl ule) = 322 [6.73]
and (¢|T>|¢) = (¢|T1|#). We also have from [3.71] and [6.71]

1 1
<¢ - ¢> = <wﬁ= }7‘ wf;> = Z, [6.74]
and (@|1/rild) = (¢{1/r1|¢). The expression {(d|1/r12|¢) has already been cal-

culated when Z, = Z, in which case it is identical to the first-order energy
correction E{V (see [6.54]-[6.58]). Using [6.65] we find that

(h

Putting together the above results, we have

8

r12

¢>=§ze [6.75]

E[¢) = E(Z,) = 7% — 2ZZ, + §Z, [6.76]

In the second step of the calculation, we shall now minimise E(Z,) with
respect to the variational parameter Z,. Hence we write ~————

aE—ZZ ZZ+5~0 6.77]
9z, ¢ 8 [6.
so that 5

Ze = Z — 1—6- [6.78]

This ‘optimum’ value of'Z, corresponds to a ‘screening constant’ S = 0.31. The
lowest energy which can be obtained with a trial function of the form [6.70] is
given by choosing Z, = Z — 5/16 and substituting this value in [6.76], namely

5 , 3 25 52

E(Ze—Z -E)— Z +SZ 756 (Z l6> a.u. [6.79]
We remark that with the choice Z, = Z the expression [6.76] reduces to the
first-order perturbation theory value [6.66], which is therefore equivalent to a
‘non-optimum’ variation calculation. The variational result [6.79], corre-
sponding to the ‘optimum’ choice Z, = Z — 5/16, is lower, and hence more
accurate, than the first-order perturbation theory result [6.66]. This may be
seen from Table 6.3, where the variational values obtained from [6.79] are given
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for various two-electron atoms (ions). It is clear from this table that the
variational results are remarkably good, given the simplicity of the trial function
we have used. If we denote by AE the difference between the ‘exact’ [3] value
e and the variational result [6.79], we see that the relative error |AE/E$
varies from about 2 per cent for He to less than 0.2 per cent for C**. This
corresponds to a reduction by more than a factor of two with respect to the
relative error made in the first-order perturbation calculation. For the delicate
case of H~ the variational result is also a marked improvement over the
first-order perturbation value, although the ground state energy of —0.473 a.u.
given by our simple variational treatment still lies above the ground state energy
oof atomic hydrogen (—0.5 a.u.) and hence is not low enough to predict the
existence of a stable bound state for H™.

We now describe briefly how very accurate values of the non-relativistic
ground state energy of two-electron atoms can be obtained by using the
Rayleigh-Ritz variational method with elaborate trial functions. We first
remark that for S-states (L = 0) the spatial wave function does not depend on
the Euler angles which specify the orientation of the triangle formed by the
nucleus and the two electrons. Thus spatial wave functions for S-states (and in
particular for the ground state 1'S) can only depend on the shape and size of this
triangle, which is specified for example by the radial coordinates r, and r;, of the
two electrons and their relative distance r;; = |r; — r2|. Another possible choice
for the three variables describing this triangle is

s=r +tn 0<ss =x
t=r—rd —x<sts® [6.80]
U =r; O=su=sx

\
The coordinates [6.80] have been used by Hylleraas to cons. Xt trial
functions of the type
N

b(s,y t, u) = e E cl,zm,nsltz’"u" [6.81T

I.mn=0

where the coefficients c¢;,,,, are linear variational parameters and kis a
‘non-linear’ variational parameter similar to the ‘effective charge’ Z, used in our
simple trial function {6.70]. We note that since the ground state is a para state
(space-symmetric) the trial function [6.81] must be an even function of 1. The
number N which appears in [6.81] determines the maximum number of terms
kept in the trial function. It is clear that for N = 0 the trial function [6.81]
reduces to the simple form [6.70], so that k = Z, = Z — 5/16 in that case.

The Hylleraas approach, which accounts explicitly for ‘correlations’ between
the motion of the two electrons through the variable u = rj;, has been very
successful in getting accurate values of the ground state energy Eo of he
Hamiltonian [6.2]. For example, with a trial wave function of the type [6.81]
containing six linear parameters, Hylleraas obtained in the case of helium
the value Ey = —2.90324 a.u., which differs from the ‘exact’ value
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E§< = —2.90372 a.u. by only 0.00048 a.u. (=0.013 eV). By now, extensive

variational calculations, using trial functions of a somewhat more general form
[4] than [6.81], have been performed for a variety of two-electron atoms and
ions. The corresponding ‘exact’ results are given in the last column of Table 6.3
for the systems H™ (Z = 1) through C** (Z = 6). It is worth stressing that the
numbers quoted in that column do not contain all the significant figures which
are presently available. For example, the value of E, for He is one of the most
accurate theoretical numbers which have been calculated by quantum mecha-
nical approximation methods, the result obtained by Frankowski and Pekeris
being

Eq, = —2.90372437703 a.u. [6.82]

The very accurate Hylleraas-type ground state wave functions determined by
the Rayleigh—Ritz variational method have also been used to calculate expecta-
tion values of various operators, oscillator strengths, transition probabilities,
and so on. In many cases of practical interest, however, it is convenient to use
less accurate, but more tractable wave functions, which do not involve explicitly
the interelectronic coordinate ry, and we shall now briefly describe how such
wave functions may be obtained.

As we pointed out above, the spatial wave functions for S-states of two-
electron atoms depend only on the shape and size of the triangle formed by the
nucleus and the two electrons. Instead of using the three variables (r;, 12, r12) OF
the Hylleraas coordinates (s, ¢, u), one can also choose the radial coordinates ry
and r, of the two electrons, and the angle 6 between the V¢bt0rs rpand r. Itis
then natural to use for the ground state trial wave functions which are

expansions in Legendre polynomials, \\\
d(ry, 12) = 2, Filri, r2) Py(cos 6) (6.83]
=0

where the subscript [ refers of course to relative partial waves. This approach is
known as the ‘configuration interaction’ (CI) method [5]. The (symmetric)
functions F(ri, ry) are expanded in some convenient basis set, for example

Firiyr-= e 0 3 Orird(rird + rird) [6.84]

Ll 1]
i<y

[4] For example, Kinoshita has used trial functions which, in addition to the terms contained in
[6.81], also include terms of the form 3 (u/s)(t/u)?. Schwartz has successfully tried functions
of the type [6.81], but with some half-integer powers. Pekeris has also obtained extremely
accurate results by using trial functions expressed in terms of the three perimetric coordinates
u=elry+ 1y —r)v=2¢elr+rn— ;) and w = 2e(r; + 12 — 2, with £ = (—Eg)'%.

[5] The name ‘configuration interaction’ {or ‘configuration mixing’) arises from the fact that a trial
function of the form [6.83] may be written symbolically as

& = o018, 18) + 2 G (s 1)
VIIYI'I'
Here (1s, 1s) is the 1s? configuration obtained for the ground state in the independent particle
approximation, and (n/, n'l’) represent configurations ‘mixed’ into the ground state because the
electron—electron interaction 1/r;; has non-zero matrix elements between the 1s? configuration
and other ones.

274




6.5 The ground state of rwo-slsctron atoms

where k is a non-linear variational parameter, and the coefficients cE-J’-) are linear
variational parameters. If one sets A = 0 in [6.83], so that the trial wave
function is restricted to the pure relative s-wave (! = 0), only radial correlations
between the positions of the two electrons are introduced in the wave function.
In this way a radial limit for the ground state energy is approached when an
increasing number of parameters is included in the function Fr,, r2). For
example, in helium this radial limit is about —2.879 a.u., and differs from the
correct value of —2.904 a.u. by 0.025 a.u. (=0.68 eV). This difference is due to
radial and angular correlations distributed among the higher relative partial
waves in the expansion [6.83].

. An important drawback of the CI approach is that the expansion [6.83]
converges much less rapidly than the Hylleraas method, which makes explicit
use of the interelectronic coordinate ri,. This is due to the fact that the
expansion of r1, in Legendre polynomials P,(cos ) converges very slowly. On
the other hand, the calculation of matrix elements (such as those occurring for
example in collision processes) is considerably simpler when use is made of Cl
wave functions instead of Hylleraas-type wave functions.

Before closing our discussion of variational wave functions for the ground
state of two-electron atoms, we give two explicit examples of simple wave
functions which represent improvements over the one-parameter ‘screened
hydrogenic’ wave function [6.70], with Z, = Z — 5/16. For helium, a useful
wave function is that of Byron and Joachain,

do(rys r2) = urs(rpus(r2) [6.85a]
where the 1s orbital u;4(r) is given ‘by
a(r) = (4m) V4 (Ae™* + Be™*") [6.85b]
\,

with A = 2.60505, B = 2.08144, « = 1.41 and B = 2.61. This (no \)ﬂised)
function is an analytical fit to the Hartree—Fock orbital, to be discussed in
Chapter 7. The corresponding Hartree-Fock ground state energy Is E, =

—2.86167 a.u. For the negative hydrogen ion H™, a convenient (normalised)

wave function, obtained by Chandrasekhar, is given by

Yolrys r2) = L N(e an—FPrz 4 g~ Brimarz [(6.86]

41
with N = 0.3948, « = 1.039 and 8 = 0.283. The wave function [6.86] yields
an energy Eo = —0.514 a.u. and therefore correctly predicts a bound state for
the H™ system. Although the ionisation potential Jp = 0.014 a.u. resulting
from [6.86] is rather far from the correct value I§* = 0.028 a.u., it is much
better than the negative value Ip = —0.027 a.u. corresponding to the simple
variational function [6.70]. Wave functions of the type [6.86], with a # B, are
known as ‘open shell’ wave functions. We note that the values of « and/b
obtained in the present case imply that H™ can be viewed as a two-electron
system in which one electron is weakly bound in the field of a polarised
hydrogen atom.
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Variation—perturbation method

Let us now return to the perturbation treatment which we started at the
beginning of this section by calculating the first-order energy correction ES".
It is possible to obtain higher order corrections by using the variation—
perturbation method discussed in Section 2.8. In order to display explicitly the
Z dependence of the various orders of perturbation theory, it is convenient to
choose Zag as our unit of length and Z%¢*/(4meg)ao = Z% a.u. as our unit of
energy. Setting

p1 = Zry, p2 = Zrz, P12 — lpy — P/ [6.87] -
the Schrodinger equation [6.3] then becomes
(Ho + AH)(p1, p2) = eb(p15 p2) [6.88]
where
1 1 1 1
Hy=—-——=V2 —=V2 —— — —
° 2 2" e m
1
H =—, A=Z1, e=E/Z* . [6.89]
P12

With this choice of units, the ground state energy £ = Eo/Z?, expanded in
powers of A, reads

to= > eZ " [6.90]
=0

n '\

Following the procedure outlined in Section 2.8, app\mgimate values of £§”
may be obtained by using trial functions &V, ¢@, ... in_the functionals
F,[¢V], Fy[¢®], and so on. Table 6.4 shows the first few values of &’
(2 = n < 10) calculated by Scherr and Knight from elaborate Hylleraas-type
trial functions. The agreement between the values of Eq = Z%g, obtained from

Table 6.4 ValuéS\Qf &5 (in a.u.) for the first few orders of perturbation theory, as obtained by
Scherr and Knight. Wé\rec%ﬂ‘l‘ that &5’ = —1 and ey’ = 5/8. The corresponding values of Eg') are
given (in a.u) by Ep” = P AR

Order n of Value of
Perturbation theory e’

—-0.15766

0.00869
—0.00088
—0.00103
—0.00061
—0.00037
—0.00024
—0.00016
—0.00011

[==JAN=R- 3 B e SRV, I S VN )

—_
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; [6.90] and the results of Table 6.4 and those calculated from the Rayleigh-Ritz
’ method (quoted in the last column of Table 6.3) is excellent. It is interesting to
note that for the case of H™ it is necessary to include the values of £§” up to
order n = 7 to obtain agreement with the correct result (E, = —0.528 a.u.)
within 0.001 a.u. (=0.027 eV).

Comparison with experiment

The extremely accurate result [6.82] is actually lower than the experimental
value of the ground state of helium ! This, however, is not a paradox since [6.82]
is only an upper limit to the exact non-relativistic value of E, corresponding to an
infinitely heavy nucleus (i.e. the ground state of the Hamiltonian [6.2]). Before
comparing theory and experiment several corrections must theréfore be cal-
culated, which we now discuss briefly.

We begin by considering the motion of the nucleus. From Appendix 8 and
equation [6.1], we see that the Schrédinger equation in which this effect is
ignored (i.e. in which one sets M = =) is then modified in two ways. Firstly, as
! in the case of one-electron atoms, the reduced mass © = mM/(m + M) of the
electron with respect to the nucleus replaces the mass m of the electron.
Secondly, a ‘mass polarisation’ term (—f’zz/M)V,I * V,, appears in the Schrodin-
ger equation.

The reduced mass correction is easily taken into account by using the method
discussed in Chapters 1 and 3 for hydrogenic atoms. We introduce a new atomic
unit of length a, = aym/u and a new atomic unit of energy

2/ 2

e __ e I
(4meg)a,  (4meglay m ‘ [6.91]

-

AN
which differs from the usual atomic energy unit ¢?/(47eg)a, by the t. >>r u/m.
After having calculated the energy E. corresponding to infinite nuclear mass
(M = =) we may therefore obtain the value £, appropriate to the reduced mass

@ by writing
E,=—E., [6.92]

- Thus, as for one-electron atoms (see Chapters 1 and 3), the reduced mass effect
- modifies all the energy levels of the atom in the same manner, all the frequencies
of the spectral lines being reduced by the factor u/m = 1 — m/M. If we call
AE; the reduced mass correction to be applied to the energy levels E., , we see

: that
AE] = E’u - Eso
! - B
- m
B ~ 77 B~ (6.93]
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and we notice that AE, is positive. In particular, for the ground state of ‘He this
correction reduces the ionisation potential I % (corresponding to M = =) by an
amount of about 27 cm™ .

We now turn to the correction arising from the ‘mass polarisation’ term.
Calling AE; that correction, and using first-order perturbation theory, we have

(in a.u.)

Il

1
AE; M (ol Vs, * Vi, lt00)

1
I (Yolp1 * P2lvo) [6.94]

where o(r;, r;) is the spatial part of the ground state wave function,
corresponding to the case M = =, and p; is the momentum of electron i. We
note that if ¥y is a simple product of individual orbitals #,(r;) 0 = 1, 2), then
AE, = 0, since the expectation value of the momentum, {p), vanishes for a
stationary bound (discrete) state. With an accurate Hylleraas-type variational
wave function, it is found that for *He the correction AE; is about 4.8 cm ™.

The discussion of the relativistic corrections and of the radiative corrections
(Lamb shift) falls outside the scope of this book [6]. Calling AE3 the former
ones, and AE, the latter ones, we list in Table 6.5 the numerical values of these
corrections for helium and several helium-like ions. Also given in Table 6.5 are
the reduced mass correction AE; and the mass polarisation correction AE,
discussed above. When subtracted from the non-relativistic ionisation potential
I3 (corresponding to M = o), these four corrections yield th;/tdtal theoretical
jonisation potential [ th  which is seen from Table 65 to be in excellent
agreement with experiment. Of particular interest is the comparison between
the theoretical and experimental values of the ionisation potential for helium.
From the work of Frankowski and Pekeris, and Schwartz, the theoretical value

1S
I = (198310.699 = 0.05) cm™* (6.95]

while the egperimental value obtained by Herzberg is
_Ig® = (198310.82 = 0.15) cm ™! [(6.96]

The fantastic agféement between [6.95] and [6.96] may be considered as one of
the most striking triumphs of quantum mechanics.

6.6 EXCITED STATES OF TWO-ELECTRON ATOMS

We now turn to the study of the excited states of helium-like atoms. Disregard-
ing for the moment the ‘double excited states’ (which will be considered in the
next section), we shall analyse various ‘genuinely discrete’ excited states of
two-electron atoms with Z = 2. For the sake of simplicity we shall neglect all

[6] A detailed account may be found in Bethe and Salpeter (1957).
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Two-electron atoms 6.6
the small corrections (motion of the nucleus, relativistic and radiative correc-
tions) mentioned at the end of the preceding section. Our starting point will
therefore be the Schrodinger equation [6.3] and our discussion of Section 6.4
based on the independent particle model.

Perturbation theory

As in the case of the ground state, we shall first use perturbation theory. We
again choose to split the Hamiltonian [6.2] as H = Ho + H', where the
unperturbed Hamiltonian Hy is given by [6.24] and H' = 1/r1, is the perturba-
tion. The properly symmetrised ‘zero-order’ spatial wave functions for the
genuinely discrete excited states we are considering are therefore the wave
functions ¢'2(r;, r;) given by [6.38], the corresponding ‘zero-order’ energies
being given by [6.39].

Since the energy levels [6.39] are degenerate with respect to ! and m, and also
exhibit the ‘exchange degeneracy’, we should in principle use degenerate
perturbation theory. However, by using the expansion [6.62] of 1/r; in
spherical harmonics and the orthogonality property of the Y,,, it is straightfor-
ward to prove that the matrix elements of H' between two degenerate zero-order
wave functions ¢ corresponding to different [ or m vanish. Moreover, since H'
is invariant for a permutation of the spatial coordinates of the two electrons, it is
clear that the matrix elements (W2|H "1y®) of H' between two degenerate
zero-order wave functions corresponding respectively to a pdra and an ortho
state vanish. Thus, from the point of view of de%enera perturbation theory,
the wave functions [6.38] are already the correct ‘zeto-order’ wave functions and
we can use non-degenerate perturbation theory directly to calculate the
first-order energy corrections. That is

EY = WOH W) [6.97]

where the plus sign refers to para states and the minus sign to ortho states, as
usual. Using the expression [6.38] of ¥ and the fact that H' = 1/r1,, we have

. _EM-3+Kk, EY=F-K [6.98]
where ;
J= J W100(rD)? ?:; [Yim(r2)|? dry dr2 [6.99]
and
K = J Woo(T ) Wom(r2) 7}; 100(T2) Yim(ry) dry dra [6.100]
with n = 2.

The integral ¥ is called the Coulomb (or direct) integral. By analogy with the
discussion following [6.55], we see that it represents the Coulomb interaction

280




6.6 | Excited states of two-slectron atoms

between the charge distributions of the two electrons. The integral X is known
as the exchange integral; it is the matrix element of 1/r,, between two states such
that the electrons have exchanged their quantum numbers. Using the fact that
the hydrogenic functions ,;,,(r) are given by $.(r) = R,;,(NY},(6, ¢) (see
[3.48]), together with the expansion [6.62] and the orthonormality property of

the spherical harmonics, we have

. . .
]nl = J' drz'%Rﬁl(rz) J d?‘lr;lzR%o(’l) T [6-101]
0 0 >
and
[)
K= 1 drnrRurR ) " drnPRrOR (r)&-)l— [6.102]
nl 21+1 o 2F24N10\12 ni\'2 0 17142 10\71 ni\"1 (r>)1+] .

where we recall that r_. is the smaller and r-. the larger of r; and r,. In the above
formulae we have explicitly indicated that the integrals ¥ and K depend on n and
I, but not on m. The first-order energy corrections [6.98] may therefore be
written more explicitly as

Eyl =Fux Ky [6.103]

and we remark that the independence of these energy shifts with respect to
m can also be deduced from the fact that the perturbation #' = 1/r,; commutes
with L,. ,
Adding the corrections [6.103] tosthe zero-order energies [6.39], we thus
obtain the ‘first-order’ energy values
E,.=E" + EJ N PR \S
nl,*= I.n - 7 7 .7nl - Knl - 104J

nl,*+

The integrals ¥,, and K,; can be evaluated explicitly (see for example
Problem 6.4 for the case n = 2,1 = 0, 1), but we shall use here only a couple of
their general properties. First of all, it is obvious from [6.101] that ¥,; must be
positive. Furthermore, for / = n — 1 the radial wave function R, - has no
nodes, so that we deduce directly from [6.102] that K, ,—, > 0. It turns out
that in the general case one has K,,; > 0, so that we see from [6.104] that an ortho
(spin triplet) state has a lower energy than the corresponding para (spin singlet) state
having the same value of #n and . This conclusion is in accordance with our
discussion at the end of Section 6.4. In fact, the role of the spin-dependent
exchange force introduced at that point can be made explicit in the following
way. We first note from [6.11] and [6.15] that the operator

[‘6.]0{]

Sl'szz‘zlsz—%

yields the value —3/4 when acting on singlet spin states (S = 0) and 1/4 when
acting on triplet spin states (S = 1). The first-order energy correction [6. 103]
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can therefore by symbolically written as
Ee =Fu— 31 + 48, * S2Ku
= Fu— 31 + o1 Ky (6.106]

where we have introduced the o operators, which are related to the spin
operators S; by

.= 3o (in a.u.) [6.107]

We see that in the sense specified by [6.106] the energy shifts ESP. — and hence
the first-order energy values [6.104] — depend explicitly upon the relative
orientation of the electron spins, even though the Hamiltonian [6.2] does not
contain spin-dependent terms. We also remark that the spin-dependent ex-
change force responsible for this effect is of the same order of magnitude as the
electrostatic force. It is therefore much stronger than the spin-dependent forces
arising from relativistic effects, such as the spin—orbit interaction which has been
shown in Chapter 5 to yield corrections of order (Za)? to the energy levels. In
fact, as Heisenberg first observed, the exchange force is strong enough to keep
the electron spins aligned in certain solids, and hence is responsible for the
phenomenon of ferromagnetism.

The splitting of the unperturbed energy levels predicted by the first-order
expression [6.104] is illustrated schematically in Fig. 6.8 for the case n = 2.
The effects of the Coulomb integrals F,; and of the exchangc”integrals K, are
displayed separately. We remark that F»; > F20, $O that the energy of the
configuration 1s2s is lower than that of the%rrﬂgﬁtion 1s2p, as we expect
from the discussion following [6.51]. We also see from Fig. 6.8 that the triplet

E
1
is2p — L3 2P
/P’_—T</\\ 12K,
/ | = 2'P
N
\\‘ // |7,
N ‘ 1
. P 2'S
// 1s 2s :// WK
/ / r \\\ 20 5
Iy | 2°S
!/ ‘]zn ‘
{7 _l l
[ AN SR v
EY)

6.8 The splitting of the unperturbed helium level for n = 2 by the Coulomb integrals 7, and the
exchange integrals K. .
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states lie below the singlet states corresponding to the same values of nand }, in
agreement with the foregoing discussion.

Variational method

As we remarked in Section 2.8, the application of the Rayleigh—Ritz variational
method to excited states of a quantum system is in general more difficult than
for the ground state, because the trial wave function corresponding to an excited
state must be orthogonal to the wave functions of all the eigenstates having a
lower energy. However, we also noticed in Section 2.8 that an important
simplification occurs when the Hamiltonian can be diagonalised simultaneously
swith a Hermitian operator A. Indeed, we saw that in that case a trial wave
function entirely constructed from eigenfunctions of A corresponding to a given
eigenvalue «; is automatically orthogonal to all the eigenfunctions of A
corresponding to eigenvalues o; different from «;; this trial wave function will
therefore provide an upper bound for the lowest energy eigenvalue associated
with the eigenvalue «;.

We now apply these ideas to the case of two-electron atoms. Among the
operators which can be diagonalised simultaneously with the Hamiltonian [6.2],
we shall consider the permutation operator P;; (see [6.4]) as well as the
operators S2 and L2 First of all, since para wave functions (which correspond to
the eigenvalue +1 of P, and to the value § = 0 of the total spin) are
orthogonal to ortho wave functions (corresponding to the eigenvalue —1 of Py,
and to the total spin S = 1), we can study separately the variational determina-
tion of the para and ortho energy levels, provided trial functions having the
appropriate para or ortho symmetry are used in the variational principle.
Moreover, because the eigenfunctions belonging to states with different values
of L are orthogonal, we can consider a separate variational problem for each
value of L by using trial functions which exhibit the angular dv ‘%ndence
corresponding to a state of given L. In this way we see that a minimum _Zinciple
for the lowest energy state belonging to a given L and S will always be obtained
without imposing further orthogonality constraints on the trial function. Hence,
if we adopt trial functions ¢ having the correct para or ortho symmetry and the
appropriate angular dependence, we may use directly the Rayleigh-Ritz
method — that is, substitute the trial function ¢ in the functional [6.68] - to

~ obtain upper bounds for the energies of the states 238, 2'P, 2°P, 3'D, 3°D, and

so on. On the other hand, when calculating the energy of the 2'S state by the
variational method, one must explicitly constrain the trial function to be
orthogonal to the wave function of the ground state 1'S. Similarly, the trial wave
function for the 3'S state must be made orthogonal to the wave functions of both
the 1'S and 2'S state, the trial wave function for the 3'P state has to be made
orthogonal to the wave function of the 21P state, and so on. It should be noted
from our discussion at the end of Section 2.8 (see [2.380]) that even after the
orthogonalisations have been performed we do not necessarily have upper
bounds for the energies of these excited states, since the wave functions of the
lower states are only known approximately.
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As an illustration of the foregoing analysis we shall consider the lowest four
excited states of helium. We begin by studying the 23S, 2'P and 2°P states,
which can be treated by the ‘standard’ Rayleigh—Ritz variational procedure,
without imposing additional orthogonality conditions; we then go on to discuss
the 218 state, whose wave function must explicitly be orthogonalised to the wave
function of the ground state.

The 23S state

This is the lowest ortho (space-antisymmetric) state, corresponding to the
configuration 1s2s. On the basis of the independent-particle model discussed in
Section 6.4 and of our first-order perturbation theory calculation, it is
reasonable to adopt for the spatial part of the wave function a simple trial
function which is the antisymmetrised product of an ‘inner’ (1s) orbital u;s
corresponding to the ‘effective charge’ Z; and an ‘outer’ (2s) orbital vz
corresponding to the effective charge Z,. That is

bas(ry> r2) = Nluy(r)vasr2) — D2(r)t15(r2)] (6.108a]
where
uls(r) = eiz‘r |
03(r) = (1 = Zye/2e 22— [6.108b]

and N is a normalisation constant. Upon substituting [6.108] into the functional
[6.68], and varying the variational parameters Z; and Zo to obtain the minimum
energy, Eckart found the values Z; = 2.01 and Z, = 1.53, which yield the
energy Eps = —2.167 a.u. (= —58.97 V).

Very accurate results for the energy of the 23S state may be obtained by using
elaborate Hylleraas-type variational functions depending on the three variables
(ry, 2, 112) or the Hylleraas coordinatess = ry + 1, =11 — 12 andu = r;. Of

._course the trial wave function ¢(s, t, %) must now be space-antisymmetric, and
\hence has to be an odd function of ¢. The ‘exact’ value obtained in this way by
Hy@;aas and Undheim and more recently by Pekeris et al. (using generalised
Hylleraas-type wavée—furctions) is Esk = —2.175 a.u. (= —59.19 ¢V). The
agreeméﬁt Jbetween the Eckart result and this ‘exact’ value is seen to be good,
considering the simplicity of the trial function [6.108].

The 2'P and 23P states

Since the 2'P and 2°P states are respectively the lowest para and ortho states
corresponding to the configuration 1s2p, simple trial wave functions for these
states may be written as

Gaip(r1, I2) = N fur(r)v2pm(r2) * Vapm(T)U1s(r2)] [6.109a]

where the plus sign refers to the 21D state, the minus signs to the 2°P state, N ..
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are normalisation constants, and
: » i
us(r) = e 2" k

Vapm(®) = re 272Y (8, m=1,0,-1 [6.109b]

the symbol £ denoting the angular variables of r. Substituting the trial func-
tions [6.109] into the functional [6.68] and varying the parameters Z, and
Z, to obtain a minimum for the energy, Eckart found for the 2'P state the
values Z; = 2.00 and Z, = 0.97, giving the energy E,p = -2.123 a.u.
(= —57.77 eV), which is in excellent agreement with the ‘exact’ result E S =
—2.124 a.u. (= —57.80 eV) of Pekeris. For the 23P state Eckart obtained for
the variational parameters the optimum values Z; = 1.99 and Zo = 1.09, the
j corresponding energy being Ez:p = —2.131 a.u. (= —57.99 €V), in very good
1 agreement with the ‘exact’ result ES = —2.133 a.u. (= —58.04 eV). It should
be noted that for both the 2'P and 2P states the value of Z, is much closer to
j Z — 1 = 1 (corresponding to complete screening) than for the 23S state which
I we have studied previously.

The 2'S state

Since the 2'S state is a para (space-symmetric) state corresponding to the
i configuration 1s2s, one could attempt to construct a simple trial wave function,
| similar to the 23S wave function [6.108], but which would be space-symmetric
' instead of space-antisymmetric. That is,

das(rys r2) ://4][“13("1)7)25(1‘2) + va(r)ui(r2)] (6.110a]

where u; is again an ‘inner’ (Is) orbital, v, an ‘outer’ (2s) orbital and N a
normalisation constant. However, a trial wave function of the form "§.110a] is
not necessarily orthogonal to the wave function of the ground state . . As we
pointed out above, this orthogonality constraint must therefore be imposed
explicitly. A simple variational wave function of the form [6.110a}, which does
| satisfy the requirement of being orthogonal to the ground state wave function
g [6.85], is such that the orbitals u;(r) and v,(r) are given by

u(r) = e %

vy(r) = e "= Cre” ™" [6.110b)

| where the ‘optimum’ variational parameters, obtained by Byron and Joachain

iﬁ are given by 7, = 0.865, 7, = 0.522 and C = 0.432 784. The corresponding

| energy is Eyis = —2.143 a.u. (= —58.31 eV) which is close to the ‘exact’ result

! ES% = —2.146 a.u. (= —58.40 eV) obtained by Pekeris.

I Another variational approach which may be applied to the study of the ZJS/

‘ state consists in using the Hylleraas—Undheim theorem (see Section 2.8). A
trial function is first chosen, which has the symmetry of a 'S state, and contains
a number of variational parameters. According to the Hylleraas—Undheim
theorem, the second root of the determinantal equation [2.387] then provides an
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upper bound for the energy of the 2'S state. In this way very accurate results for
the energy of the 2!S state, and also for other excited states of helium, have been
obtained.

6.7 DOUBLY EXCITED STATES OF TWO-ELECTRON ATOMS.
.AUGER EFFECT (AUTOIONISATlON).’/,BESONANCES

In the language of the independent particle model introduced in Section 6.4, the
‘genuinely discrete’ excited states which we\ have studied in the preceding
section all correspond to singly excited states, for. which one electron occupies .
the ground state (1s) orbital and one occupies an excited orbital. However, we
noticed in Section 6.4 (see [6.34]) that there exist also doubly excited states of the
Hamiltonian [6.24], in which both electrons occupy excited orbitals (for exam-
ple 2s%, 2s2p, 3p4d, etc.). We remarked that all these states lie above the
ionisation threshold and are therefore discrete states embedded in the continuum.

Let us now study the action of the perturbation H' = 1 /112 on a given doubly
excited state |a), having an ‘unperturbed’ energy E® and a corresponding
zero-order wave function . Because of the presence of continuum energy
levels in the neighbourhood of E ©_ an eigenfunction of the full Hamiltonian H
in this energy region is

W(E) = a(EWS + J b(E, EYYW(E") dE’ [6.111]

where (E') is a properly symmetrised continuum wave function describing the

system made of a free electron of kinetic energy E’ and a one-electron atom - ’

(ion). It is clear that the perturbation H' will cause the discrete state > to

interact with the nearby continuum states. Hence, in addition to an energy shift
of the discrete state, a radiationless transition from the doubly excited state to a
state of an ionised configuration will occur. Such a transition is known as the
Auger effect or autoionisation, and the doubly excited states (which are unstable
against ionisation) are called autoionising states. Direct application of the Fermi
Golden Rule (see [2.359]) shows that, to first order of perturbation theory, the
transition rate for autoionisation is given by

2
= —,Z—r KW EDH W) pe(E) [6.112]

where pg(E) is the density of final states corresponding to the continuum wave
function W(E), and the kinetic energy E of the free electron is specified by
energy conservation. Not only helium-like atoms (ions) but all atoms or ions
with two or more electrons possess such autoionising states.

As an example, let us consider the (2s2p)'P state of helium, in which the two
electrons form a singlet spin state in the configuration 2s2p. This state can be
excited from the ground state (1s)* 'S by the absorption of (ultra-violet) radia-
tion, since the selection rules AL = *1 and AS = 0[7] are satisfied. Once

[7] These selection rules will be proved in Chapter 8.
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excited, the (2s2p)'P state can decay via radiative transitions to bound statesof He
allowed by the selection rules (that is, 'D and 'S states, including of course i
J ground state). However, it can also decay via a radiationless (autoionising) trangt= !
tion into a free electron and a He™ ion in the ground state, the kinetic energy of
‘ the free electron being determined by conservation of energy. Explicit calcula-
tions show that the autoionising transition (Auger effect) is much more probable
| than a radiative transition to a He bound state, and this is also true for the other
] doubly excited states of helium. As a result, spectral lines of emission spectra
corresponding to doubly excited states of helium are very weak.
The presence of autoionising states in the continuum spectrum of two-
‘ . electron atoms has several important consequences. Firstly, these states will
‘ show up in the absorption spectrum of the system. For example, if one analyses
the absorption spectrum of helium corresponding to the photoionisation process

hv + He(1!'S) > e~ + He" [6.113]

one observes that sharp peaks or resonances, superimposed on the smooth
continuum absorption, occur in the neighbourhood of the energy of autoionis-
ing states. This is illustrated in Fig. 6.9, which shows the resonances in the
helium continuum absorption spectrum obtained by Madden and Codling, who
‘ used an electron synchrotron to obtain a continuous photon source in the
wavelength region around 200 A. For example, the large peak shown in Fig. 6.9
: appears at the energy corresponding to the 2s2p level. In the vicinity of the
| energy of an autoionising state, which we denote by the symbol He** (doubly
excited He state), the reagyfon [6.113] may thus be viewed as proceeding

\
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Two-electron atoms |

through the steps i
hy + He(1'S) — He** — e~ + He™ [6.114]

where the autoionising state He** corresponds to a temporarily bound or
resonant state of the compound system (e~ + He™).

A second way in which the autoionising states of two electron atoms manifest
themselves is in the collisions of electrons with the corresponding one-electron
atom or ion. Consider for example the scattering of electrons by/f‘He+ ions. If the
incident electron has just the right kinetic energy, an autoionliing state He**
will be formed, and this compound state of the system (eX + He™) will
subsequently decay into a free electron and a He™ ion. Thus the scattering event
may be analysed in terms of the two-step process \

e~ + He® — He** — e~ + He" 16.115]

in which a resonant state of the (e~ + He™) system is temporarily obtained. As :‘
in the case of the absorption spectrum, a dramatic peak or resonance is then !
observed in the scattering cross-section. We shall return in Chapter 12 to the ]
study of these resonances, which have become the subject of numerous |
investigations in recent years. '

PROBLEMS ’

6.1 Prove that eigenfunctions ¢(r;, ry) of the Schrodinger equation [6.31//
corresponding to degenerate eigenvalues can always be chosen to-be
either space-symmetric [¢ (12, T1) = Yi(ry,r2)]or space-antisymmetric
[W_(rz, 1) = —¢ (11, 1))

6.2 Study the action of the operator S2 = 3/2 + 2S; - S; on the four spin
functions [6.12] and obtain the results quoted in Table 6.1.

6.3 Calculate the average values of
G 3+ 03, G ), (i) 8
for the ground state of helium by using:

(a) the zero-order product of hydrogenic wave functions ¢ given by
[6.35], with Z = 2;

(b) the simple ‘screened’ variational function given by [6.70], with
Z, = 27/16 (see [6.78]);

(c) the Hartree—Fock wave function [6.85].
Compare your results with the ‘exact’ values (r? + 1} = 2.39,
(8(r))) = 1.81 and (6(r12)) = 0.106 (in a.u.).

6.4 Evaluate explicitly the Coulomb integral ¥ ,;and the exchange integral K,
given respectively by [6.101] and [6.102] for the cases n = 2,1=0, L.
Using [6.104], obtain the corresponding ‘first-order’ energy values for the
energies of the 2'S, 2'P, 238 and 2P states of helium.

6.5 A helium atom is excited from the ground state to the autoionising state
2s4p by absorption of ultraviolet light. Assuming that the 2s electron
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; moves in the unscrecned Coulomb field of the nucleus and the 4p electron - .
[ in the fully screened Coulomb potential —1/r: i
' (a) Obtain the energy of this autoionising level and the corrcspondm

] wavelength of the ultraviolet radiation.
(b) Find the velocity of the electron emitted in the autoionising process in

which the autoionising level 2s4p decays into a free electron and a He*
ion in the ground state Is.
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We have seen in the preceding chapter that Schrodinger’s equation cannot be
solved exactly for two-electron atoms or jons, so that approximation methods
must be used. We also saw in Chapter 6 that very accurate results can be
obtained for the energy levels and wave functions of helium-like atoms by
performing variational calculations — such as those of the Rayleigh—Ritz type —
in which elaborate trial functions containing a large number of variational
parameters are used. Extended variational calculations of this kind have also
been carried out for other light atoms (such as lithium, which contains three
electrons) but this approach becomes increasingly tedious when the number of
atomic electrons increases. We shall therefore develop in this chapter some
general methods which, at the expense of simplifying assumptions, can be
applied to study the structure of many-electron atoms and ions.

The starting point of all calculations on many-electron atoms is the central field
approximation, which we have already discussed in the previous chapter for/;he/

case of two-electron atoms. The basic idea of this approximation is that e/a’éh of
the atomic electrons moves in an effective spherically symmetric potential V(r)
created by the nucleus and all the other electrons. We shall first discuss some
general properties of this central potential, and show that a number of
qualitative features of many-electron atoms — including the periodicity in the
properties of the chemical elements — can be understood without a detailed
knowledge of the form-of this central field. Next, we turn to the problem of the
determination of the potential V(r), for which we first discuss the simple
semi-classical method of Thomas and Fermi, and then the more precise
Hartree—Fock or self-consistent field approach. We conclude this chapter by
considering the corrections which must be applied to the central field
approximation.

7.1 THE CENTRAL FIELD APPROXIMATION
Let us consider an atom or ion containing a nucleus of charge Ze and N
electrons. A detailed treatment of this system should take into account:

1. The kinetic energy of the electrons and their potential energy in the
electrostatic (Coulomb) attractive field of the nucleus (assumed to be
point-like and infinitely massive).
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2. The electrostatic (Coulomb) repulsion between the electrons. ‘
3. The magnetic interactions of the electronic spins with their orbital mudm

(spin~orbit interactions).
4. Several small effects such as spin—spin interactions between the electrons,

various relativistic effects, radiative corrections and nuclear corrections (due
to the finite mass of the nucleus, its finite extension, nuclear magnetic dipole

moments, etc.).

It is clear that such a detailed study of a many-electron atom is a very difficult
task, in which approximations must be made. In what follows, we shall neglect
all the ‘small’ effects mentioned in 4. The spin—orbit interactions (3 above) will
be considered in Section 7.5 when we discuss the corrections to the central field
approximation. Thus, keeping only the attractive Coulomb interactions be-
tween the electrons and the nucleus (which we assume to be infinitely heavy)
and the Coulomb repulsions between the electrons, we write the Hamiltonian of
the N-electron atom (ion) in the absence of external fields as

N ﬁZ Zel N eZ
H=3-—V2-

(4meo)r; =1 (4meo)r;;
where r; denotes the relative coordinate of the electron i with respect to the
nucleus, r;; = |r; — r;| and the last summation is over all pairs of electrons. As in
the previous chapter, it is convenient to use atomic units, so that the
Hamiltonian [7.1] becomes

(7.1]

N N
_y(ly_ 2 1
H= Z 2 v, i) " i<_72=l rii (7.2]

and the Schrédinger equation for the N-electron atom wave functjon (g,
g2 - - - qy) reads \

[% <——V2 —E) + E ]‘I’(fh:‘h, )

i=1 2 r; i<j=1 ij

-

= E¥(q:1, ¢25 - - - qN) [7-3]

where ¢; denotes the ensemble of the (continuous) spatial coordinates r; and
(discrete) spin coordinates of electron 1.

Since we are dealing with a system containing N indistinguishable particles,
its Hamiltonian must be invariant under an interchange of the coordinates
(spatial and spin) of any two particles. This is clearly the case for the
Hamiltonian [7.2], which is independent of the spins of the electrons, and is
symmetric in their spatial variables. Moreover, because electrons have spin 1/2
and hence are fermions, the Pauli exclusion principle requires that the total wav
function ¥(q,, ¢z, . . . gn) be completely antisymmetric, i.e. changes sign if th
coordinates (spatial and spin) of any two electrons are interchanged.
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Let us for a moment ignore the spin of the electrons. The Schrodinger
equation for the purely spatial wave function ¥ (ry, 3, - .. Iy) then reads

Hy (5, 125 - - n) = Ey (r, 125 .- ) (7’:4]

or, using the expression [7.2] of H, \

i=1 i<j=1 Tjj
= Ey(r1, 25 - - - IN) [7.5}
We see that this equation is a partial differential equation in 3N dimensions
involving the coordinates ry, Iz, - - . IN of the electrons. Because of the

presence of the terms 1 /r;;» which express the mutual repulsion of the electrons,
this equation is not separable. We have already encountered this situation in our
study of helium-like atoms. However, in contrast to the case of two-electron
atoms, where the term 1/r; can be treated by perturbation theory, the term
S,<; 1/r; which appears in [7.5] is in general too large to be treated as a
perturbation. Indeed, even though for a fairly large value of Z any one of the
terms 1/r;; is small compared to Z/r;, there are many 1/r; terms, and their total
effect may become of the same size as that of the interaction between the
electron i and the nucleus. Thus, if we want to apply perturbation theory ina
meaningful way to the present problem, we must define a new ‘unperturbed’
Hamiltonian which is not just the sum of hydrogenic Hamiltonians

.-/ Z)Vfi — Z/r,), but which includes, at least approximately, the mutual

repulsion between the electrons. On the other hand this unperturbed Hamil]:ef'
nian should be sufficiently simple so that the corresponding thriédﬁlger
equation is tractable. e

The answer to this problem, proposed by Hartree and by Slater, is to use as
our starting point the central field approximation. This approximation is based on
an independent particle model, in which each electron moves in an effective
potential which represents the attraction of the nucleus and the average effect of
the repulsive interactions between this electron and the (N — 1) other electrons.
Moreover, since the overal effect of the (N — 1) other electrons is to screen the
central Coulomb attraction between an electron and the nucleus, it is clear that
the inter-electron repulsion term ;..; 1/r;; contains a large spherically symmet-
ric component, which we shall write as 2;S(r;). A good approximation to the
effective potential energy of an electron is therefore provided by a spherically
symmetric potential V (r) such that

V() = ——f— + S : [7.6]

We may readily obtain the form of V(r) at large and small distances. Indeed,
let us first consider an electron i whose distance r; from the nucleus is large
compared to the distances r; associated with the (N — 1) other electrons. In this
case we have r; = r;and 1 /r; = 1/r; so that the electron i moves in a potential
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given approximately by

Z N'—l l Z — N + 1 m“‘l it i
LT e — (7.7
=1 T ri

which corresponds to the Coulomb field of the nucleus, screened by the (N — 1)
other electrons. As the distance r; diminishes, this screening effect becomes less
pronounced. In fact, when the electron 1 is near the nucleus, so that r; = r;, the
potential felt by this electron is given approximately by

252 74

7 =171 £}

where the symbol () denotes an average over the distances of the (N — 1) other
electrons, and C is a constant. Thus we see that in the limit r; — 0 the effective
potential acting on the electron i is just the unscreened Coulomb potential
(—=Z/r,) due to the nucleus. We shall therefore require that the effective central
potential V(r) be such that

V(i) — ——f—, r—0 [7.9a]

Vir) — _é____N_il’ r— [7_9b]

r

In particular, for a neutral atom (such that Z = N), we have

1
Vi) — =, 1o [7.9¢]

much more difficult problem, to which we shall return in Sections 7 and 7.4
where we discuss the Thomas—Fermi and Hartree—Fock methods, respéctively.
At this point, however, it is inportant to realise that for intermediate values of r
the potential V(r) — which represents the attraction of the nucleus plus the
average repulsion of the other electrons — must depend on the details of the
charge distribution of the electrons, or in other words on the dynamical state of
the electrons. As a result, the same effective potential V(r) cannot account for the
full spectrum of a complex atom (ion). However, if we restrict our attention to the
ground state and the first excited states, it is reasonable to assume that a fixed
central potential V(r) can be used as a starting point. In fact, we shall see below
that many important features concerning the structure of complex atoms or ions
can be obtained by using only the information contained in equations (7.9],
without a detailed knowledge of the central potential V(r).

Let us now return to the Hamiltonian [7.2]. From the foregoing discussion it/
is clear that a meaningful separation of H into an unperturbed part and a
perturbation may be achieved by writing

H=H. + H, [7.10]

The determination of the effective potential at intermediate dis'«gces is a
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where ‘,1
N 1 ‘

Ho= 3 (-3 % Vo) %

i=1 2 v |

x | |

- 2 hi’ hi = _'2‘ fo + V(ri) [7'11] “

-
it
—

is the Hamiltonian corresponding to the central field approximation, and ‘

N z
H=> —-> (—+ V(n)) i
i<j=1 Ty i r; p
= > — = >8m [7.12] !
i<j=1 Ty i i

is the remaining part of the full Hamiltonian [7.2] containing the remaining l
spherical and all the non-spherical part of the electronic repulsion. All we have ‘
done, of course, is to add and subtract the expression %; V(r;) in [7.2], but the | '
perturbation H, defined by (7.12] is now much smaller than the term 2,; 1/r; :
representing the full mutual repulsion between the electrons. 1 \

We shall therefore begin by neglecting the perturbation H; and concentrate
our attention on the central field Hamiltonian A, which, as seen from (7.6] and i
[7.10], contains the kinetic energy, the potential energy in the field of the j
nucleus, and the average (spherical) electron repulsion energy. The correspond- ‘
ing Schrodinger equation for the spatial part of the N -electron central field wave

function Y(r, 13, . . . ry) then reads // .
" [—_2_ f + V(,.l_)} e - ‘
=1 i

and is separable into N equations, one for each electron. A solution of [7.13] i
may therefore be written as ‘

e = Ua (1)U, (12) * Uy (TN) [7.14] ]
where the (normalisedﬁ/ individual electron orbitals u, (1)), u.(r2) . . . are | |
solutions of an equation having the form , !

(=1 92 + V)t © = Bt 7as] |
N and the symbol g; in [7.14] refers to the three quantum numbers (nil;m;) of : ‘ ‘

electron 1.
With the substitution m, — m, the equation [7.15] is identical to [6.48], -
which we already discussed in our study of two-electron atoms. Since the ‘,
potential V(r) is central, the one-electron or central field orbitals u,,(r) are o
products of radial functions times spherical harmonics, : ,
i

unlm,(r) = Rnl(’) Ylm,(ga ¢) [716] 1 ‘
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where the radial functions satisfy the equation
1(d 2d W+
-3 (3{ Ml T)an(f) + V(ORu(r) = EyRy(r) [7.17]

We recall that the principal quantum number 7 is defined toben = n, + I + 1,
where n, is the number of nodes of the radial function. The quantum numbers n,

! and m; can therefore take the values

n=12,...
[=0,1,2,...n—1
m=-1,-1+1,...+] [7.18]

As we already noted in connection with [6.48], the central field orbitals tym(r)
should not be confused with the hydrogenic wave functions u.(r) of
Chapter 3, since the radial functions R,(r), solutions of [7.17] differ from the
hydrogenic radial functions [3.53], which correspond to the particular choice
Vi = -Z/r. .

Because the potential V(r) in [7.15] is spherically symmetric, the energy
eigenvalues E,; do not depend on the quantum number n;. However, in
contrast to the hydrogenic case, the individual electron energies depend on both
n and [. The total energy E. in the central field approximation is of course the
sum of the individual electron energies, namely

N
EC = 2 Enili [7'19]
=1

As in the case of two-electron atoms discussed in Chapter 6, we note that there
is exchange degeneracy, since any spatial wave function obtained from [7.14] by a
permutation of the electron coordinates is an equally good solutior. ¥ [7.13]
corresponding to the same energy [7.19]. X

Spin, the Pauli exclusion pll'inciple and Slater determinants

So far we have not introduced the spin of the electrons into our central field
model. This is readily done by multiplying the one-electron spatial orbitals
Uy (T) by a spin-1/2 eigenfunction x1/2,m thus forming the (normalised) spin
orbitals
unlm,ms(q) = unlm,(r)/\/l/z,m,
= Ru(r)Y 1m0, ®)X1/2,m, (7.20]
characterised by the four quantum numbers n, [, m; and m,. The three ‘spatial’

quantum numbers 7, [ and m; can take the values given in [7.18], while the spin
quantum number m, is such that m, = +1/2. It is clear that the spin orbitals

[7.20]-satisfy the equations
[=3VZ + VOlttuimm, = Enitinimm, [7.21]
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Since the energy E,; does not depend on the quantum numbers m; and m,, we
see that each individual electron energy level is 2(2[ + 1) times degenerate.
Our next task is to built up out of single-electron spin orbitals a total
N-electron (central field) wave function Wqis 25 - - - gn) Which is antisym-
metric in the (spatial and spin) coordinates of any two electrons, in order to
satisfy the requirements of the Pauli exclusion principle. This may be accom-
plished in a simple way as follows. Let us designate the four quantum numbers
(n, 1, m;, m) corresponding to given independent particle states in the atom by
the single letters a, 3, . . . v. The total wave function ¥, describing an atom in
which one electron is in state a, another in state B, and so on may then be
written as a N X N determinant, -

u(q)  uglgy) " wlqy)
1 N o« s .
Vgt Do e ON) = —\/:—N—, u () ug(q2) u,(q2) (7.22]
ita(QN) uB(‘IN) “ulgn)

which is known as a Slater determinant. This wave function is obviously
antisymmetric because if we interchange the (spatial and spin) coordinates of
two electrons (say ¢; and ¢) this is equivalent to interchanging two rows, so
that the determinant changes sign. The eigenvalue E. of the central field
Hamiltonian H. corresponding to a given Slater determinant is just the sum
[7.19] of the energies of the N individual states which are present in the
determinant.

We note that since a determinant vanishes when two columns (or rows) are
equal, the Slater determinant [7.22] will vanish if two electrons have the same
values of the four quantum numbers #, [, m; and m;. Within the framcwdr/k of
the independent-particle model, we may therefore state the exclusion principle
in the form originally discovered by Pauli in 1925, namely that no two electrons in
an atom can have the same set of four quantum numbers.

The (N'1)~"/2 factor appearing in [7.22] is a normalisation factor, arising from
the fact that there are N! permutations of the electron coordinates 43, 425 - - -
gn - If we denote by P a permutation of the electron coordinates, we may rewrite
the Slater determinant [7.22] as

: 1
Vg1 @25 - - - qn) = _J_I\I_T ; (— 1) Puy(gug(g) =+ - wlgn) [7.23]

where the symbol (— 1)¥ is equal to +1 when P is an even permutation and to
—1 when P is an odd permutation [1], and the sum is over all permutations P.

Let us now investigate the behaviour of the Slater determinant [7.22] under
the inversion transformation r; — —r;. Since a spin orbital [7.20] has parity
(1), the Slater determinant has the well-defined parity

(D=1 - - (DY = (D [7.24]

[1] We recall that a permutation P is said to be even or odd depending on whether the number of
interchanges leading to it is even or odd.

296




and will therefore be even or odd under the inversion transformation, depengh i
ing on whether the sum of the orbital angular momentum quantum numbellwum
the electrons, %,/;, is even or odd. R

As a simple example, let us consider the ground state (1s)? 'S of helium. The
spin orbitals for the two electrons are then given by

100,172 = #100(0x1/2,1/2 = oo for m, = +1/2 (7.25a]
and
Uig0,— 172 = #100(NX1/2,-172 = Uieo(NB for m; = -1/2 [7-25b]

where o and 8 are the spin functions defined by [2.209], and the orbital u;e(r) is
that introduced in Section 6.4. According to [7.22], the two-electron wave
function ¥ (¢, ¢,) describing the helium ground state in the central field

approximation is

W y = 1 Juoo(r)a(l)  us00(r)B(L)
q1s 92 V2 |#00(r)a(2)  uy00(r2)B(2)

1
= 1100(r1)4100(r2) —\/7 [a(1)B2) — a()B(1)] (7.26)

in accordance with the results obtained in Chapter 6.

It is a simple matter to verify (Problem 7.1) that the central field Hamiltonian
H_ commutes with both the total orbital angular momentum operator L and the
total spin operator S. That is,

[H, L] =0 (7.27]
~—[H,,S] =0 [7.27b)
where
N \
L= 2 Li [7.288_'
i=1
) N

-
It
—

Here L, and S, denote respectively the orbital angular momentum and the spin
operator of the ith electron. As a consequence, it is possible to obtain
eigenfunctions of H,. which are also eigenfunctions of the operators L2, 82, L,
and S, with eigenvalues given respectively by L(L + D&%, S(S + DA%, M, h
and M¢# (£ ='1in a.u.). Such eigenfunctions will be denoted by |aLSM; My),
where « is an index representing additional information (such as the radial part
of the wave function, the parity, etc.). It is precisely this ‘coupled representa{
tion’ L, §, M;, Mg which we used in Chapter 6 to discuss the two-electron
problem. Now, in obtaining the Slater determinant [7.22] we used spin-orbitals
Upimm, €Xpressed in the n, I, m;, m, representation. As a result, a Slater
determinant [7.22] is an eigenfunction of the operators L, and S,, but not
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necessarily of L2 and S2, and we must in general construct linear combinations
of Slater determinants 10 obtain an eigenfunction of L?, S?, L, and S, (see !
Problem 7.2). The helium ground state considered above is a simple case (with 1
L = S = 0) for which a single Slater determinant is an eigenfunction of all four
operators L2, $?, L, and S,.

Electron states in a central field. Configurations, shells and subshells |

We have shown that within the framework of the central field approximation
the energy levels E. of an atom (ion) having N electrons are given by summing i
the individual electron energies E,;, while the N-electron wave functions ]
Vq1> g2 - - - qN) 2T obtained by forming Slater determinants (or linear
combinations of them) with the individual spin orbitals #,z,m- The problem of
finding the eigenvalues and eigenfunctions of the central field Hamiltonian H. ]
is therefore reduced to the determination of the individual energy levels E,; A
and the spin orbitals [7.20]. Since the spherical harmonics Y, (6, ¢) and the ‘
spin eigenfunctions xi/2,m, are known, this problem in turn comes down to
solving the radial equation [7.17] for an attractive potential V(r) satisfying the\\
conditions [7.9]. _ N _
The order of the energy levels E,; does not depend in a crucial way on the \ [
detailed form of the potential V(r). If V(r) were simply the Coulomb field —Z/r \ i
of the nucleus, all the levels I = 0, l,...n—1 corresponding to a given va- J |
lue of n would coincide. The screening due to the other electrons results in a .
raising of the energy levels, this effect being more pronounced as 7 and |
increase, since in this case the orbitals are concentrated at larger values of r.
Thus, for a fixed value of / the energy E,,; is an increasing function of n and for a ;
given value of n it is an increasing function of [ (the orbitals-with Tatger [ values
being ‘forced’ out by the centrifugal barrier). If we restrict our attention to the
ground and lowest excited states, the order of succession of the individual
energy levels E,; (which can be inferred from spectroscopic evidence) is nearly |
the same for all atoms, and is given in Table 7.1. It is worth noting that this
sequence is different fr? that in hydrogen, where the energy levels depend

onlyonn,and E,.1 > E,. For example the 4s state, which has a higher energy -
than the 3d state in” hydrogen, is depressed because of its low angular
momentum, which causes this orbital to be large at small r, where it can feel the |
full nuclear attraction. We also see that as a rule the individual electron energy |
E,; is an increasing function of the sum n + L. -

In the central field approximation, the total energy [7.19] of the atom depends [
only on the number of electrons occupying each of the individual energy levels '
E,;. Therefore, as we already noted in Section 6.4 for the particular case of .
two-electron atoms, this total energy is entirely determined by the electron i
configuration, that is by the distribution of the electrons with respect to the |
quantum numbers 7 and I. Thus the assignment of an electron configuration ] |
requires the enumeration of the values of n and / for all the electrons of the atom. 3 |
We recall that in the usual spectroscopic notation the value of n is given as a u
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7.1 | The consral field approximation

‘ Table 7.1 The ordering of the individual energy levels E,;. The energy increases from bottom to .
1 top, the brackets enclosing lqvels which have so nearly the same energy that their order can W\im
| from one atom to another. Also given is the spectroscopic notation for the subshell (n/) and the

‘ maximum number 2(2/ + 1) of the electr%ns allowed in a subshell '

Quantum numbers Spkctroscopic Maximum number
n, 1 notation for of electrons allowed
subshell (nl) in the subshell
=22+ 1)

6,2 6d 10

|:5,3 |i5f 14
7,0 7s 2
6,1 6p 6
5,2 5d 10
4.3 [4f 14
6,0 6s 2
5,1 Sp ° 6

[4,2 [4d 10
5,0 Ss 2
4,1 4p/ 6

[32 [3c( 10

L4,0 4s 2
3,1 3p 6
3,0 3s 2
2,1 2p 6
2,0 2s 2
1,0 1s 2

number, that of [ as a letter (s for [ = 0, p for / = 1, and so on) and the number
of electrons having given values of n and ! as a numerical superscript (for
example (2s)? or 252, (3p)* or 3p*, etc.).

Electrons having the samg, value of # and [ are said to belong to the same
subshell [2]. According to our foregoing discussion, there are 2(2/ + 1) states
having the same value of n and / but different values of m; and m, . Such states are
called equivalent. In spectroscopic jargon the electrons having the same value of
n and [ (i.e. belonging td the same subshell) are known as equivalent electrons.
Because of the Pauli exclusion principle there cannot be more than one elect ‘3
in each individual state labelled by the quantum numbers (nlm;m,). Thus t.
maximum number of electrons in a subshell is 2(2] + 1), so that

For [ = 0 (s electrons) this maximum number is 2

I = 1 (p electrons) this maximum number is 6
‘ I = 2(d electrons) this maximum number is 10
’ 1 = 3 (f electrons) this maximum number is 14
| | = 4 (g electrons) this maximum number is 18
| ! = 5 (h electrons) this maximum number is 22

|

| [2] Some authors use the word ‘shell’ (instead of ‘subshell’) to characterise electrons having the

| same values of # and /. We shall reserve the word ‘shell’ for electrons having only the same value
of n, the principal quantum number.
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In addition to the ordering of the energy levels E,;, Table 7.1 also gives the i
spectroscopic notation of the corresponding subshells, and the maximum [
number of electrons allowed in each subshell. An assembly of 221+ 1)
equivalent electrons is called a closed (or filled) subshell.

Electrons which have the same value of the principal quantum number n are
said to belong to the same shell. Following a notation introduced in Chapter 1 ‘
for the hydrogenic atoms, and commonly used in discussing X-ray spectra of ‘
complex atoms, the value of the principal quantum number 7 is sometimes
specified by a capital letter according to the correspondence i

Valeeofn 1 2 3 4 5 6 )

OSSN SN -
Codeletter K L M N O P

The maximum number of electrons in a shell is 27%, in which case we have a [
closed (or filled) shell. j|

Degeneracies ' N

Since the assignment of an electron configuration requires only the enumeration
of the values of n and [ for all electrons, but not those of m; and m;, a given
degeneracy g will be attached to a configuration. Let v; be the number of )

electrons occupying a given individual level E,, and §; = 2(21; + 1) be the
degeneracy of that level. There are <

5!

d=—"-
! Vi!(ai - Vi)!

[7.29]
ways of distributing the ¥; electrons among the §; individual states correspond-
ing to the level E, ;, and we note that d; = 1 for a closed subshell (such that
y; = 8,). The total degeneracy or statistical weight g of the configuration is then
obtained by forming the product of d; with the degeneracies corresponding to
the electrons of the other subshells.

As an example, let us consider the ground state of the carbon atom, which has ‘
the configuration 1522s2222. In this case: ] i

for the two 1s electrons: v =2, 8= 2, d=1 A
for the two 2s electrons: v = 2, §=2, d=1 ) |
for the two 2p electrons: v =2, 8= 6, d=15 '

and the total degeneracy of the ground state configuration of carbon is g = 15. i -]

7.2 THE PERIODIC SYSTEM OF THE ELEMENTS

We are now equipped with all the necessary information to discuss the ‘ g
electronic structure and the ‘building up’ (aufbau) of atoms. For the sake of !
simplicity we shall only consider the ground state of neutral atoms. The Z L]
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‘ electrons of an atom of atomic number (nuclear charge) Z then occupy the
| lowest individual energy levels in accordance with the requirements of the Paull "]
i exclusion principle discussed above; the ordering of the individual levels is that
‘ displayed in Table 7.1. The ground state configuration of an atom is therefore
obtained by distributing the Z electrons among a certain number f of sub-

shells, the first (f — 1) subshells being filled and the last one — corresponding

j t6 the highest energy — generally not, except for particular values of Z
(2, 4, 10, 12, 18, etc.). The least tightly bound electrons, which are in the
subshell of highest energy, and in insufficient numbers to form another closed

- subshell, are called valence electrons. In going from one atom having atomic
number Z to the next one, with atomic number Z + 1, the number of electrons
increases by one, the (Z + 1) electrons occupying the lowest energy levels
allowed by the exclusion principle. In this way the subshells are progressively
i filled. This is illustrated in Table 7.2 which gives the electron configuration of
! the ground state of neutral atoms. Also given in Table 7.2 are the ionisation
A potential and the ground term, the/latter being written according to the

_ Russell-Saunders notation
| 25+1
| Ly

where ¥ is the total angular momentum quantum number and the code letters S,
P, D, . . . correspond to the values L = 0,1, 2,. . . as described in Chapter 6.
We shall return in detail in Section 7.5 to the assignment of the term values.

The table begins with hydrogen, which has the ground state configuration 1s.
The ionisation potential, as we have learned in Chapter 3, is 13.6 ¢V and the
ground term value is clearly 2S,,,, since we have L(=l) = 0, S("s) = 1/2 and
J(=n=1/2.

The next element, he’lium,\\has the ground state configuration 1s? and was
studied in detail in Chapter 6. Since L = 0 and S = 0 in this case, the ground
term value is 'Sy. We see by looking at Table 7.2 that helium has the largest
ionisation potential (24.59 eV). We also note that the two electrons of helium fill

the 'K shell (n = 1).
>

‘ The third element, lithium, has the ground state configuration 1s%2s (abbrer

] ated as [He]2s in the table) because the configuration 1s? is forbidden by th

! exclusion principle. The ground term value of lithium is %8,,,, since we have

one electron outside a closed shell. If the screening of the nuclear charge

by the two inner 1s electrons were perfect, the outer electron would feel an ef-

fective charge Z, = 1, the corresponding ionisation potential being then
13.6/4 = 3.4 eV. In fact the screening is not perfect and, as a result, the

ionisation potential is somewhat larger, being 5.39 eV.

] With the next element, beryllium (Z = 4) the 2s subshell is filled and the
‘ ground state configuration is 1s22s%. Since we have a closed subshell as in(
3 helium, the ground term is 'Sy . The ionisation-potential (9.32 eV)is larger than
| for lithium, because of the increase of the nuclear charge. ’

i The 2p subshell becomes progressively filled beginning with boron (Z =5,

i ground state configuration 1s?2s?2p) up to neon (Z = 10, ground state
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Table 7.2 Electronic configuration, term value and ionisation potential of

ground state

‘ s in their

z Element Electronic Term* Ionisation
configuration® potential (eV)
1 H  hydrogen 1s 281,z 13.60
2 He helium 1s? So 24.59
3 Li lithium [He]2s 28,2 5.39
4 Be beryllium [He]2s? So 9.32
5 B boron [He]2s’2p P2 8.30
6 C carbon [He]2s’2p? Po 11.26
7 N nitrogen [He]Zsini :83/2 14.53
8 O  oxyge [He]2s2p ’p, 13.62
9 F ﬂucﬁ%l)e// [He]2s?2p® 2P, 17.42
10 Ne neon [He]2s?2p® 1S 21.56
11 Na sodium [Nel3s 28,2 5.14
12 Mg magnesium [Ne]3s® IS, 7.65
13 Al aluminium [Ne]3s’3p P2 5.99
14 Si  silicon [Ne]3s23p? 3P, 8.15
15 P  phosphorus [Ne]3s23p? *S3,2 10.49
16 S sulphur [Nel3s?3p* 3p, 10.36
17 Cl  chlorine [Ne]3s23p° 2Py, 12.97
18 Ar argon [Ne]3s?3p® 'S, 15.76
19 K  potassium [Ar}ds 812 4.34
20 Ca calcium [Ar]as? 1S 6.11
21 S¢  scandium [Ar]4s?3d Dy, 6.54
22 Ti titanium [Ar}ds?3d? 3F, 6.82
23 \Y% vanadium [Arl4s?3d? *Fa,; 6.74
24 Cr  chromium [Ar}4s3d® 83 6.77
25 Mn manganese (Arl4s?3d’ 5Ss,2 7.44
26 Fe iron [Ar)4s?3d® D, 7.87
27 Co cobalt [Ar]4s?3d’ *Fo2 7.86
28 Ni  nickel [Ar]4s?3d® °F, 7.64
29 Cu  copper [Ar}4s3d'® 2812 7.73
30 Zn  zinc [Ar}4s?3d'® 1S, 9.39
31 Ga gallium [Ar]4s?3d'%4p Py, 6.00
32 Ge germanium [Ar}4s?3d'%4p’ P, 7.90
33 As  arsenic [Ar}ds?3d'%4p® 4S5, 9.81
34 Se  selenium [Ar]4s23d'%4p? P, 9.75
35 Br  bromine [Ar)4s?3d'%4p’ Py, 11.81
36 Kr krypton [Ar}4s23d'%4p® 1S, 14.00
37 Rb  rubidium [Kr]Ss 28,5 4.18
38 Sr  strontium [Kr]ss? 'So 5.70
39 Y yttrium [Kr]Ss’4d D), 6.38
40 Zr  zirconium [Kr}5s?4d? °F, 6.84
41 Nb  niobium [Ki]5s4d* D1/ 6.88
42 Mo molybdenum [Kr]5s4d’ S; 7.10
43 Tc  technetium [Kr)ss?4d® ®Ss/2 7.28
44 Ru ruthenium [Kr]5s4d’ 5Fs 7.37
45 Rh rhodium [Kr]5s4d® *Fo,2 7.46
46 Pd palladium [Krl4d!® 'Sy 8.34
47 Ag silver [Kr]3s4d'® 2812 7.58
48 Cd cadmium [Kr]ss?4d*® 'So 8.99
49 In  indium [Kr]5s24d'°Sp Py 5.79
50 Sn tin [Kr)5s%4d'%Sp? - P 7.34
51 Sb  antimony [Kr]5s%4d'%5p? \‘Sm 8.64




Table 7.2(Cont,

)“ iy m
z Element Electronic Torm! Ionisation
configuration® potential (oW)

52 Te tellurium [Kr]5s4d'95p* ’p, 9.01
53 1 iodine [Kr]5524d'°5p5 ZP\/I ) l0.45
54 Xe xenon [Kr]5s%4d'°5p® 186 1213
55 Cs  cesium [Xel6s 2812 3.89
56 Ba  barium [Xe)6s? 'So 5.21
57 La lanthanum [Xe)6s?5d D, 5.58
58 Ce cerium [Xel(6s°4f5d) ('Gy) 5.47
59 Pr  praseodymium [Xe)(6s%4f>) (*Is2) 5.42
60 Nd neodymium [Xelosaf? L, 5.49
61 Pm promethium [Xe](6s%4£°) (°Hs,2) 5.5
62 Sm samarium [Xel6s?4f® ’F, 5.63
63 Eu europium [Xelos?4f” %S,/ 5.67
64 Gd gadolinium [Xel6s24£75d D, 6.14
65 Tb terbium [Xe](65%4f°) *H,s,, 5.85
66 Dy dysprosium [Xe](6s%4f'°) Clg) 5.93
67 Ho holmium [Xel(6s24f'h) (*Lis,2) 6.02
68 Er erbium [Xe)6s%4f'%) (CHe) 6.10
69 Tm thulium [XelosZaf!? F.. 6.18
70 Yb  ytterbium [XelosZaf' 1S, 6.25
71 Lu Jlutetium [Xe]6s?af'4sd Ds,, 5.43
72 Hf hafnium [Xel6s24f'45d? 3F, 7.0
73 Ta tantalum [Xel6s24ft45d3 ‘Fa2 7.89
74 W  tungsten [Xe]6s24f145d* Dy 7.98
75 Re rhenium [Xel6s?af'4sd® %Ss/2 7.88
76 Os  osmium [Xe]6s?af'45ad° Dy 8.7
77 Ir iridium [Xe]6s24f!*5d” (4F9/2) 9.1
78 Pt  platinum [Xel6sdf'45d® 3D, 9.0
79 Au gold [Xel6sdf!45d!° ZSI/Z 9.23
80 Hg mercury [Xel6s24f!45d1° 1S, 10.44
81 Tl  thallium [Xe]6s?4f'45d'%p P,y 6.11
82 Pb lead [Xel6s24£145d %6 p? 3P, 7.42
83 Bi  bismuth [Xel6s24f'45d!%6p? 483/, 7.29
84 Po polonium [Xe]6s*4f145d % p* P, 8.42
85 At astatine [Xe](6s%4f45d %6p°) Py, 9.5
86 Rn radon [Xe]6s24f145d %p® 1S, 10.75
87 Fr francium [Rn]7s 28,2 4.0
88 Ra radium [Rn]7s* 'S, S.28
89 Ac  actinium [Rn]7s%d D), 6.9
90 Th thorium [Rn]7s%6d? ’F,

91 Pa protactinium [Rn](7s%5f%6d) (*K1,2)

92 U  uranjum [Rn]7s*5f%6d *Le 4.0
93 Np neptunium [Rn]7s25f*6d °Liy,;

94 Pu plutonium [Rn]7s25f° "F, 5.8
95 Am americium [Rn]7s?5f” 8,2 6.0
9 - Cm curium [Rn]7s%5f76d °D,

97 Bk berkelium [Rn]7s?5f%d *H,,,

98 Cf californium [Rn]7s?5£° *Ig

99 Es einsteinium [Rn]7s25f"! M52

100 Fm fermium [Ra](7s%5f'%) (*Hy)

101 Md mendelevium [Rn)(7s5£!3) (°F7,2)

102 No nobelium [Rn}(7s25f'%) (!Sp)

103 Lw lawrencium [Rn]7s25f'6d) (?Dy,,)

t Configurations and terms in parentheses are estimated.
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configuration 1s%2s22p®). Since the 2p individual energy level is somewhat
higher than the 2s level, the ionisation potential of boron (8.30 eV ) is smaller
than that of beryllium. For neon the ionisation potential reaches the value of
21.56 eV, which is larger than any other one, except helium. We note that since
the 2p subshell is closed for neon, its ground term value is 1S,. In fact, neon has
the maximum number of electrons allowed in the n = 2 (L) shell.

With Z = 11 (sodium) the eleventh electron must go into the 3s subshell.
The ionisation potential of sodium (5.14 eV) is therefore much smaller than that
of neon. From Z = 11 to Z = 18 the 3s and 3p subshells are progressively
filled, the ground state configuration of argon (Z = 18) being 1s°2s°2p®3s°3p°.

The process of filling the n = 3 states is temporarily interrupted at Z = 19
(potassium). Indeed,/lc_)glzing at Table 7.1, we se:aya{ after the 3p subshell is
filled the first departure from the ordering according to the lowest value of n
occurs. The added electrons in potassium (Z = 19) and calcium (Z = 20) thus
go into the 4s rather than the 3d subshell, the 3d level being energetically less
favourable because of the screening by the argon core [Ar].

The filling of the 3d subshell is therefore deferred until scandium (Z = 21),
which has the ground state configuration 1s?2s? 2p®3s?3p®4s?3d (or [Ar]4s’3d in
abbreviated notation). It is the first element of the so-called first transition or iron
group, extending from Z = 21 to Z = 30 (zinc). It is worth noting that because
the 4s and 3d states are very close in energy, a competition between these two
states develops, and the process of filling is not so regular as for the previous
subshélls. Thus from scandium (Z = 21) to vanadium (Z = 23) the added
electrons occupy successively the states 4s?3d, 4s?3d” and 4s?3d?, but chromium
(Z = 24) has only one 4s electron, the state 4s3d> being energetically more
favourable than 4s23d*. With manganese (Z = 25) the added electron goes into
the 4s state left free in chromium, so that Mn has the ground state configuration
[Ar]4s?3d®. The 3d subshell then continues to be filled regularly with iron
(Z = 26, ground state configuration [Ar]4s?3d®), cobalt (Z = 27, ground state
configuration [ArM4s?3d’) and nickel (Z = 28, ground state configuration
[Ar]4s?3d®), but this regularity is again broken with copper (Z = 29) which has
only one 4s electron (as does chromium), its ground state configuration being
[Ar]4s3d’°. The last element of the first transition or iron group, zinc (Z = 30)
has the ground state configuration [Ar]4s?3d"°.

———The elements of the first transition group have ground state configurations in_

which the outer electrons occupy states of the type (n + 1)s?nd™ or (n + 1)s
nd*"! with n = 3. Two other sets of transition elements, the second transition
or palladium group (from Z = 39 to Z = 48) and the third transition or platinum
group (from Z = 71 to Z = 80) correspond to similar situations, but withn = 4
and n = 5, respectively. Here again a competition develops between the nd and
the (n + 1)s levels, and irregularities in the filling of the subshells occur.
The rare-earth elements or lanthanides are the 14 elements, beginning with
lanthanum (Z = 57) which correspond to the filling of the 4f subshell, the 4s
subshell being already complete. We note that this filling of the 4f subshell is
irregular, with a competition taking place between the 4f and 5d levels.
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Analogous to the rare-earth elements are the actinides, beginning with actinium
(Z = 89) in which the 5s subshell is complete and a competition occurs between
the 5f and the 6d states.

The electron configurations of atoms with large values of Z are clearly difficult
to explain on the basis of the simple qualitative arguments developed above,
One reason, which we have already mentioned, is that various energy levels are
very close in energy. Also, for large Z, relativisitic effects (such as spin-—orbit
coupling) become important and prevent the simple decoupling of the gpace and
spin parts of the wave functions, which we have made here. We shall return to
spin—orbit effects in Section 7.5.

lonisation potentials

It is apparent from Table 7.2 and from Fig. 7.1 that in going from an element to
the next one, the ionisation potential of the added electron does not vary in a
monotonic way with Z. In particular, the ionisation potential is seen to reach
maximum values for the noble gases (He, Ne, Ar, Kr, Xe) which have a full K
shell or p subshell. It is smallest for the alkalis (Li, Na, K, Rb, Cs) whose
electron configuration corresponds to that of a noble gas plus an s electron.
These features can be understood qualitatively by recalling that the electrons
in the same subshell have equivalent spatial distributions, so that their screening
of one another is rather small. For example, in the case of helium we saw in
Section 6.4 that the screening constant corresponding to the shielding between
the two 1s electrons is given approximately by § = 0.30. As a result, the
effective charge Z, increases as Z increases during the filling of a subshell, and
the ionisation potential is maximum for a closed subshell. On the other hand,

25 | He
Ne
20
Ar
15 Kr
H : Xe
10—
s “/—\\j—ﬂ
I Li
Na K Rb s

| | | L | | 1,
10 20 30 40 50 60 70 80

Atomic number Z

7.1 The ionisation potential as a function of the atomic number Z. The maxima occur at Z = 2
(He), Z = 10 (Ne), £ = 18 (Ar), Z = 36 (Kr), Z = 54 (Xe) and (not shown) Z = 86 (Rn).

Ionisation potential (eV)
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when a subshell has been filled, the added electron must go into another state

having a larger value of n or [, whose orbital is concentrated at larger r values, I
outside the closed subshells. Thus in this case the increase of the nuclear charge |
Z is more than compensated by the very effective screening of the inner I
electrons on the outer one, and the ionisation potential is significantly reduced. !

Chemical properties and the Mendeleev 1
classification of the elements

The chemical properties of an atom are related to the possible interactions of
this atom with other ones, and in particular to its possibility oib being bound with ’
other atoms to form a molecule. At the low energies involved in chemical
reactions, the interactions between atoms are mostly determined by the least ‘
tightly bound or valence electrons which, as we have seen, are in the ‘outer’
subshell. The key factors are the number of occupied electron states in this ]
subshell, and the energy interval between this subshell and the next (empty) )
one. For example, an atom tends to be chemically inert if (i) its outer subshell is '
filled, and (i) there is an appreciable energy difference between this subshell |
and the next higher one, so that it takes quite a lot of energy to perturb the ‘
atom. This is the case for the noble gases (He, Ne, Ar, Kr, Xe). On the other |
hand, the alkalis (Li, Na, K, Rb, Cs) which contain a single weakly bound s ;
electron outside a ‘noble gas’ core are very active chemically, because they will |
frequently loose their valence electron in their interactions with other atoms. ]
The halogens (F, Cl, Br, I) which have a p subshell lacking only one electron
(that is a ‘hole’ in their outer p subshell) will also exhibit a large chemical
reactivity, because of their high electron affinity — their tendency to capture an ]
electron in order to reach the more stable arrangement corresponding to ‘
completely filled subshells. In particular, a halogen (such as F) will readily }
combine with an alkali (such as Li) to form a F~ ion and a Li" ion, which bond .
together. This is an example of ionic bonding, which will be discussed in ‘
Chapter 9.
The rare gases, alkalis and halogens provide examples of recurrences (as Z

increases) of similar chemical properties, due to regularities in the structure of the
outer electron shells. These recurrences led Mendeleev in 1869 to classify the

~ elements in a table, the periodic table, such that the elements of a same column | i

“Xgroup) have comparable chemical properties and those of a same row are said to
form a period. The atomic number Z of an element was then obtained by I |
ordering the spaces in the table. It is worth noting that when Mendeleev |
proposed his periodic table in 1869 neither electrons nor nuclei were known, i ‘
and that he also had the foresight to leave some empty spaces in his table, to be ‘
filled by elements not yet discovered. Mendeleev subdivided the set of elements |
into seven periods; this subdivision is still kept today and includes elements ' |
discovered later. A modern version of the Mendeleev, or periodic, table of the ‘
elements is given in Table 7.3. We see that each of the periods begins with an .
alkali element and ends with a noble gas atom, except for the seventh period, ]
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Table 7.3 The periodic table of the elements .
v

Period JA 1IA IIIB IVB VB VIB VIB VIIIB VIIB IB 1B IIA IVA VA VIA VIIA gases
1 ' 2

1 |[H He
1.008 4.00)
3 (4 5 (6 (7 (8 9 |10

2 Li |Be B [C |IN [O [F |Ne
6.939 | 9.012 10.811 |12.011 |14.007 | 15.999 | 18.998 | 20.18)
11 |12 13 |14 |15 |16 (17 (18

3 Na |Mg Al |Si (P [S |Cl {[Ar
22,990 | 24.312 26.982 | 28.086 | 30.974 |32.064 [35.453 | 39,948

19 (20 (21 (22 (23 |24 [25 |26 |27 |28 |29 {30 (31 (32 |33 |34 (35 |36
4 K |Ca |Sc |Ti |V |Cr |Mn |Fe |Co [Ni |Cu |Zn |[Ga |Ge |As {Se |Br [Kr

39.102 | 40.08 |44.956 | 47.90 |50.942 {51.996 |54.938 |55.847 |58.933 |58.71 63.54 6537 |69.72 |72.59 |74.922 [78.96 {79.909 | 8).00

37 (38 39 |40 |41 (a2 [43 |44 |45 [a6 |47 |48 [49 [50 |51 [s2 [s3 |s4
5 Rb (Sr |Y |Zr |Nb |Mo [Tc [Ru |Rh [Pd |Ag [Cd [In |Sn |Sb [Te |I Xe

‘ 85.47 |87.62 |88.905|91.22 |92.906 |95.94 (99 101.07 |102.91 [106.4 |107.87 |112.40 [114.82 }118.69 |121.75 [127.60 |126.90 | 131.30

55 |56 |s7t|72 |73 |74 175 |76 |77 (78 |79 |80 |81 (82 (83 (84 (85 |86
i 6 Cs |Ba {La |Hf [Ta |W |Re |Os |Ir |Pt [Au |Hg |Tl |Pb |Bi |Po [At [Rn

132.91 | 137.34 | 138.91 [178.49 | 180.95 |183.85 {186.2 |190.2 [192.2 |195.09 |196.97 {200.59 (204.37 1207.19 |208.98 [(210) |(210) |(22d)

87 (88 |(89F [104 [105
7 Fr [Ra [Ac

(223) |226) (227

+ S8 159 |60 |61 |62 |63 |64 |65 |66 |67 |68 (69 |70 |71
Lanthanides Ce [Pr |Nd |Pm |Sm |Eu [Gd [Tb |Dy |Ho [Er {Tm |Yb [Lu

140.12 | 140.91 | 144.24 | (145) 150.35 | 151.96 | 157.25 | 158.92 | 162.50 | 164.93 | 167.26 | 168.93 | 173.04 | 174.97

t 90 |91 [92 {93 |94 (95 |96 {97 |98 |99 |100|101 [102(103
Actinides Th {Pa |U |Np |Pu |Am |Cm |Bk |Cf |Es |Fm [Md |No |Lr

232.04 | (231) 238.03 | (237) (242) (243) (247) (249 (251) (254) 253 (256) @50 (23N

which is incomplete. We remark, parenthetically, that nothing in atomic
| structure prevents atoms with Z > 100 existing. The reason that such atoms are
not observed naturally is that their nuclei undergo spontaneous fission, and are
unstable.

To conclude our discussion, we emphasise once more the importance of the
Pauli exclusion principle. Indeed, the variety which we find in the periodic table
| is basically a consequence of the Pauli principle. If it were not obeyed, all the
j electrons of an atom would be in the 1s subshell (which has the lowest energy),
and all atoms would be more or less alike, with spherically symmetric charge
distributions having very small radii.

307




Many-electron atoms 7.3

7.3 THE THOMAS-FERMI MODEL OF THE ATOM

We now turn to a basic problem in the central field approximation, namely the
determination of the central potential V(r). This problem will be analysed by
using two approaches. The elaborate Hartree—Fock method will be studied in
the next section, while the simpler Thomas—Fermi model, which is based on
statistical and semi-classical considerations, is discussed here.

The Fermi electron gas

Before we analyse the theory developed by Thomas and Fermi for the ground
state of multielectron atoms, it is convenient to consider the simpler problem of |
the Fermi electron gas, that is a system consisting of a large number N of free |
electrons confined to a certain region of space [3]. We shall suppose that the N —_—
free electrons of our system are confined to a large cube of side L. Each of the
electrons is therefore moving independently in a potential which is constant (we
may take this constant to be zero) inside the cube, and is assumed to be infinite
at the boundary. Thus, the spatial part of the wave function describing the ]
motion of an electron satisfies the free particle Schrédinger equation [4] 1
A L
— (5? o 5?) (@) = Eg(r) [7.30]

inside the cube, while ¢ = 0 at the boundary. c ,

Since the equation [7.30] is separable in Cartesian coordinates, we may use ] |
the results obtained in Section 2.4 for the one-dimensional infinite square well ‘
potential. Generalising these results to three dimensions, and moving the origin
of our coordinate system from the centre of the box to one corner, we find that
the eigenfunctions of [7.30] which vanish at the boundary (i.e. the wave
functions for a spinless particle in a cubical box of side L) are given by

Y () = C sin (lefﬁ- x) sin (n_f_r y) sin (%71 z) [7.31]

where C = (8/L*)'/? is a normalisation constant and ny, 7,, 1, are positive
integers [S]. The corresponding allowed values of the energy E of an electron are

(see [2.131]) !
wh?

\ E=m(ni+n§+n§) ]
)

w*h? I

= P n’ [7.32] ‘

[3] A good example of a Fermi electron gas is provided by the conduction electrons in a metal. A
detailed discussion may be found in Kittel (1976).

[4] In this section we shall-use SI units. ! i
[5] A zero value of n,, n, or n, leads to the unacceptable trivial solution y = 0 everywhere, —_ i \
Il
|

and negative values of n,, n,, 1, , do not yield different wave functions from those given by [7.31].

|

308 |
S~ i .




The Thomas—F ermi modal of the MH |

73

where i “
Al
nt =n+n+ nl [7.33) ‘”*
We remark that each energy level [7.32] can in general be obtained from a
number of different sets of values of (n,, n,, n,), and is therefore usually
degenerate. '

Since electrons have spin 1/2, we must multiply the spatial part [7.31] of their
wave function by the spin functions y,/, , , with m, = +1/2. The individual
electron wave functions are therefore the spin orbitals

(l’n,nynzm d’n n,n (r)Xl/Z,m [7'34]

and the quantum states of an electron are specified by the three spatial quantum
: numbers (n,n,n,) and the spin quantum number m,. We note that for each
energy level [7.32] labelled by the quantum numbers (n,n,n,), there are two
spin-orbitals, one corresponding to spin up (m, = +1/2) and one to spin down
(m; = —1/2), so that the degeneracy of the individual energy levels [7.32] is
multiplied by two.
Because the energy spacings are very small for any reasonable macroscopic
f box of side L, it is a good approximation to consider that the energy levels are
distributed nearly continuously. We may then introduce the density of states or
density of orbitals D(E), which is defined as the number of electron quantum
states (i.e. the number of spin orbitals) per unit energy range. Thus D(E) dE is
the number of electron states for which the energy of an electron lies between E
and E + dE.

In order to obtain the quantity D(E), we consider the space formed by the
axes n,, n, and n, (see Fig. 7.2). Since n,, n, and n, are positive integers, we are
interested only in the octant for which n, > 0,n, > 0 and n, > 0. As seen from
Fig. 7.2 each set of spatial quantum numbers (n, , n, , n,) corresponds to a point

n, 4

| 7.2 Three-dimensional n-space used in the calculation of D(E). To each state (n,, n,, n,) is
‘3 associated a cube of unit volume. For fairly large values of (n,, n,, n,) the total number of states
! within n = (n2 + n? + n})!/? equals the volume of one octant of a sphere of radius n in n-space.
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of a cubical lattice, and every elementary cube of the lattice has unit volume.
Thus, for fairly large values of the quantum triplet (n,, n, n,), the total number
of spatial orbitals for all energies up to a certain value E is closely equal to the
volume of the octant of a sphere of radius n = (n + nj + n2)!/2. The total
number of individual electron states for energies up to E is therefore given

approximately by

N, =2 %mﬁ =1 [7.35]

U | —

1
8
where the factor 2 is due to the two spin states per spatial orbital. Using [7.32]
- and setting V = L3, we may also write this result as

1 (2m)\*?
N, <m> VE3/? [7.36]

REAY

The number D(E) dE of electron states within the energy range (E, E + dE)is
then obtained by differentiating [7.36], namely .

1 2m\?/?
dN, = D(E) dE = — |=z | VEY?dE [7.37]
2m? \ K?
so that
dN, 1 [2m\*?
DE) =35 =77 (7:) VE'? [7.38]

It may be shown that the above results remain valid for a volume of arbitrary
shape, provided its minimum dimension is much larger than the average
wavelength of the orbitals.

According to the Pauli exclusion principle, the total wave function describing
the entire system of N electrons must be fully antisymmetric in the (spatial and
spin) coordinates of the electrons, and will therefore be a Slater determinant
constructed from the individual spin orbitals [7.34]. The corresponding total
energy is the sum of the individual electron energies. Assuming that the system
is in the ground state (i.e. our Fermi electron gas is at an absolute temperature
T = 0), the lowest total energy is then obtained when the N electrons fill all the
spin orbitals up to an energy EF, called the Fermi energy, the remaining orbitals
(with energies E > EFf) being vacant. This is illustrated in Fig. 7.3, which
shows the density of states D(E) as a function of E, the occupied orbitals
corresponding to the ground state of the Fermi electron gas being represented
by the shaded area.

The Fermi energy may be evaluated by requiring that the total number N of
electrons in the system should be equal to

0

EFr
N = J D(E) dE [7.39]

In writing this equation we have used the fact that the system contains many
electrons, so that the integral [7.39] is a good approximation to the correspond-
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] i IXE) 4

0 E; E

i 7.3 The density of states D(E) as a function of the energy E. The occupied orbitals corresponding to
| the ground state of the Fermi electron gas are represented by the shaded area.

| ing sum over discrete states. Moreover, since N is large, it does not matter
1 whether the last level contains one or more electrons. Using the result [7.38], we

L have
i 1 2m 3/2 Efp )
i - = /2
‘ N 27;-2<ﬁ2) VL E*“dE
‘ 1 [2m\3?
r =32 (77) VE® (7401
|
' so that
i ﬁZ
Ep = — (3n?p)*/3 (7.41]
2m
where N
= 7.42
pP=3 (7.42)

“ is the number of electrons per unit volume, i.e. the density of electrons. We
| note that the total energy of a Fermi electron gas in the ground state (at absolute

| Zero) is .

A E.. =j ED(E) dE

) .

| . 1 2m 3/2 Ex

| ==—|=5] V| EdE
; () )

[ 1 [2m\*?

| =52 (ﬁ—) VE

|: :
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where we have used [7.38] and [7.40]. The average electron energy at T = 0 K
is therefore .

E = =~ Ep [7.44]

It is also instructive to study the problem of the Fermi electron gas by
imposing periodic boundary conditions on the (spatial) wave functions of the
electrons, i.e. by requiring these wave functions to be periodic in x, y and 2 with
period L. Instead of the standing waves [7.31] we then have travelling wave
solutions of the Schrédinger equation [7.30], having the form

i) = 7" (7.45]
As we already showed in Section 4.2, the allowed components of the wave vector
k are then given by (see [4.50]) _
27 27 27
kx——fnx, ky=—i-ny, kz=-z—

n, [7.46]

where n,, n, and n, are positive or negative integers, or zero. The number of
spatial orbitals in the range dk = dk, dk, dk, is (L /2%)? dk, dk, dk, and this
number must be multiplied by 2 to take into account the two possible spin |
states. A unit volume of k-space will therefore accommodate V/47 electrons

(with V = L?. Thus, the individual electron states having energies up to

E = #2k%2m will be contained within a sphere in k-space, of radius &, the
number N of these states being given by

V 4 1
e L |
1 (2m\*?
=5 (_h'_;’_) VE3/? [7.47]

in agreement with [7.36].
We have seen above that in the ground state of our Fermi electron gas the N
electrons fill all the states up to the Fermi energy Eg. Thus in k-space all states ]
\Qp to a maximum value of  equal to kg are then filled, while the states for which ‘
k > kg are empty. In other words all occupied orbitals of a Fermi electron gas at
0 K fill a sphere in k-space having radius kg. This sphere, which is called the
Fermi sphere, obviously contains

1
32 Vki =N [7.48]
orbitals, so that ~
kg = (37TZP)1/3 = [7-49]

312




7.3 ‘ The Thomas—F ermi model of the atom

At the surface of the Fermi sphere, known as the Fermi surface, the energy is the
Fermi energy
ﬁZ
EF =T k%: : [7.50]

2m

and we note that the result [7.41] follows upon substitution of [7.49] in [7.50]. It
is also convenient to introduce the Fermi momentum pg, velocity v and
temperature T such that

2
1
p= P o2k = kT [7.51]

2m 2

where k is Boltzmann’s constant.

The Thomas-Fermi theory for multielectron atoms and ions

The theory developed independently by Thomas and Fermi for the ground state
of complex atoms (or ions) having a large number of electrons is based on
statistical and semi-classical considerations. The N electrons of the system are
treated as a Fermi electron gas in the ground state, confined to a region of space
by a central potential V(r) which vanishes at infinity. It is assumed that this
potential is slowly varying over a distance which is large compared with the de
Broglie wavelengths of the electrons, so that enough electrons are present in a
volume where V(r) is nearly constant, and the statistical approach used in
studying the Fermi electron gas can be applied. In addition, since the number of
clectrons is large, many of them have high principal quantum numbers, so that
semi-classical methods should be useful.

The aim of the Thomas—Fermi model is to provide a method of calculating
the potential V(r) and the electron density p(r). These two quantities can first be
rclated by using the following arguments. The total energy of an electron is
written as p?/2m + V(r), and this energy cannot be positive, otherwise the
clectron would escape to infinity. Since the maximum Kinetic energy of an
clectron in a Fermi electron gas at 0 K is the Fermi energy Eg, we write for the
total energy of the most energetic electrons of the system the classical equation

Enax = Eg + V(1) [7.52]

It is clear that E,,, must be independent of r, because if this were not the case
clectrons would migrate to that region of space where E ., is smallest, in order
to lower the total energy of the system. Furthermore, we must have E,, = 0.
We note from [7.50] and [7.52] that the quantity kg is now a function of r. That

18

R = 7 [ Eomax — vm] 17.53]
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Using [7.41] and [7.52] we then have

1 [2m)\*? ‘
P(T) = ?;E (_é’zl) [Emax - V(r)]3/2 [754] i

and we see that p vanishes when V = Eax. In the classically forbidden region I
V > Epmax We must set p = 0, since otherwise [7.52] would yield a negative
value of the maximum kinetic energy Er. Let us denote by '

1
o) = —7 V() [7.55]
the electrostatic potential and by ¢ = —E..x/¢ a non-negative constant. |
Setting
() = ¢(r) ~ o  [7.56]
we see that p(r) and ®(r) are related by
1 (2m\*?
p(r) = 3.2 (7) [e(I)(r)]3/2 =0 [7.57a]
=0 d<0 [7.57b]

The equation ® =0 (i.e. ¢ = ¢o or V = Epay) may be thought of as
determining the ‘boundary’ r = ro of the atom (ion) in this model. Now, for a
neutral atom (N = Z) the electrostatic potential ¢(r) vanishes at the boundary,
so that we shall set ¢ = 0 in that case. On the other hand ¢ > 0 for an ion.

A second relation between p(r) and ®(r) may be obtained as follows. The
sources of the electrostatic potential &(r) are:

(i) the point charge Ze of the nucleus, located at the origin;
(ii) the distribution of electricity due to the N electrons.

Treating the charge density —ep(r) of the electrons as continuous, we may use
Poisson’s equation of electrostatics to write

1 &
Vo) = - 1B = — o) (7.58]

\ The equations [7.57a]) and [7.58] are two simultaneous equations for p(r) and
®&(r). Eliminating p(r) from these equations, we find that for ® =0

1 d° e 2m\¥?
T [ro(n)] = 30, (‘,{2‘) [e®rP?, ©=0 [7.59]
On the other hand, when ® < 0 we see from [7.57b] and [7.58] that

2
%:7 [r®d(r)] = 0, P <0 (7.60]

7314
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For r = 0 the leading term of the electrostatic potential must be due to tha

nucleus, so that the boundary condition at r = 0 reads

. Ze

lim r®d(r) =

r—0 4
On the other hand, since the N electrons of the system are assumed to be
confined to a sphere of radius ry, we must have the ‘normalisation’ condition

4 Jm pnr*dr=N [7.62]

0

[7.61]

TEo

In order to simplify the above equations, it is convenient to introduce the new
dimensionless variable x and the function y(x) such that

z
r=br, rd() = 1 x(®) [7.63)
47T80
where
3 2/3
b= (27;—)/3 apZ % = 0.8853 a,Z7'/3 (7.64)

and ay = (4meg)h?/me* is the first Bohr radius. The relation [7.57] then
becomes

Z % 3/2
=——|= =0 .
P 47b? (x) X : [7.65a]
=0 x<0 [7.65b]
and the important equation [7.59] may be written in dimensionless form as
d%y _ .
_(;l? =X 1/2/\/3/2 x=0 [7.66]

This is known as the Thomas—Fermi equation. For negative y we see from [7.60|
and [7.63] that

d?y
In addition, the boundary condition at r = 0, expressed by [7.61] now reads
x(0) =1 (7.68]

It is clear from [7.66] and [7.67] that y(x) has at most one zero in the interval
(0, + ). Let x be the position of this zero. From our above discussion we have
xo = ro/b, where rq is the ‘boundary’ of the system. We also note that y > 0 for
x < xo and y < 0 for x > x,. Moreover, the equation [7.67] has the solution
x = C(x — xg), where C is a negative constant, which must be equal to x'(xp).
As a result, the solution y(x) is entirely determined if we know it for y = 0. We
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also remark that for any finite x, the quantity X' (x0) must be different from zero,
since otherwise both y and x’ would vanish at x = Xo, and the equation [7.66]
would yield the unacceptable trivial solution y = 0.

The Thomas—Fermi equation [7.66] is a ‘universal” equation, which does not
depend on Z, nor on physical constants such as #, m or e which have been
‘scaled out’ by performing the change of variables [7.63]. We also note that it is
a second-order, non-linear equation. Since the boundary condition at the origin
[7.68] only specifies one constraint, there exist a whole family of solutions y(x)
satisfying the Thomas—Fermi equation [7.66] and the condition [7.68], which
differ by their initial slope x'(0). It is also clear from [7.66] that all these
solutions must be concave upwards. As illustrated in Fig. 7.4, we can classify
them into three categories:

1. a solution which is asymptotic to the x axis;
2. solutions which vanish for a finite value x = xp;
3. solutions which never vanish and diverge for large x.

The physical meaning of the solutions belonging to the first two categories
may be obtained by looking at the ‘normalisation’ condition [7.62]. Taking into
account [7.63], [7.65] and [7.66], this condition reads

N = ijo x/23? dx

0

= ZJ xy" dx

¢]

= Z[xx' = xI&' [7.69]

—
X

7.4 The three categories of solutions of the Thomas—Fermi equation:
(1) neutral atom solution; (2) solution corresponding to a positive ion (N < 2); (3) solution
corresponding to a neutral atom under pressure.
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Using the boundary condition [7.68] and the fact that x(xo) = 0, we then hl\m'| lmt
| )i

N-Z
| xox'(*0) = —— [7.70]

Let us first consider neutral atoms for which N = Z. The condition [7.70]
then requires that y'(xo) = 0, so that y' should vanish at the same point as .
| Since this condition cannot be satisfied for a finite value xo by non-trivial
| solutions, the point xo must be at infinity. As a consequence, the solution y(x)
‘1 corresponding to a neutral atom must be asymptotic to the x axis, namely
|

I x(®) =0 (7.71]

| and is therefore the (unique) solution classified above in the first category. We
, remark that since y(x) vanishes only at infinity, there is no ‘boundary’ to the
’ neutral atom in the Thomas—Fermi model.
‘i The Thomas—Fermi equation [7.66] and the boundary conditions [7.68] and
‘ [7.71] define a universal function x(x) for all neutral atoms. Values of this
l function, obtained by numerical integration, are given in Table 7.4. We remark
) from this table that y(x) is monotonically decreasing. It can be shown that the
asymptotic form of y(x) for large x is given by the function 144 x 3 Atx =0
| one has y'(0) = —1.588 so that in the vicinity of the origin

x(x) =1—1.588x + - - - (7.72]

‘- Knowing the universal function y(x), we can obtain the function ®(r), and
' hence the electrostatic potential ¢(r), the potential energy V(r) and the density
' p(r). Using [7.55], [7.56], [7.63], and remembering that ¢ = 0 for a neutral
atom, we see that in the Thomas—Fermi model the central potential V{(r)is given

for neutral atoms by

|
Ze?
| Vi) = — 7.73
) ey X [7.73}

“ Table 7.4 Values of the function y(x) for neutral atoms

10

1 x x(x) X X(x) x x(x) x x(x)

! 0.00 1.000 0.9 0.453 3.4 0.135 9.0 0.0295
| 0.02 0.972 1.0 0.425 3.6 0.125 9.5 0.0268
l 0.04 0.947 1.2 0.375 3.8 0.116 10 0.0244
| 0.06 0.924 1.4 0.333 4.0 0.108 11 0.0204

1‘ 0.08 ° 0.902 1.6 0.298 4.5 0.0918 12 0.0172
] 0.1 0.882 1.8 0.268 5.0 0.0787 13 0.0147

" 0.2 0.793 2.0 0.242 5.5 0.0679 14 0.0126
f 0.3 0.721 2.2 0.220 6.0 0.0592 15 0.0109
i 0.4 0.660 2.4 0.201 6.5 0.0521 20 0.0058
“ 0.5 0.607 2.6 0.185 7.0 0.0461 25 0.0035
i; 0.6 0.561 2.8 0.171 7.5 0.0409 30 0.0023
! 0.7 0.521 3.0 0.158 8.0 0.0365 40 0.0011

' 0.8 0.485 3.2 0.146 8.5 0.0327 50 0.00063
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As r — 0, we have V(r) — —~Zé*/(4meg)r. More precisely, we deduce from
[7.63], [7.72] and [7.73] that for small r

eZ VA 4/3
Vir) = (—— + 1.794——) [7.74]
47eg r ag
or, using atomic units
Z
Vo) = —— + 1.794Z%% + - -~ [7.75]
r

The first term is the nuclear attraction while the second one, which is repulsive,
arises from the contribution of the electrons. When r — %, we see from [7.71] |
and [7.73] that rV(r) — 0, so that the Thomas—Fermi potential [7.73] falls off
more rapidly than 1/r for larger r. This behaviour is at variance with the result
[7.9c] which we obtained in our discussion of the central field approximation.
The reason is that the potential V discussed in Section 7.1 is the one felt by an
atomic electron, while the Thomas—Fermi potential [7.73] is that experienced
by an infinitesimal test charge. The difference between the two potentials is due |
to the statistical and semi-classical approximations made in the Thomas—Fermi
model, the Thomas—Fermi result becoming exact in the limit when 7 and e tend
to zero, while the number N(=Z) of electrons becomes infinite.

Turning now to the electron density p(r), we see from [7.65a] that it is similar
for all atoms, except for a different length scale, which is determined by the
quantity b (see [7.64]) and is proportional to Z -1/3_ As a result, the radial scale
of p(r) contracts according to Z~'/> when Z increases. We remark that for fixed
7 the Thomas—Fermi methad is inaccurate at both small r(r < ao/Z) and large
r(r > ag), where it overestimates the electron density. Indeed, the Thomas— ‘;
Fermi electron density [7.65a] diverges at the origin (as r~3/?) and falls off like ‘
r~6 as r — o, while the correct electron density should remain finite at r = 0,
and decrease exponentially for large r. Thus the application of the Thomas—
Fermi method is limited to ‘intermediate’ distances r between aog/Z and
a few times ao. It is worth noting, however, that in complex atoms
most of the electrons are to be found precisely in this spatial region. Thus we
expect the Thomas—Fermi method to be useful in calculating quantities which
depend on the ‘average electron’, such as the total energy of the atom. On the
other hand, quantities which rely on the properties of the ‘outer’ electrons (such
as the ionisation potential) are poorly given in the Thomas—Fermi model.
‘\W‘i have shown above that a neutral atom has no ‘boundary’ in the
Thomas—Fermi model. Nevertheless, it is possible to define in this case an
atomic ‘radius’ R(@) as the radius of a sphere centred at the origin and
containing a given fraction (1 — «) of the Z electrons. We then have (see [7.62])

R(x)
47Tf pnridr=~1 - a)Z [7.76]
0

Making the change of variable
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R(a) = bX(a) [7.m
and taking into account [7.63], [7.65] and [7.66], we find for X the equaddg'
XX) - Xx'X) = « . [7.78]

which must be solved numerically. If the same value of a is adopted for all
atoms, [7.78] becomes a ‘universal’ equation and X is the same for all atoms.
Using [7.64] and [7.77] we see that the atomic radius R(a) is then proportional
to Z~'/3, On the other hand, if we set « = Z~!, then R(Z™") = bX(Z ') is the
radius of a sphere containing all the atomic electrons except one. The quan-
tity R(Z™!) is found to be a slowly increasing function of Z, such that 4ay <
R(Z™Y) < 64a,. Thus in both cases the atomic radius is nearly independent of Z.
Similarly, the energy of the ‘outer’ electrons — and hence the ionisation
potential of the atom — is almost independent of Z. As a consequence, the
Thomas—Fermi model cannot account for the periodic properties of atoms as a
function of Z, discussed in Section 7.2.

Let us now briefly discuss the two other categories of solutions (see Fig. 7.4)
mentioned in our discussion of the Thomas—Fermi equation [7.66]. Returning
to [7.69]-[7.70] we remark that solutions x(x) which vanish at a finite value
x = xo (that is, which belong to the second category) are such that N # Z, and
hence correspond to ions of radius ro = bxo. Moreover, since the slope of y is
negative at x, (see Fig. 7.4) the equation [7.70] implies that these ions must be
positive ions, such that Z > N [6]. Setting 2 = Z — N, so that ze is the net charge
of the ion, we note from [7.70] that the quantity z/Z is readily obtained from the
tangent to the curve y at x = xg, as shown in Fig. 7.4. Since x(xo) = 0, the
electron density p(r) vanishes at r = ry = bx,, as seen from [7.65]. On the other
hand, looking at [7.55], [7.56] and [7.63], and remembering that ¢, > 0 for an
ion, we see that the potential V(r) remains finite at r = ry.

The solutions of the Thomas—Fermi equation belonging to the third category
(that is those which have no zero and diverge for large x) are more difficult to
interpret. First of all, the electron density p(r) does not vanish in this case, and
one may consider that these solutions correspond to negative values of ¢g. As
seen from Fig. 7.4, such solutions lie above the ‘universal’ curve of the neutral
atom. Now the total charge inside a sphere of radius r = bx is just

Ze — 4re frp(r’)r'Z dr' = Ze[ x(x) — xx'(x)] [7.79]
0

Thus, at the point r, = bx,, where
x(xy) — x1x'(x) =0 [7.80]

the total charge inside the sphere r = r; vanishes, and we note that the tangent
to y(x) at x = x,; passes through the origin (see Fig. 7.4). For x < x,, the curve
x(x) therefore corresponds to a neutral atom having a finite boundary at r = r,,

[6] Negative ions cannot be handled by the Thomas-Fermi theory.
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where the density p(r) does not vanish. This may be mterpreted as a representa-
tion of a neutral atom under pressure [7).

7.4 THE HARTREE-FOCK METHOD AND
THE SELF-CONSISTENT FIELD

We shall now study a more elaborate approximation for complex atoms (ions),
known as the Hartree—Fock or self-consistent field method. The starting point of
this approach, formulated by Hartree in 1928, is the independent particle model,
discussed in Section 7.1, according to which each electron moves in an effective
potential which takes into account the attraction of the nucleus and the average
effect of the repulsive interactions due to the other electrons. Each electron in a
multielectron system is then described by its own wave function. By using
intuitive arguments, Hartree was able to write down equations for the individual
electron wave functions. He also proposed an original iterative procedure, based
on the requirement of self-consistency, to solve his equations. We shall return
shortly to this self-consistent procedure, which is a key feature of the theory of
many-electron atoms discussed in this section.

As we shall show at the end of this section, the Hartree total wave function for
the atom (ion) is not antisymmetric in the electron coordinates. The generalisa-
tion of the Hartree method which takes into account this antisymmetry
requirement — imposed by the Pauli exclusion principle — was carried out in
1930 by Fock and Slater. It is this generalisation of Hartree’s theory, known as
the Hartree—Fock method, which we now discuss.

The Hartree-Fock equations

In the Hartree-Fock approach, it is assumed, in accordance with the inde-
pendent particle approximation and the Pauli exclusion principle, that the
N-electron wave function is a Slater determinant ®, or in other words an
antisymmetric product of individual electron spin—orbitals. The optimum
Slater determinant is then obtained by using the variational method to determine
the ‘best’ individual electron spin—orbitals. The Hartree—Fock method is
therefore a particular case of the variational method, in- which the trial function
for the N-electron atom is a Slater determinant whose individual spin—orbitals
are optimised. It should be noted that the N-electron atom wave function
W(g15 ¢25 - - - dn)s solution of the Schrédinger equation [7.3], can only be
represented by an infinite sum of Slater determinants, so that the Hartree—Fock
method may be considered as a first step in the determination of atomic wave
functions and energies. We also remark that the application of the Hartree—
Fock method is not confined to atoms (ions), but can also be made to other
systems such as the electrons in a molecule or a solid.

[7] We are not considering ions under pressure, since in dealing with an ensemble of such ions,
difficulties due to the presence of the Coulomb forces between ions would arise.

—
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In what follows we shall limit our discussion to the ground state of an atom or
ion having N electrons [8]. We start from the non-relativistic Hamiltonian [7.2),
which we write (in a.u.) as

H=H + H, (7.81]
where
A N A
HI - 2 hiJ [7.82]
i=1
. VA
h; = —l Vi-= [7.83]
2 ! r;
and
\\\\ ) N 1
H= X — ry = I — 1 (7.84]
i<j=11y

The first term of [7.81], H, , is the sum of the N identical one-body Hamiltonians
h;, each individual Hamiltonian ; containing the kinetic energy operator of an
electron and its potential energy due to the attraction of the nucleus. The
second term, H,, is the sum of N(N — 1)/2 identical terms 1/ r; which
represent the two-body interactions between each pair of electrons.

Let us denote by E, the ground state energy of the system. According to the
variational method (see Section 2.8) we have

Ey<E[®] = (D|H|D) [7.85]
where @ is a trial function which we assume to be normalised to unity,
(@|®) =1 (7.86]

In the Hartree—Fock method the trial function ® is a Slater determinant, so that
(see [7.22])

uy(q1) us@l) o u(q)
& ) = 1 (ua(g)  ug(@d) " - u(q2)
415925 - - - AN) T “F75
/N
N . [7.87]
u,(qn)  uglgn) * * - u,(gn)
where we recall that each of the symbols «, B. .. v represents a set of

four quantum numbers (n, [, m;, m,). We require that all spin-orbitals be

[8] The derivation of the Hartree-Fock equations given here follows the treatment of Messiah
(1968).
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orthonormal, namely
(uuluy) = J ux(qu\(g) dg = 8, [7.88]

where the symbol | dg implies an integration over the space coordinates and a
summation over the spin coordinate. Since spin—orbitals corresponding to ‘spin
up’ (m, = + 1/2) are automatically orthogonal to those corresponding to ‘spin’
down’ (m, = —1/2), the requirement [7.88] reduces to the condition that the
space orbitals corresponding to the same spin function be orthonormal. We note
that [7.88] ensures that the Slater determinant [7.87] satisfies the normalisation
condition [7.86].

It is convenient to rewrite the Slater determinant [7.87] in the more compact
form [7.23]. That is

BG1s 25 - - - ) = ——]lv—, S (- Pualailan) " wlan)

¥

= /N!ddy [7.89]
where @y is the simple product of spin—orbitals
Pulgrs 425 - - - qN) = “a(‘Il)“B(qZ) “ o u,(gN) [7.90]

which will be referred to as a Hartree wave function. The operator which
appears in [7.89] is the antisymmetrisation operator

1
=7 ; (-DFP [7.91]

It is a simple matter to show that the operator 5 is Hermitian and that it is also a

projection operator, namely
A2 =d [7.92]

A further remark, which will be useful shortly, is that both operators H, and H,
are invariant under permutations of the electron coordinates, and hence

commute with #,

[H,,./] = [Hy 7} = 0 [7.93]
Let us now calculate the functional E[®]. Using [7.81] and [7.85], we have
E[@] = (®|H|®) + (P|H.|P) 7.94]

The first expectation value (®|H,|®) is readily evaluated as follows. We first have
(O|H,|®@) = NPyl VH,/|Pn)
/ = N!(CI)H(I:IMYZM)H>

where we have used [7.89], [7.92] and [7.93]. Taking into account the fact that
H , is the sum of one-body operators (see [7.82]) together with [7.88],[7.90] and

\
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[7.91] we then find that L
- N ool

(eifl0) = 3 3 (= )P (@ulh POy :

<<1>H|ﬁ |®w)

il
"MZ

= ; (un(@)lhfun(gd)s A =a ... v (7.96]

where the sum on A runs over the N individual quantum states (i.e. the N
spin orbitals) occupied by the electrons.
Defining

L = (@)l (@)) (7.97]

to be the average value of the md1v1dual Hamiltonian A; relative to the
spin orbital u,, we have

(D|H\|®) = 3 I, [7.98)
A
The second expectation value (®|H,|®) can be calculated in a similar way.
From [7.89], [7.92] and [7.93], we have

(®O|H,|®) = N Dyl vHyo/ |Py)
= N Dy|H, /| On)
= NY{®ylH, v |dy) (7.99]

Using [7.91] and the fact that H, is the sum [7.84] of two-body operators, we
obtain

(P E E( 1)P<‘1>H —P <1>H>
=2 <¢>H —(1 =Py <I>H> [7.100]

where P is an operator that interchanges the coordinates (spatial and spin) of
the electrons ¢ and j. Hence, taking into account [7.88] and [7.90], we find that

(DkHZ‘(D> = )2 |:<u;\(qt)u (qj) "A(‘Iz)“#(qj)>
(all ;airS) ]
1
<uA(ql)u (‘I,) r u(‘I.)“A(qj)>:| [7'101]
[)
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where the sum over A and u runs over the N(N — 1)/2 pairs of orbitals. We
may also write [7.101] as

R 1 1
<(I)!H2|CI)) = E 2 2 |:<u/\(qi)uu(Qj) —r_ u,\(ql‘)uy(qj')>
n i
1
- <u)t(qi)up.(Qj) —r_ “;L(qz‘)“,\(qj')>:|
i
AApu=a,B,...v [7.102]
Let us define the direct term
1
Fan = <uA(qi)uu(qj) - uA<qi)u,L(qj)> [7.103]
i

which is the average value of the interaction 1/r; relative to the state u,(g)u.(q;)
such that electron i is in the spin orbital «, and electron j in the spin orbital u,.
We also introduce the exchange term

Y

u,(g;)ur (qj)> [7.104]

K/\[-L = <u)\(qi)uu(qj)

which is the matrix element of the interaction 1/r; between the two states
u\(g;)u,(g,) and u,(g:)ur(g;) obtained by interchanging the electrons 1and j. We
note that both ¥,, and K, are real; they are also symmetric in A and w,

.7)\;; = jw\ KA;J. = LK [7-105]

In terms of ¥,, and K,,, [7.102] reads
(@lL}®) = 3 5 S e = Kl [7.106)
Using [7.94], [7.98] and [7.106], the total energy E[®] is seen to be given by
E[®] = ; I, + %2 ; (o = Kyl [7.107]

Having obtained the functional E[®], we now proceed to the second step of
the calculation, which consists in expressing that E [®] is stationary with respect
to variations of the spin orbitals u,(A = @ B, . . - 1), subject to the N?
conditiens [7.88] imposed by the orthonormality requirement on the u,’s. To
satisfy these conditions we introduce N 2 Lagrange multipliers which we denote
by exp (As = a, B> .« . v). The variational equation then reads

6E — 2 2 Erp 6(u#|u,\) =0 [7.108]
A '
BN
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It is readily seen from [7.108] that ¢,, = &\, so that the N? Lagrange
multipliers may be considered as the elements of a Hermitian matrix.
It is convenient at this point to make a unitary transformation on the

spin-orbitals u, , namely

»»«vm

i

W, = SU,u, ©(7.109]
m

where U, are the elements of a N X N unitary matrix. The new Slater
determinant @’ formed with the spin-orbitals u; differs from the previous one
only by a phase factor, since

®’ = (det U)P [7.110]

‘and |det U| =1 because U is unitary. Moreover, the functional E[®) =
‘ (®|HI®) is clearly unaffected by this unitary transformation. Since any
“ Hermitian matrix can be diagonalised by a unitary transformation, we may
i - always choose U in such a way that the matrix ¢,,, of Lagrange multipliers will
become a diagonal matrix having elements E, §,,. In what follows we shall
assume that this diagonalisation has already been made from the outset, so that
the variational equation [7.108] then reads

8E — D E, &uplup) = 0 [7.111]
A

| Let us now vary with respect to the spin-orbitals u, . Proceeding as in Section
\ 2.8, and using the expression [7.107] of E[®] together with the relations [7.83],
[7.97], [7.103] and [7.104], we find for the N spin-orbitals u,, ug, . . . u, the

‘ system of integro-differential equations

1 Z 1
['—_ Vf, - _} u(g) + l:E J uz(qy) T u.(g;) dqj] ux(¢))

2 r; m i

1
- E{j uy(q;) - uy(g;) dlb} u,(q;) = Exux(g,)

n ij
i‘ Au=a, B ...V [7.112]

where the summation over u extends over the N occupied spin-orbitals. We
\ recall that the symbol [ dg; implies an integration over the spatial coordinates r,
| and a summation over the spin-coordinate of electron j. The equations |7.112]
; are known as the Hartree—Fock equations. Writing the spin-orbitals u, (g;) as

ur(g) = mEx1/2,m [7.113]
and using the orthonormality property of the spin functions, namely
| \ (X1/2m | X1/2,m8) = B s (7.114]

we can also write the Hartree—Fock equations in a form that involves only the
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spatial part of the spin-orbitals. That is,

1 Z
l:——z— V,Z.l - r—]u,‘(r,-) + [E J (I‘) up.( ) drj:| uA(ri)

1
- 2 O, ms [[ u (1'1) “,\(1') df] u,;(l'i) = E\u)(ry)

Mp=a,B ...V [7.115]

A more compact form of the Hartree—Fock equations may be written down in
the following way. We define the direct operator

Vi) = f u*(q]) u,(g;) dg;

Tij

= f u,t(rj)-rl_fu“(rj) dr; = Vi(r) [7.116]

which is just the electrostatic repulsion potential due to electron 7, when the
position of this electron is averaged over the orbital u, . We also define the
exchange (non-local) operator VX(g;) such that

1
Vi f(g) = [ j u(g;) -rj-f(qj) dqj] u,(g:) [7.117]
i

where f(g;) is an arbitrary function. In particular, when acting on a spin-orbital
u, (g;), we see that the exchange operator V ;" yields

1
Vig) w(g) = U u*(q) uA(q,) dq]}u (g,

1
O ot Uuﬁ(fj) —h (r) dl‘j] , (2;) X1/2,mn
i

= 6mé,mgvfl.x<ri)u)\(ri)/\/l/Z,my [7.118]

where the exchange operator V {X(r;) only acts on the spatial coordinates, and is
defined by

1
sz(l'i)f(l'i) = |:[ “ﬁ (l'j) T f(l'j) dl'j:| u}L(ri) [7.119]
i

f(r;) being an arbitrary function. Using [7.116] and [7.117], the Hartree-Fock
equations become '

1
[—— v - + 2 Vi) - X Vfi‘(qi)] un(g:) = Exun(g)  [7.120]

2" m
\
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or
1 VA '
l:"‘z Vf, - + Vi) - oVex(‘Ii)] uy(g:) = E ux(qy) [7.121]

where we have introduced the direct and exchange potentials

Vi) = 2 Vi) [7.122a).
and
Vg) = D, Vi) [7.122b]
e ‘ M
It is also ix/iteresting to write the Hartree~Fock equations in terms of the
density matrix
p(gi> ¢) = 2, w.(gdu(gy) [7.123]
n
or the correspondiné spinless density matrix ]
pr;, 1) = E w,, (r;) up(x)) [7.124]

The diagonal elements p(g;, ¢;) and p(r,, r;) of these density matrices will be
denoted by p(g) and p(r;), respectively. We note that

o) = 3 luuf [7.125)
13

gives the probability density of finding an electron at the point r. In terms of the
density matrices, we have

Vd(r,) = J p(tj)%drj [7.126)
iy .

and

V(gIur(gy) = Jp(q,, g) — uy(g)) dg;

1]
= 3m¢,m;‘l:f p(r, 1) — u/\( )dl}] X1/2,mp [7.127]
l]
Finally, if we define the full Hartree—Fock potential as

Z
OV(‘L) = _7'_ + 2 V (rl) - 2 Vex(qx

1

Z
= + Vdr) — Vg, (7.128]
the Hartree—Fock equations take the (deceptively) simple form
1
[ -7 Vi+ °V(q.~)]m(q.-) = E,u,(g:) (7.129]
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Physical interpretation of the Hartree-Fock equations.
Self-consistent field. Koopman’s theorem

A striking feature of the Hartree—Fock equations [7.129] is that they look
similar to individual Schrédinger eigenvalue equations for each of the spin
orbitals u,. They are not genuine eigenvalue equations, however, since the
Hartree—Fock potential " depends on the spin-orbitals themselves through the
operators V,‘i and V£ In fact, to solve the system of Hartree—Fock integro-
differential equations, one proceeds by iteration. Starting from approximate
individual spin-orbitals [9] u, u§", . . . ui, one first calculates the corres-
ponding approximate expression YD of the Hartree-Fock potential. The
Hartree—Fock equations are then solved with this potential YD to obtain new
spin-orbitals 2, u$, . . . ul’, which in turn yield a new potential V@, This
procedure is then repeated until the final spin-orbitals give a potential AR
which is identical (within the desired approximation) to the potential ¥ @~V
obtained from the preceding cycle. The Hartree—Fock potential determined in
this way is known as the self-consistent field of the atom (ion).

Despite the fact that the Hartree—Fock equations [7.129] are not true eigen-
value equations, we shall now show that, when acting on the spin-orbital u, , the
individual Hartree—Fock Hamiltonian '

hur = —3Vi+ V(@) [7.130]
may be interpreted as the energy operator of an electron in the state u,. To

obtain this result, which is in accord with our basic independent-particle
approximation, we first note from [7.116] and [7.117] that

Vi(Qi)u)\(qi) = Vg u\(g) [7.131]

Upon returning to the Hartree—Fock equations [7.120], we see that there is no
self-energy (& = A) contribution to the potential. It is therefore convenient to

introduce the modified density matrix

on(gi> 4) = ; u,,(gou}(q)) [7.132]
RFA
and the corresponding modified spinless density matrix
s 1) = >, (E)UAE) [7.133]
nFEA

whose diagonal elements will be denoted as pr(g;) and p,(ry), respectively. We
remark that

o = > 0P [7.134]
HEA

/}s/ the probability density of finding an electron at r in one of the (N — 1)
/ occupied states other than u, . We also define the modified direct and exchange

[9] Simple approximate spin-orbitals may be obtained by using screening arguments such as those
discussed in Section 7.1. We shall also see below that the solutions of the Hartree equations can
be used to provide a set of functions u$’, ug’> . . . u'h. \
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‘1‘ potentials i “
i V) = 3 Vim) ~W
‘ i
i |
| = Jm(r)—-dr [7.138]
and
V) = 2 Vi) (7.136]
HFA
with e

i glfi"(q,-)uA(q,-) fm(q,, g;) — u\(g,) dg;

1]
1
‘ = Bm;‘,m;* {[ pz\(rzs r]) uA( ) dr_{l Xl/2,m;‘ [7'137]
' 47
so that the Hartree—Fock equations [7.121] now read

{ hur ux(g;) = [—% vi- ré + Vi) - oVix(lIi)] u(g) = Exun(g) [7.138]
In addition to the kinetic energy term —VZ/ 2 and the nuclear attraction term
—Z/r;, we see that the individual Hamiltonian hyr contains a term ¥V §(r;) which
represents the average potential due to the presence of the (N — 1) other
electrons, and a (non-local) exchange term V'§*(g;) which takes into account the

| exchange effects between the state u, and the (N — 1) other states occupied by

{ the electrons. We may therefore interpret hyy in [7.138] as the energy operator
of the electron in the state u, .

According to this interpretation, the quantity E, has the meaning of a
one-electron eigenvalue. To give a more precise significance to E,, we first

‘ remark that upon taking the scalar product of {7.112] with u, and using [7.97],

| [7.103] and [7.104] we find that

Ey, =1, + 2 [Fan — K\l [7.139]

Summing over A, we then have

i

| SE=2L+33[F - Kl
X A X i

D) [7.140]

h where we have used [7.98] and [7.106]. We may also rewrite [7.140] as
] E[®] = 2 EA — (®|f,)|0) (7.141]
A

and we see that the total energy is not the sum of the individual energies. This is
because in summing the individual electron energies, each kinetic energy and
each interaction energy with the nucleus is counted once, while the mutual
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interaction energy, which has the average value (®|H,|®) is counted twice. The
total energy must therefore be obtained by subtracting (®|H,|®) from the sum
of individual energies as expressed in [7.141].

Let us now imagine that the electron A is removed from the N-electron
system. For example, if the original system was a neutral atom, we now have a
positive ion with (N — 1) electrons. If we assume that the orbitals of the
(N — 1)-electron system are the same as these of the N-electron system, we see
from [7.107] that the difference between the total energy of the two systems is

Ey—Eya=1, + > [Fap — Kaul
"
=E, [7.142]

Thus the quantity E, represents approximatively the energy required to remove
an electron from the spin-orbital u, , or in other words the ionisation energy of
electron A. This result is known as Koopman’s theorem. It is worth stressing that
the identification of E, with the ionisation energy of the electron A is not
rigorous, since the readjustment of the orbitals of the (N — 1) electron system,
which occurs after the removal of an electron, has been ignored. We also remark
that although E and E . are upper bounds to the true ground state energy of
the N-electron and the (N — 1)-electron systems (see [7.85]), the quantity E, is
not an upper bound for the ionisation energy, since we have taken the difference

of two upper bounds.

Properties of the Hartree—Fock potentials and spin-orbitals

Let us return to the Hartree—Fock equations [7.129]. We see that for a given
state of the atom or ion (here the ground state), characterised by the occupied
spin-orbitals, all the electrons move in the same Hartree~Fock potential.
Moreover, for a given potential, two spin-orbitals u, and u, - corresponding to
different individual energies E, # E,- are easily shown to be orthogonal. Indeed,
if we take the scalar product of [7.112] with u,(¢;), we find that

uA(q,-)> +> <ux(q,~)u,;(qj) u,, (g,)tx (q,-)>

i
Tij

1., Z
_EV",’——E

<uA'(‘Ii)

“,L(‘Ii)u,\(‘Ij)> = E,(u, (g |“A(‘Ii)> (7. 143]

1
Tij

- <ux(qi)u,L(q,~)
n

Similarly, from the Hartree—Fock equation satisfied by u,(g;) and the fact that
the Hamiltonian [7.2] is Hermitian, we deduce that

1 z 1
<ux(q,~) -3 Vi~ uA(qi)> + <ux(q,-)u,;(q,-) — uA(qi)u,L(q,-)>
i M i
- 2 <“,\’(4i)“,u(q_,') r_‘ uy(‘li)“,\.(qj')>‘ = EA'(“;\'(‘I.‘)'“A(‘I{» [7.144]
n i

}
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‘ Hence, upon subtracting [7.144] from [7.143], we have

| (Ex — ExXun(g)|ur(g:)) = 0 [7.145]
so that .
(urlw) =0, E, # E, [7.146]

We shall now show that for atoms or ions with closed subshells (such as He,
: Li*, Be, B*, C?>*, Ne, etc.) the Hartree—Fock potential is spherically symmetric,
‘ so that the electron spatial orbitals are solutions of a central field problem. To see
| this we first note that in the case of closed subshells the N spin-orbitals (with N
| even) are obtained from N' = N/2 spatial orbitals. Each of these N’ spatial
| orbitals occurs twice in the Slater determinant [7.87], once with spin ‘up’ (a)
‘ and once with spin ‘down’ (8). The simplest example is that of helium, where
‘( there is only one spatial orbital u;00 = u; (see [7.26]).

In order to prove the above statement, we shall assume that the N’ spatial
orbitals are of the form

unlm(r) = r_IPnl(r)Ylm(B) d)) [7'147]

where we have set
| Po() = rR(1) [7.148)

} and we shall then show that the resulting Hartree—Fock potential ¥V is
i‘ spherically symmetric. Remembering that V' contains the (central) nuclear
; attraction term —Z/r;, the “direct’ potential V' and the ‘exchange’ potential V'**
(see [7.128]) we first look at the direct potential ¥'¢. Using [7.116], [7.122a],
! [7.147] and [7.148], the part of V"¢ coming from a complete subshell (n'l") is
seen to be

+1' 1

DVS'I’ =2 El J |un’l’m'(rj)’2 T_ drj

m'=-I 7

‘: 1 +1’

=2 f |P () P El Yy (85 @pI? dr; dCY; [7.149]

g om==U
| where the factor of 2 arises from the two spin orientations, and
dQ),. = sin 6; d6; d¢,. Using the addition theorem of the spherical harmonics

1 (see cquation [A4.23] of Appendix 4) we have

\ +1’ ’

| 200+ 1

i . (8:, &) = 7.150
i m’=2—l’|YIM(0], ¢;)| 417 [ ]
l so that

: 22U + 1) 1

H QV‘:/[, = T J |Pn'l'(rj)|2 71]‘ df] dﬂj [7.151]

|

1

I The integrals on the angular variables (6;, ¢;) can readily be performed by
| expanding the quantity 1/r;; in spherical harmonics and using the fact that the

\ 33l




Many-electron atoms 7.4

function P,(r;) does not depend on the angles. Writing (see [A4.25])

1 = 4 () .

—= —IT . )Y 0(6;s O 7.152

rij l=20 m=E—l Zl +1 (r>)l+1 Ylm(gw ¢1) lm(ejs ¢]) [ ]
where r_ is the smaller and r.. the larger of r; and 1}, and proceeding as in

Section 6.5, we find that

= 1
Ve, =220 + 1) JO P,y (r)? —dy [7.153]

This expression is clearly independent of the angles (6;, $,) of r; so that V. is
central. For an atom or ion with closed subshells the direct potential ¥4 s just
the sum of spherically symmetric contributions of the form [7.153], coming
from each subshell, so that V¢ itself is spherically symmetric.

Let us now turn to the exchange potential ¥, Using [7.118] and [7.122b],
we see that when acting upon a spin orbital u,(g;) whose spatial orbital is of the
form [7.147], the part of V'** coming from a closed subshell (n'l") gives

+I" 1
Vi 'Pu(r)Y m(0:s $)) = > [J Pri(rpYE,.(0;5 &) P
, .

m'=-1

X Poy(r))Y1,(6;, &;) dr; dﬂj] 17 P (1) Y (855 &) [7.154]

The expression on the right-hand side can now be evaluated by expanding 1/7;;
in spherical harmonics (see [7.152]) and using the formulae [A4.25] and [A4.40]
of Appendix 4, together with the orthogonality relation [A4.32] for the
Clebsch—Gordan coefficients. The result is (Problem 7.8)

=+

1
VL1 P(r)Y (65 dD] = (21" + 1){ > T 1 |(11'00| LO) |2
L]

(7<)L 1
(_r>_)f+_1Pnl(rj> drjp 17 Py (ri)Yim(6;5 &) [7.155]

Looking only at the angular dependence, we see that when acting on the
spherical harmonic Y, (6;, ¢;), the exchange operator V'3 gives back some-
thing proportional to Y;,(6;, ¢;), the proportionality factor being independent
of the angles (6;, ¢;). The angular dependence of the exchange potential V"*
(which is a sum of contributions of the form [7.155] arising from each subshell)
is therefore such that it is equivalent to a central potential.

The above discussion shows that for atoms (ions) with closed subshells the
central field approximation is exact within the framework of the Hartree—Fock

method. The radial equations then read

14 W+1Y Z
[—-2- s t S T + V-V e”]P,,I(ri) = EyPn(r) [7.156]
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where
Vv d

d
Vir

X
-

]

’

3
-

200 + 1) J |P,,.,f<r,-)llri dr; ~ [7.157)
’ 0 >

and

VP = 2, Vale Po(r)
n't

20

I+
2 + 1
11'00| L0} |? Pr(r;
2v - 2L + 1 ¢ | ) U;) v

(r<)L
(r>)L+1

il

X P, (1)) dfj] P, (r) [7.1570b]

where
r-. = max(r;, r;)
re = min(ri, fl)
f-Ul|lsLs1+7V [7.157¢]
For atoms (ions) having incomplete subshells, the Hartree-Fock potential ¥’
is no longer spherically symmetric. However, this departure from spherical
symmetry is often small, since in many cases (in particular for the ground state)
it arises from only one incomplete subshell. An approximate Hartree—Fock
central field 7 is then obtained by averaging V' over spin directions and angles.

An example: the Be ground state

We shall illustrate the Hartree—Fock method by considering the ground state
152252 'S of beryllium. In this case the Slater determinant [7.87] reads

ulsT(ql) u1sL(‘11) quT(ql) s | (q1)
us1(q2) sy (@2) u2s1(g2) 26y (q2) [7.158]
U151 (g3) w151 (q3) uas1(q3) Uz (q3)
Uist (q4) uis1(qa) 2 1 (ga) 2 1(qa)

1
¢‘, 1> 425 435 44) = _‘/ﬁ

and the Hartree—Fock potential is given by (see (7.128])

4
- (VB + VEL VS +VED [7.159)

where the notation is self-explanatory. Because we have complete (sub) shells,
the spatial parts of u); 1 and u,, | are the same, as are those of up, 1 and uy, | . We

333

i




7.4

Many-electron atoms

may thus write
ulsT(q) = uls(r)a; ulsl(q) = uls(r)B [7 160]
Uz 1 (@) = ua(res uzs 1 (@) = uzs(r)B .

From the foregoing discussion, the Hartree—Fock equations for the functions
u1(r) and uy(r) are the two coupled integro-differential equations

1 4
7 Vi - " + Vi) + 2Ve) — VS’S‘(r)W u(r) = Erqurs(r) [7.161a]

L

and
) _
(—5 Vi - ; + VL@ + 2VLD .~ VO |uas(r) = Eastiai(r) [7.161b]
where
1
Vi = J ul(r') =1 uys(r") dr’ [7.162a]
1
Viinf(r) = U uly(r’) =r f(x") dr’] uy(r) [7.162b]

with similar definitions for V() and V5(r) (see [7.116] and [7.119)). The
individual electron energies E s and Ej introduced in [7.161] are such that

Els:ElsT IElsl EZs:EZST :EZSL [7163]

The spatial orbital u,(r) is a solution corresponding to the lowest eigenvalue of
[7.161a], whereas uy(r) corresponds to the lowest eigenvalue of [7.161b], with
the condition (uysluz) = 0. Writing the orbitals in the form [7.147], namely

w() = 1 ' PrY00; (D) = 17 P2 Y00 [7.164]

with Yo = (47) /2, the two coupled Hartree- Fock equations [7.161] become

1 d¢2 g+ 4 q )
+ - Vi) + 2V — VS | Pin) = ErPr(r)

T2 ar 2r?
[7.165a]
and
[_é ;‘_ D2 v vt - V?’s‘@J Pa(r) = E2Pa(r)
[7.165b]

It is worth stressing that the Hartree—Fock potential corresponding to an
excited state of the atom is different from the ground state potential [7.159], so
that the Hartree—Fock equations for the orbitals of the excited atom will be
different from [7.161] or [7.165]. As a result, the excited state solutions of the
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1 " coupled equations [7.161] or [7.165] do not represent orbitals corresponding to -
low-lying excited states of the atom. b

Solution of the Hartree-Fock equations

We have already indicated above that the solution of the Hartree-Fock
equations proceeds by iteration, starting from approximate individual spin-
orbitals, and subject to the requirement of self-consistency. At each step of the
1 iteration the coupled equations must be solved numerically, the final result of
i the computations being numerical values of the radial Hartree—Fock orbitals.
‘ For practical putposes, however, analytical fits to the (numerical) solutions of
% the Hartree—Fock equations are very useful. For example, we already encoun-
I tered in Chapter 6 a simple analytical fit to the Hartree—Fock ground state
‘ orbital for helium (see [6.85]). More generally, a convenient basis set for
analytic fits to Hartree—Fock spatial orbitals is provided by Slater orbitals, the

| general form of which is
‘ Xoum(®) = Nr* " le™ Y, (68, ¢) (7.166)

“ where n is a positive integer, « is the ‘orbital exponent’, and N is a
normalisation constant, given by

nt+1/2
‘ N=3 [7.167]

(@772
1
Looking back at {3.48] and [3.53], and remembering that L2} is a polynomial
| of degree n — I — 1, we see that the Slater orbitals [7.166] behave in the same
J way as hydrogenic wave functions for large r. However, in contrast to the
hydrogenic radial functions [3.53], the Slater orbitals do not possess radial
nodes. In terms of Slater orbitals y;(r), a Hartree—Fock spatial orbital u(r) is

then given by
N

u(m) = >, ¢x(r) (7.168]

i=1
where the quantities c; are given coefficients. For example, the Hartree—Fock
spa 1l orbitals of the neon ground state are [10]

rAIPIS(f)Yoo(a, d)) = 0.93717 X1 + 0.04899 X2 + 0.00058 X3

Us =
— 0.00064 ys + 0.00551 x5 + 0.01999 xe
}‘ tre = 1 1P Yo0o(8, &) = — 0.23093 y; — 0.00635 x, + 0.18620 x;
+ 0.66899 x4 + 0.30910 xs — 0.13871 xe
| sy = 1~ 'Pap(NY10(6, ) = 0.21799 x; + 0.53338 xg

;‘ + 0.32933 yo + 0.01872 10 [7.169]

|“ {10] See Clementi and Roetti (1974).
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where
x1 = N exp(—9.48486 rYoo(0, )3
X2 = N2 CXp(—15565 90 r)YOO(B, ¢)
x3 = N3 r exp(—1.96184 NYoo(6, ¢);
xs = Ny rexp(—2.86423 Y000, &)
X5 N5 r exp(—4825 30 T)Yoo((), d)),
xo = Ng r exp(—7.79242 NYo(0, &)
x7=N7r exp(—1.45208 )Y o(6, ¢);
xs = Ng r exp(—2.38168 r)Y1(6, b)

xo=Nogr exp(—4.48489 NY10(6, d);
xi0 =Niwor exp(—9.13464 1Y 4(6, &) [7.170]

and the normalisation constants are given by [7.167].

The radial functions P, P> and P;;, for neon are plotted in Fig. 7.5. The
radial density function D(r), defined as the probability per unit length of finding
an electron at a distance r from the nucleus, is given by

D) = r? J p(x) dQ

EI qnllpnl(r)|2 [7171]

where ¢, is the number of equivalent electrons in a subshell (nl). Thus, for the
case of neon considered here we have
D(r) = 2|P () + 2P + 6P (r)I? [7.172]

This function is shown in Fig. 7.6.
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7.6 The radial density function D(r) for neon.

' The Hartree equations

¥ Let us return to the Hartree—Fock equations [7.138]. If the exchange potential

J 9e* is neglected in [7.138], one obtains the system of integro-differential
equations

] 1 , Z .4
| ] e T + V@) |ualg) = Exunlqs)

A=aBy...v [7.173]

or, nore explicitly

I -

" 1 Z 1

l—— VZ-—+ > J uX(r;) — u,(r) dr]}u,\(ri) = E,u)(r) [7.174]
A e 1y

ij
A=a,B,...7

where we have used [7.113], [7.116] and [7.135]. These equations were
originally obtained by Hartree from the independent particle approximation and
the assumption that there is a charge density associated with each electron,
1 which is equal to —e times its position probability density. By making the
| central field approximation, which consists in replacing V'd(r,) by its average
¥d(r,) taken over the angles of r;, one obtains for the radial functions P,;(r;)the
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radial Hariree equations

1 d> i+ 1 Z -
{—— -— + 7‘) T + OVg(ri):IPnl(ri) = E Py(r;) [7.175]

2

From the derivation of the Hartree—Fock equations given above, it is
apparent that the Hartree equations [7.173] can be obtained from the variational
method by using as trial function the simple (non-antisymmetrised) product of
spin-orbitals ®y; given by [7.90] instead of the antisymmetrised product & given
by the Slater determinant [7.87]. Thus the Hartree trial function ®y does not
satisfy the requirement of antisymmetry imposed by the Pauli exclusion principle,
so that the Hartree equations {7.173] lack the exchange potential V' §*. Never-
theless, the weaker condition of the exclusion principle, according to which ‘no
two electrons in an atom may have the same set of quantum numbers’ can be
satisfied in Hartree’s method by requiring that only one electron populates each
quantum state. It is also worth noting that in contrast with the Hartree—Fock
equations, where all the electrons move in the same Hartree—~Fock potential for
a given state of the system, the effective potential in the Hartree equations
depends on the particular orbital u, considered. It follows that in general the
Hartree orbitals are not mutually orthogonal.

As in the case of the Hartree—Fock equations discussed above, the system of
Hartree equations can be solved by iteration, subject to the self-consistency
requirement. Because of the absence of exchange terms, the Hartree equations
are in fact much simpler to solve than the corresponding Hartree—Fock
equations, so that the Hartree spin-orbitals can be used as a first approximation
to start the iterative solution of the Hartree-Fock equations.

Correlation effects

We have seen above that the Hartree—Fock approach is a variational method
in which the trial function for the N-electron atom (ion) is a Slater determinant,
whose individual spin-orbitals are optimised. Let us call Eyr the Hartree—Fock
energy of a given state, and Wyp the corresponding Hartree—-Fock wave
function. It is clear that both Exy and Wyy are only approximations to the exact
energy Eexace and the exact wave function V., of the Hamiltonian [7.2]. The

difference
Ecorr = Eexact - EHF [7176]

is known as the correlation energy. We emphasise that the quantity E .. Which
appears in [7.176] is the exact energy of the non-relativistic Hamiltonian [7.2],
and hence is not quite the same as the experimental energy. It should also be
noted that a certain amount of correlation is already included in the Hartree—
Fock wave function because of the fact that it is totally antisymmetric. One
usually denotes by correlation effects the remaining electron correlations, not
included in the Hartree—-Fock wave function, which are responsible for the

correlation energy [7.176].
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Table 7.5 Values of Eyp, Eoxact s Bcors (in 8.1.) and of the ratio Ecoer/ Eexac: fOr the ground state of ‘

several atomic systems

Atomic System EHF Eenct Ecorr Ecurrlsml
He -2.862 -2.904 —-0.042 0.014
Be —-14.573 —14.667 —0.094 0.006
B* ~24.238 —24.349 -0.111 0.005
Ne —128.55 -128.93 —0.38 0.003

Since the Hartree~Fock method is a variational one, the energy Exy must lie
above E.,.c for the ground state, so that E,, is always negative in this case. As
an example, we give in Table 7.5 the values of Eyr, Eexacts Ecorr and the
relative error E o/ E exace for the ground state of a few atomic systems. We see
from this table that the error in the Hartree-Fock energy of an atom (ion) is
only about 1 per cent. However, in particular regions of configuration space -
which do not play an important role in the variational integral — the Hartree-
Fock wave functions may be quite inaccurate. As a consequence, various matrix
elements, such as those required to calculate transition rates or hyperfine
structure effects, may sometimes be in serious error when evaluated with the
Hartree—Fock wave functions.

Correlation effects can be studied by using perturbation theory, starting with the
Hartree—Fock energies and wave functions as the ‘zero-order’ approximation.
In particular, the variation-perturbation method has been applied successfully to
obtain correlation energies for various atoms and ions. Alternatively, the
variational method can be used with a trial function ® which is a linear
combination of Slater determinants,

D= (7.177]

where the coefficients ¢; are variational parameters. The various Slater determi-
nants ®; differ in the choice of the spin-orbitals occupied by the electrons, and
corre vond therefore to different electronic configurations. This approach is
known as the configuration—interaction method. It is clear that the configuration—
interaction approach reduces to the Hartree—Fock method when only one Slater
determinant is used in [7.177].

7.5 CORRECTIONS TO THE CENTRAL FIELD APPROXIMATION.
L-S COUPLING AND j-j COUPLING

In the central field approximation, the non-relativistic Hamiltonian [7.2] of the
N-electron atom (ion) is replaced by the Hamiltonian

N
Ho=3h, 7.178a)
i=1

where h; is the individual Hamiltonian of electron ¢ in the central field V (r;) (see
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[7.11]). For example, if we choose the Hartree—Fock potential 4 (that is, the
Hartree—Fock potential V', averaged for the case of atoms or ions with
incomplete subshells) as our central field, then

hy= =3V + ¥ [7.178b]

Let us now consider the main corrections to the central field approximation.
The first important correction to the central field Hamiltonian H. is the term
H,, given by [7.12], which represents the difference between the actual Coulomb
interactions of the electrons and the average electron repulsion contained in the
central field V. In particular, if V is a (central) Hartree—Fock potential, the
term H, leads to the correlation effects discussed at the end of the previous
section. In this section, however, we shall also consider the corrections due to
the spin—orbit interactions of the electrons. Working within the framework of the
independent particle model, we write the spin—orbit correction term in a form
which is an extension of (5.16)—(5.17). That is

Hz = 2 f(ri)Li . S,‘ [7179]

where L; = r; X p; is the orbital angular momentum operator of electron 1, S; is
its spin angular momentum, and the function &(r;) is given by
1 1 dV(Tl)

—— 7.180
2m*ctr, dr; [7.180]

&(ry) =

It can be shown that the contribution to the sum [7.179] coming from closed
subshells vanishes, so that the summation in [7.179] is only over electrons

outside closed subshells.
Adding the corrections A, and H; to the central field Hamiltonian, we obtain

the total Hamiltonian
¥ =H.+ H, + H; [7.181]
Because this Hamiltonian describes an isolated atom, the total parity and the

total angular momentum are constants of the motion. In the present case the total
angular momentum is given by

J=L+S=2>1 [7.182]

where L = 3L, is the total orbital angular momentum of the electrons,
S = 3,8, is their total spin angular momentum, and

Ji = Li +Sl [7.183]

In order to discuss the effects of the terms H, and H,, we shall use
perturbation theory, starting from the eigenfunctions and eigenenergies of H. as
our zero-order approximation. As we have seen in Section 7.1, these unper-
turbed eigenfunctions and eigenenergies correspond to given electron configura-
tions. In what follows we shall assume that the matrix elements of the
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perturbation between two different electron configurations is small with respect
to the engggy intervals between unperturbed configuration energies. We can
then study the effect of the perturbation on atomic states corresponding to &
single configuration of the electrons.

The manner in which the perturbation calculation is to be carried out depends
on the relative magnitude of the two perturbing terms H, and H,. The case for
which both perturbations H; and H, are of the same order of magnitude is
difficult to handle because both terms must be treated on the same footing. This
situation, which is known as intermediate coupling, will not be examined here
[11]. Instead, we shall consider the two extreme situations for which |H,| > |H,|
and [H,| > |H,|. The first one is the most frequently encountered; it occurs for
atoms (ions) with small and intermediate values of Z, and is called the L-S (or
Russell-Saunders) coupling case. The second situation, which arises for atoms
(ions) with large Z is known as the j—j coupling case. We shall first discuss L=S
coupling, and then turn to j—j coupling.

L-S coupling

Since in this case the electrostatic energy correction H, is large in comparison
with the spin—orbit term H, the first step of the perturbation calculation consists
in neglecting H, and obtaining approximate eigenfunctions and eigenenergies of

the Hamiltonian
H=H_+ H, [7.184]

In general, there are a number of degenerate states belonging to the same
configuration, which differ by the values of the quantum numbers m, and m; of
the individual electrons. The perturbation H; has the effect of removing ~ at
least partly — this degeneracy. The energy levels of H = H,. + H, arising from
a given unperturbed energy level E, of H. will thus be obtained by diagonalising
the perturbation A, within the subspace of the degenerate states belonging to
the eigenvalue E..

This diagonalisation is greatly simplified by taking into account the symmetry
prop. *ies of the Hamiltonian H = H. + H,. Since the Hamiltonian does not
contain spin—orbit energy terms, it commutes not only with the total angular
momentum J, but also separately with the total orbital angular momentum L
(see Problem 7.9) and the total spin angular momentum S [12]. As a result, the
eigenvalues of H can be characterised by the total orbital angular momentum
quantum number L and the total spin quantum number S. Moreover, these
energy eigenvalues are independent of the quantum numbers M; and Mg, so

|11] The intermediate coupling case is treated for example in Condon and Shortley (1951) and
Sobelman (1979) where a detailed account of the theory of atomic spectra can be found.

[12] It is worth noting that the use of antisymmetric wave functions (Slater determinants) couples
the electron spins to the electrostatic energy (as we have seen in Section 6.6 in discussing the
excited states of helium) despite the fact that (H, S] = 0.
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that each energy level of H labelled by a pair (LS)is QL + D@2S + 1) times
degenerate with respect to M; and M. As we already saw in Section 6.3,
energy levels corresponding to definite values of L and S are called terms and are
denoted as 257!L, with the capital letters S, P, D, F, . . . corresponding to the
values L = 0, 1, 2, 3, ... We also recall that the number 25 + 1 is called the
multiplicity of the term. If the multiplicity 25 + 1 equals 1 (that is, if S = 0) the
term is called a singlet. If 2S + 1 = 2,3,4, . . . we have respectively a doublet,
a triplet, a quartet, and so on. The parity of the term may be indicated by the
addition of the superscripts e (even) or o (odd), for example *P’, °D¢, etc.
Using the Dirac notation, the wave functions corresponding to a term will be
denoted by |yLSM;Ms >, where 7 refers to the configuration of H. to which
the level belongs.

Determination of the possible terms of a multielectron
configuration in L-S coupling

In order to determine all the possible terms corresponding to a given configura-
tion (that is, the possible values of L and S), the rules for the addition of angular
momenta must be used. However, in combining the individual electron orbital
angular momenta L; to obtain L and the individual electron spin angular
momenta S; to obtain S, one must not forget to reject the values of L and S
corresponding to states forbidden by the Pauli exclusion principle.

We first note that for a filled subshell, that is a configuration containing the
maximum number 2(2/ + 1) of equivalent electrons (having the same values of n
and 1), there is only one possible term, namely the 'S term. This is a direct
consequence of the fact that M; = 2,;m; = 0 (since m; runs over all the possible
values 0, =1, =2, . . . =I) and similarly Mg = 2m, =0.Asa result, we have
L =S = 0 for a filled subshell.

Let us now consider the case of atoms (ions) with incomplete subshells. Since
I = S = 0 for filled subshells, we only need to consider the electrons outside
filled subshells (‘optically active’ electrons) to determine the possible values of L
and S. Three cases must be considered:

Electrons belonging to different subshells (non-equivalent electrons)

In this case no two ‘optically active’ electrons can have the same set of quantum
numbers, so that the Pauli exclusion principle is automatically satisfied. The
allowed values of the quantum numbers L and S are therefore obtained by
adding the individual orbital angular momenta L, of the ‘optically active’
electrons to form L and the spin angular momenta S; of these electrons to form
S. We recall that on adding two orbital angular momenta L, and L;, with
corresponding orbital angular quantum numbers /; and I, (such that ;(/; + DA
is the eigenvalue of L} and [,(I, + 1)A? the eigenvalue of L3) the allowed values
of the total orbital angular momentum quantum number L are

L= “1 - lz|, ‘l] - 12| + l, SN ll + lz [7.185]
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Similarly, upon adding two spins S, and S;, with spin quantum numbers s; and
$;, the allowed values of the total spin quantum number § are 4

=l — sl —sl+1L...50+s (7. 136]

Let us now consider two non-equivalent electrons, having orbltal angular
momentum quantum numbers /, and /,, respectively. The allowed values of L
are then given by [7.185]. Moreover, since 5, = s, = 1/2, we have § = 0, 1,
We illustrate these considerations by two examples:

Configuration np n'p

We have l;, =, =l and s; =5, = 1/2,sothat L =0,1,2and § = 0, 1.

The possible terms are therefore

'S, 'p, 'D, %S, °P, D (7.187]

Configuration np r.t’d
Herel; = 1,, =2ands; =s; = 1/2. ThusL = 1,2,3and S = 0, 1. The
possible terms are thus given by '

'p, 'D, 'F, °P, D, °F (7.188]

If there are more than two electrons, the addition of orbital angular momenta
and spins is first performed for two electrons; the rules [7.185] and [7.186] are
then used successively to add the orbital angular momentum and the spin of the
third electron, the fourth electron, and so on. As an example, let us consider the
configuration np n’'p n’d. Adding first the orbital angular momenta and spins of
the two electrons np and n'p, we find the terms listed in [7.187]. Now the third
electron n'd has / = 2 and s = 1/2. Using [7.185] and [{7.186] we see that the
addition of *he electron 7"d to the term 'S of [7.187] gives a term with L = 2 and
S = 1/7 .amely ?D. In the same way, adding the n"d electron

to the term 'P yields the terms °P, °D, *F

to the term 'D yields the terms S, °P, °D, °F, °G

to the term >S vyields the terms 2D, *D

to the term *P yields the terms 2P, 2D, °F, P, *D, *F

to the term *D yields the terms S, ?P, ’D, °F, %G, *S, *P, *D, *F, *G

These results may be summarised by writing that the terms we have obtained
are

28, %P, D, °F, %G, *S, *P, *D, *F, *G [7.189]
2 4 6 4 2 2 3 2

where the number under the term symbol indicates the number of identical
terms.
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Electrons belonging to the same subshell (equivalent electrons)

The determination of the possible terms for equivalent ‘optically active’ elec-
trons is more difficult. Indeed, in this case certain values of L and S are ruled
out because of the Pauli exclusion principle.

The simplest case is that of two equivalent s electrons, corresponding to the
configuration ns?. As we have seen above in discussing closed subshells, we must
have M; = Mg = 0, which implies that the only possible term is 1S. We note
that if the Pauli principle were ignored, an additional term S would appear.

Let us now consider the case of two equivalent p electrons, corresponding
to the configuration np?. We have seen in Section 7.1 that the degeneracy (or
statistical weight) of a configuration np® is g = 15. The 15 possible states
associated with the configuration np’ can be inferred directly from Table 7.6,
where the possible quantum numbers m;,, My, M1, My, of the two electrons
are given. In obtaining this table, we note that the states for which the two
electrons have the same values of m; and m, (for example m; = m;, = 1,
m, = mg, = 1/2) must be excluded because of the exclusion principle. More-
over, since the two electrons are indistinguishable, two pairs of values (my, M,
and (m,,, m;,) which differ only by the electron label (1 or 2) only give one state.
For example, m; = 1,mg = 1/2,my, = 0,mg, = — 1/2 yields the same state as
my, = 0,mg = -1/2,m, = 1, m;, = 1/2. We have also listed in Table 7.6 the
values of the quantum numbers M, and Mg, namely

M; = m + mp, Mg =mg + mg [7.190]

We shall now identify the possible terms corresponding to the 15 states listed
in Table 7.6. We recall that in the case of the configuration np n'p (non-
equivalent electrons) we had obtained the six possible terms given in [7.187]).
For the present np® configuration, however, the pairs (M , M) appearing in
the two last columns of Table 7.6 are only compatible with a restricted number

Table 7.6 Possible quantum numbers for the configuration np?

Number my, mg, my, ms, M, = my +my, Mg = mg + my,
1 1 4 1 -4 2 0
2 1 -4 0 + 1 0
3 0 1 0 -4 0 0
4 0 -3 -1 1 -1 0
5 -1 4 -1 -+ -2 0
6 1 3 0 1 1 1
7 1 -+ 0 -4 1 -1
8 0 + -1 < -1 1
9 0 -4 -1 -4 -1 -1

10 1 4 0 -4 1 0

11 1 -4 -1 1 0 0

12 0 + -1 -3 -1 0

13 1 4 -1 4 0 1

14 1 -4 -1 -3 0 -1

15 1 1 -1 -4 0 0
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of terms. Indeed, we first note that the pair (M; = 2, Mg = 1)is missing so that
the term 3D is not present. On the other hand, the occurrence of the palrs
(M, = 2, Mg = 0)and (M; = —2, M = 0) indicates that a term with L = 2
must exist. Since the term D has just been ruled out, the term with L = 2 must
be 'D; it may be constructed with the states corresponding to the first five
entries in Table 7.6. The states corresponding to the entries 6 to 14 are easily
seen to correspond to a term >P. Finally, the last entry in the table, with
M, = Mg =0, corresponds to a term 'S. Hence, for the configuration np?,
there are only three possible terms, namely

1S, 'D, °P [7.191]

instead of the six terms [7.187] we found for the configuration npn’'p.

A similar analysis can be carried out for other configurations containing
equivalent electrons. In Table 7.7 are given the possible terms for configura-
tions (nl)*, with I ='0, 1, 2. We note in particular from this table that the
configurations (nl)* and (nl)*?'*P~* Jead to the same possible terms. In other
words, the possible terms corresponding to a configuration in which there are &
electrons in a subshell are the same as those in which & electrons are missing
(that is, there are & ‘holes’) in this subshell.

Equivalent and non-equivalent electrons

If a configuration contains a group of equivalent electrons together with a
number of non-equivalent electrons, the possible terms of the group of equiva-
lent electrons must first be determined. The overall possible terms are then
obtained by using the ordinary rules of addition of angular momenta to add the

Table 7.7 Th. possible terms for electron configurations (nl)*, with I = 0, 1, 2

Configuration
ns s
ns? 'S
np np’ p
np? np* 'S, 'D ’p
np? P, D s
np® 'S
nd nd® D
nd?  ad® 'S,'D,'G ’p, °F
nd? nd” ‘P, ’D, °F, G, *H ‘P, *F
2
nd* nd® !S,'D,'F, G, I 3p, *D, °F, 3G, °H *H
2 2 2 4 2 .
nd® %s, %P, 2D, *F, %G, *H, A ‘P, ‘D, *F, ‘G s
3 2 2
”dlo lS
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non-equivalent electrons. Similarly, if a configuration contains two or more
groups of equivalent electrons, the possible terms of each group must first be
obtained, and the overall possible terms are then determined by using the
ordinary rules for the addition of angular momenta.

Hund'’s rules

Before leaving the subject of the effect of the electrostatic interaction H;, we
mention the so-called Hund’s rules, which have been established empirically for
the ground state configuration and for configurations containing equivalent
electrons. According to these rules:

1. The term with the largest possible value of S for a given configuration has
the lowest energy; the energy of the other terms increases with decreasing S.

2. For a given value of S, the term having the maximum possible value of L
has the lowest energy.

Fine structure of terms in L-S coupling. Multiplet splitting and
the Lande interval rule

Having obtained the energy levels of the Hamiltonian [7.184], we now proceed
to the second step of the perturbation calculation, which consists in taking into
account the spin—orbit term H given by [7.179]. We shall first examine how the
additional perturbation H; further removes degeneracies. The total Hamilto-
nian % = H. + H; + H, does not commute with L and S, but it does com-
mute with J = L + S. On the other hand, the energy of an isolated atom
cannot depend on the orientation of the total angular momentum J. As a result,
the 2L + 1) (25 + 1) degeneracy associated with a term 25+11 corresponding
to given values of L and S is partly removed by the perturbation H,. The term
28+17 splits into a number of fine structure COmMponents, characterised by the value
of ¥, the total angular momentum quantum number, and written in the Russell—
Saunders notation as =" 'Ly . Because |H| < |H,| in L—S coupling, the energy
separation between the fine structure components 25 “Lj of a term 2L is
small with respect to the energy separation between terms. The various fine
structure components are said to form a multiplet. Each fine structure term
215 is still 2F + 1)-fold degenerate with respect to M (where M »h are the
eigenvalues of ¥,), the possible values of My for a given 7 being

M]Z_]a _.7+1>---]-19,7 [7192]
The degeneracy in My can only be removed if a preferred direction in space is

introduced, for example if an external magnetic field is applied as in the Zeeman

effect.
Using the rules of addition of angular momenta, the possible values of ¥

corresponding to given values of L and S are
IL-S|, IL-S| + 1, . .. L+S [7.193]
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It is clear that the number of possible values of ¥ is equal to the multiplicity

i

I 28 + 1if L > S, and to 2L + 1 if L < §. It is worth noting that the word !

il
il
‘multiplicity’ always denotes the number 25 + 1, even in the case L < S
where the term 271 can only splitinto 2L + 1 fine structure components, We

also note that
L+S

>

F=IL-S|

QF+1D=QL+ DS+ 1) [7.194]

so that by counting all the fine structure states (including their multiplicity) we
retrieve the (2L + 1) (25 + 1) degeneracy attached to the term S+,

As a first example, we show in Fig. 7.7 the partial removal of degencracies,
due successively to the perturbations H, and H,, for a configuration containing
two non-equivalent optically active electrons np n'p. In this case the possible

values of L, S, and J are given by

L=0,1,2
§=0,1
JF=0123
L=0,s=0,'S 7=0,'s,
/L=1,5=0,'P J=1"P,
/7 -
/i///L=2’S=0’lD . — -7=2)le
s
////
//

_____ _J=1’%
_7=2,JP1
]=113P|
J=0,"P,

J=3, JD;
- J=2, ’Dz
R F=1, JD:
Solution of:
H, H . +H, H. +H, +H,
7.7 The splitting of the configuration np n'p by the electrostatic perturbation A, and the spin—orbit
perturbation H,.
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In the absence of the spin-orbit perturbation H, the possible terms 25+ are
given by [7.187]. When the effect of H is included, the fine structure terms

2S*1L, are seen to be
1SO> IPIa 1D2: 381: 3P0: 3Pl) SPZJ 3D13 3D2’ 3D3 [7195]

A second example is given in Fig. 7.8, where the case of a configuration
containing two equivalent electrons np? is considered. This case is relevant in
particular for the study of the ground state of the carbon atom, which has the
configuration 1s22s?2p?, the two ‘optically active’ electrons being the two 2p
electrons. When the perturbation H, is taken into account the three terms
obtained in [7.191] give rise to the five fine structure terms

1503 1D2> 3P03 3Pla 3P2

which are shown in Fig. 7.8. Both examples in Fig 7.7 and 7.8 also illustrate
Hund’s rules. Looking at Fig. 7.8 we also see that the ‘true’ ground state of the
carbon atom is 1s?2s%2p? *P,. _

In order to obtain the fine structure energy shifts due to the spin-orbit
interaction, the perturbation H, must be diagonalised in the subspace of the
wave functions |yLSM; M) which correspond to a given term, that is to a given
energy level (yLS). By using the Wigner—Eckart theorem (see Appendix 4) it
may be shown that the matrix elements of H in that subspace are the same as

those of the operator AL - S, where A is a constant, characteristic of the
unperturbed level (yLS). Thus
(yLSM M ¢|H,|yLSMMg) = A(yLSM;Mg|L - S|yLSM;Mg) [7.197]

[7.196]

L=0,5=0,'S =0,'S -
I—————————————j——"—— 20649cm
!
|
I
/
|
/
I
I’
| L=2,5=0,'D J=2,D, A|
| — = —— 10195cm
I/
I/
I/
I/
19252202
\ y\\
_ 3
\ _ /___l_‘_ﬁ_‘gcm"
NL=1,85=1P -~ F=1,P, .
<zZz-———2——16cm
~~-————————Ground state
F=0,"P, E=0
Solution of?: H, H +H, H.+H +H,

7.8 The splitting of the ground state configuration of carbon.
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The perturbation H, is not diagonal in the subspace of the wave functions ..
|yLSM; Ms). However, by proceeding as in Section 5.1, we can form liness “‘Iﬂgllm}“
combinations of the functions |yLSM; M) to obtain new ‘unperturbed’ fune-
tions | yLSJMy) which are eigenstates of L2, §2, J? and ¥, in that subspace.
Since J? = LZ+ 2L -S + S?, we then have (with A = At?)

(yLSTMy\HolyLSIMy) = YA(YLSFM;|J* — L? — SYyLSTMy)
%A[](] +D—-LWL+1) - SS + 1] [7.198]

so that the unperturbed level (yLS) splits into 2S+1 (if L = §) or 2L + 1 (if
L < S), fine structure levels labelled by 7, as we have seen above. Moreover, we
see from [7.198] that the energy separation between adjacent levels E(¥) and
E(¥ — 1) of a given multiplet (L and S fixed) is

EP-EF-D=3IFF+D-LL+DH-SS+ D]~ $A[(T - DI

- LWL +1)-8S +1)]
= A¥ (7.199)

and is therefore proportional to ¥, the larger of the two ¥ values characterising
the pair of fine structure levels.

The result [7.199] is known as the Landé interval rule. It is well satisfied
experimentally if the atom is well described by the L-S coupling case
(|H,| < |Hy)) and if in addition the perturbation H; only contains the spin-orbit
interactions [13] as we have assumed here (see [7.199]). In that case the
multiplets are called regular multiplers. When A > 0, we see from [7.198] that
the multiplet component having the smallest possible value of J (that is,
F = |L — S|) has the lowest energy value; these multiplets are called normal. On
the other hand, if A < 0, the multiplet component having the largest possible
value of ¥ (namely ¥ = L + S) has the lowest energy value; in this case one
speaks of an inverted multiplet. The multiplets shown in Fig. 7.7 and 7.8 are
regular, normal multiplets. It has been established empirically that normal
multiplets occur if there is a single open subshell that is less than half-filled, while
inverted multiplets arise if that subshell is more than half-filled. When the
subshell is just half-filled, there is no multiplet splitting.

j—i Coupling

Let us now consider the case for which the spin—orbit energy H; is large with
respect to the electrostatic energy correction H,. In Section 5.1 we showed that
the energy of the spin—orbit interaction is proportional to Z* (see [5.26]) while in
Section 6.5 the first-order electrostatic correction (1/r);) was shown to be

|13) In some cases the fine structure of the levels may be very different because of the presence of
other interactions, such as the spin—spin interactions between the electrons, mentioned at the
beginning of Section 7.1.
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proportional to Z. We therefore expect that the importance of the spin-orbit
term H, relative to the electrostatic correction term will increase as Z is
increased, so that j—j coupling could occur for atoms (ions) with large Z. In fact,
J—=J coupling is rarely found in pure form, although the atomic spectra of heavy
atoms exhibit a structure which is close to that predicted by the j—j coupling
scheme. The best examples of j—; coupling are provided by multiply charged
ions the nuclei of which have high values of Z , since in these cases the relative
importance of the electrostatic correction term H 1 is reduced because of the
reduction in the number of electrons.

Since |H,| > |H,| in the j—j coupling case, the first step of the perturbation
calculation consists in neglecting H; and solving, approximately, the problem
associated with the Hamiltonian !

ﬁ = HC + HZ [7.200]

Now, from [7.11] and [7.179], we see that H is just the sum of individual
Hamiltonians. That is 4

N
H=#k [7.201]
i=1 ]
where
hi =k + &r)L; - S, |
1
=3 VZ+ V() + &r)L; - S; [7.202] :

The spin-orbit term &(r,)L; - S; has the effect of partly removing the
degeneracy of the individual electron energy levels E,, (corresponding to the
Hamiltonian £;) by splitting each level E,, with [ # 0 into two components E,; ;
having the total (individual) angular momentum quantum number j=1=1/2. |
The corresponding individual wave functions are spin orbitals Unijm, labelled by
the quantum numbers (nljm;) where m; is the magnetic quantum number
associated with the z component of the total angular momentum operator of an |
electron. Since m; can take on the values |

mi=—j,—j+1,...,j [7.203]

and the energy levels E,; do not depend on m;, we see that each individual [

electron energy level E,;is (2j + 1)-fold degenerate. When j = [ + 1/2, this !

degeneracy is equal to 2/ + 2, and when j = [ — 1 /2, it is equal to 2. The
i energy levels E associated with the Hamiltonian A are obtained by summing the
\individual electron energies

N
E = Zl E,.; [7.204] )

and the corresponding wave functions are antisymmetrised products (Slater
determinants) formed from the spin-orbitals Un,1 jm, - Each configuration of H,
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~ therefore yields a certain number of configurations of H, characterised by thi
" values of the quantum numbers (#7;7;) of the electrons. " H’

In the second step of the perturbation calculation, the effect of the electrostatic
correction term H, is taken into account. Each of the levels E of H
characterised by a set of quantum numbers (n;l;7;) of the electrons, will now be
split by the additional perturbation H, into a certain number of levels labelled
by the values of the total angular momentum quantum number ¥ of the system.
Of course, as in the case of L-S coupling, each of these levels is still (27 + 1)-fold
degenerate with respect to My. A typical example of the splitting of levels in j—§
coupling is shown in Fig. 7.9.

In the case of j—j coupling the notation for the spectral terms must specify the
quantum numbers (n;/;7;) of each electron and the total angular momentum
quantum number 7. The values of the individual j;’s are usually written between
parentheses, and 7 as a subscript. For example, one of the energy levels of the
ground state configuration 6p* of Pb, corresponding to the values j, = 1/2,
J2=3/2 and J = 2 is written as 6p? (1/2, 3/2),.

The possible values of ¥ can be obtained by using methods similar to those
we discussed above in order to obtain the possible terms in L-S coupling. In the
case of non-equivalent electrons, it is sufficient to use the rule for addition of
angular momenta. Let us consider for example the configuration ns n'p. For an s
electron one hasj = 1/2; while for a p electronj = 1/2, 3/2. Now, if j, = 1/2
and j; = 1/2, the possible values of ¥ are ¥ = 0,1, while for j, = 1/2 and
J2 = 3/2 the allowed values of ¥ are ¥ = 1,2. Thus the possible terms are

In the case of equivalent electrons, it is necessary to take into account the effect
of the Pauli exclusion principle, just as in the case of L-S coupling. The
possible terms for a configuration (5)*, with j = 1/2, 3/2 and § /2 are given in
‘Table 7.8. It is worth noting that the total number of levels having a given value
of ¥ for a given electron configuration must be the same in L-S and j—j
coupling.

Finally, we recall that the two cases of L—S and j—; coupling which we have
discussed here are extreme cases. Many atoms are not described accurately by

Jirds _ J=1 2,
172,312 -
/ ~— J
d (172, 312),
/
. 7
ns np /
~ =1

I‘ ~< 112,12 /,,/—%—u/z, 1),
‘ Solution of: = —(1/2, 112), -
H H, H.+ H; H.+ H + H:

| 7.9 The splitting of levels in j~-; coupling.
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Table 7.8 The possible terms for configurations (7)*, with j = 1/2, 3/2, 5/2

Configuration ¥

/! 172
(1/27 0

(3/2) 3/2 3/2
3/2)? 0,2

5/2)! (5/2° 5/2

(5/27 5/2) 0,2,4
/2 3/2,5/2,9/2

either of these schemes, and some form of intermediate coupling scheme must be
devised. This is illustrated in Fig. 7.10 where we see that the energy levels of
the configurations 2p3s of C and 3p4s of Si are well described by L—S coupling,
and the levels 6p7s of Pb by j—j coupling, while the 4p5s levels of Ge and 5p6s
levels of Sn are intermediate in character.

L~ coupling Jj—jcoupling
C Si Ge Sn Po  (j2) ¥
(Z=6) Z=14) (Z=132) (Z =56) (Z =82)
- (372, 1/2),
- -
P - - (3/2,1/2),
Pl P - -~
5P, \ Ve P
P, m——
P~ Tm—1C ~—- 12,172),
~~ (112, 1/2),
Configuration 2p 3s 3p4s 4p Ss S5p6s 6p7s

of first excited
'P and °P terms

7.10 The splitting of levels in the first excited 'P and 3P terms of the carbon sequence.

PROBLEMS

7.1 Prove that the central field Hamiltonian H, given by [7.11] commutes
with the total orbital angular momentum L of the electrons.

7.2 Consider the wave functions of the 23S level of helium, which are given in
the central field approximation by

a(Da(2) Mg =1
1
Y (2’S) = ¢_(r1, 12) —\/——2— [a(DB2) + B(D(2)], Ms=0
B(1A2) Mg = -1
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I 7.5

i 7.6

with .
il

| v
¢.(r,r) = 7—'2‘ [1s(r1)uzs(rz) — tas(rty(r2)]

Write the three functions W(23S) in the form of Slater determinants (or
a sum of Slater determinants) constructed with the spin-orbitals

= u5(NB
Uzs 1t = uZS(r)B

(a) Show that the total energy of a neutral Thomas-Fermi atom can be
written in terms of the electronic density p(r) as

2
E =« J o dr — 22 J P 4y
4reg r

Uis |

Uzs |

= uls<r)aa
= up(Na,

Uyst

(1]

1 & [ ppr)
— PP e dr’
2 47730J r — r'| dr dr

with k = 3%37%3/(10 m). The first term on the right of [1] is the
total kinetic energy of the electrons, the second term is the potential
energy of their interaction with the nucleus, and the third term is

the potential energy of their mutual interaction.
Obtain the Thomas—Fermi equation [7.66] by minimising the
expression [1], subject to the normalisation condition

(b)

41rj prtdr = Z
0

Using the Thomas—Fermi model, obtain an estimate of the following

quantities:
(a) average distance of an electron from the nucleus;

(b) average kinetic energy of an electron;

(c) total ionisation energy of the atom.
Obtain the two coupled equations [7.161] for the spatial orbitals u;(r)

and uy,(r) of the beryllium ground state.
Show that the Hartree—Fock and Hartree equations for the ground state

orbital u;.(r) of helium are identical and given by
1 2 \ 1
-5 V% - —+ ,uls(r)lz y dr’ uls(r) = Elsuls(r)
2 r |t — 1|

Using the Hartree-Fock orbital [6.85b], evaluate the Hartree-Fock
potential

2 2 l '
— OV(") = _7 + J |uls(r)| |l' _ l"| dr
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7.7

7.8

7.9

7.10

7.11

354

Plot V' (r) and interpret your results in terms of screening.

Obtain a pair of Hartree-Fock coupled equations for the spatial orbitals

u1(r) and ux,(r) corresponding to the 23S (M = 1) wave function of

helium. Prove that the orbitals #;,(r) and u,,(r) are orthogonal.

Prove equation [7.155].

Prove that [H, L] = 0, where H is the Hamiltonian [7.2]and L = Z.L;is

the total orbital angular momentum of the electrons.

Assuming that L-S coupling holds:

(a) List the possible spectral terms 2> 'L which result from the follow-
ing electronic configurations

(i) nsn's

@a1) nsn'p

(iil) ns n'd

(iv) nd?

(v) mpn'pn'p

(vi) np’
(b) List the corresponding fine structure terms >*'Ly.
Assuming that j—j coupling holds, list the possible terms (j;, j2)y of the
following electronic configurations
(a) np nd
(b) (nl 3/2)%.
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The interaction of many-electron atoms with
> electromagnetic fields

' In the previous two chapters, we discussed the energy levels of atoms with more
; than one electron and now we describe some features of the spectra that result
. from transitions between these levels, and also how the levels are perturbed by
external static electric and magnetic fields. For the most part, this is a
i straightforward generalisation of the material in Chapters 4 and 5, where the
interaction of one-electron atoms with radiation and with static fields was
| discussed. The selection rules for electric dipole radiative transitions will be
1 obtained and then we shall describe the simple spectra of the alkali metals and
! of the alkaline earths, which contain one and two optically active electrons
| respectively. We shall go on to discuss some general features of multiplets, the
| group of spectral lines arising from transitions between two terms and we then
L consider the interaction of atoms with static magnetic fields (the Zeeman effect)
i and with electric fields (the Stark effect). We conclude the chapter with an
account of X-ray spectra.

\
l
I
1 8.1 SELECTION RULES

The selection rules for radiative transitions in a one-electron atom were obtained

in Chapter 4. These will now be generalised for atoms containing any number of
| electrons. We shall consider only transitions in which a single photon is emitted
or absorbed because, as explained earlier, in allowed transitions higher order
.“ processes make a negligible contribution. The photon field can be described by
' a vector potential A(r, ¢) and the interaction energy between the radiation field
‘ and a number of atomic electrons, 1,2, ... N, with position vectors r; is

h N '
—Ei-e-A( t)'Vj=21;ne—A(rj,t)'pj 8.1)
E

where N = Z for a neutral atom and N # Z for an ion.

b This is the generalisation of the linear term in [4.19]. The quadratic term in A
| can again be omitted since it contributes to two-photon and higher order
processes. The treatment of Chapter 4 can be followed step-by-step. Making the
: electric dipole approximation, the transition probability is found to depend on a
13 matrix element M,, which can be expressed as a sum of contributions from each
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electron (see [4.62])

N
Mmwp,
My, = *E P £ (1)sa
j=1

where (r;),, is the matrix element of the position vector r; between the two

atomic states concerned.

Each atomic state is an eigenstate of J%and ¥,, where J = E}\Ll J; is the total
angular momentum operator, with quantum numbers ¥ and My . It is also an
eigenstate of the parity %, but not necessarily of the total orbital angular
momentum or the total spin angular momentum. The states can be further
specified by a (non-angular momentum) label y. The quantum numbers of the
states @ and b will be written

a_)(')’,]’ Mj)
b— (v, F'5 Mz)

and M,, can be written as

mawy,

N
My = -3 T &y, 7', MyIn|y. 3, My) (8.2]

We notice in passing that, since the electrons in the atom (ion) are indis-
tinguishable,

MWpa ’ ’ ’
My, = =N =22 & (Y, J', M|t |y, 7, My) [8.3]

It is convenient to introduce the total dipole moment operator of the atom as
N

D= - er [8.4]
ji=1

so that

mw’z Py ' ’ ’
ﬁ; é-(y,J, MjDly, J, My [8.5]

Mba =

The transition rates for photon-emission or absorption can be written in terms
of D, and for spontaneous emission of a photon of polarisation £ into a solid
angle dQ in the direction (8, ¢), we have (see [4.70])

1 I

2ahcd ey

£ <7,s j,) M}IDh’) .73 M_7>|2 dQ [86]

3
Wha

Zb dQ-_—

The dipole moment D is a vector operator (see Appendix 4) because, as can
be verified easily, it obeys the following commutation relations with the total
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L

angular momentum J:

*:-‘ []x’ Dx] = [],V’ Dy] = [.723 Dz] = 0
[(f. D) = kD5 [F,, D,] = ihD,

and ,
[F2> D] = 1AD, (8.7]

The spherical components‘ D, (g = 0, =1) of D are defined so that

1 4\
D, = —ﬁ (D, + iD,) = |D| (%) Yi(a, B)
4 1/2
Dy=0D, = |D|<—;T‘) Yi,o(a, B) (8.8)

1 47\1/2
D= ﬁ(D" - iD,) = |D| (—3—) Yy, y(a, B)

where (a, B) are the polar angles of D.
Similarly the spherical components of the polarisation vector £ are ¢,, where

(see [4.81])
! 1

g = _ﬁ (6 +i€), g0 =§,, 61 = 7 (&, — 1E) (8.9]
The scalar product € - D can be expressed in spherical components as
é-D= exD, [8.10]

g=0,*1

Now the Wigner—Eckart theorem (Appendix 4) states that the matrix
clements of a vector operator with respect to eigenstates of J? and ¥, only
depends on My, Mj; and g¢ through the Clebsch—Gordan coefficient

(F1Myq| 7'M5). We have
1
(v'sJ's MjID,|y, ¥, My) = NG (FI1Myq| 7' M7Xy'7'IDllvg) (8.11]

where the reduced matrix element (y'¥’'||D|| ) is independent of ¢, My, M.
The Clebsch—Gordan coefficient ( 71Myq|7'M;) vanishes unless:

(a) My + ¢g=M;

G F-1=sF=sF+1 (8.12]
F+7 =1
The selection rules for electric dipole transitions are thus:
AM; =0, x1 (8.13a)
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and
A =0, =1, [8.13b]
but
F=0oF =0 [8.13c]

is not allowed.

In addition, since under the parity operation D changes sign, and because the
atomic states are eigenstates of parity, we see thatthe dipole matrix element
vanishes unless the states a and b have opposite parity. This is known as
Laporte’s Rule.

It can be shown, by extending these arguments, that all matrix elements for
multipole transitions, either electric or magnetic, are proportional to the
Clebsch~Gordan coefficient { FAM yg| F'M ), where A = 1 for dipole transitions,
A = 2 for quadrupole transitions and so on. For electric multipole transitions,
the parity changes if A is odd and does not change if A is even, while for
magnetic multipoles the parity changes for even A and does not change for odd
A. Combining this parity rule with the properties of the Clebsch—Gordan
coefficient the selection rules can be obtained (Problem 8.1) for any multipole.

L-S coupling

When the spin—orbit interaction is weak then, as we saw in the previous chapter,
the Russell-Saunders, or L-S coupling, approximation is accurate, in which
both the total orbital angular momentum and the total spin angular momentum
are conserved. Since the operator D is independent of spin, we have

<jl’ Lr, S,: M}|D!7> L> Sa M]> = SSS’<],3 L,’ S/a M§|D1_7> L> S: M]>
(8.14]

The selection rules which hold in addition to those of [8.13] for electric dipole
transitions are then:

AL =0, =1 (L =0« L' =0 is not allowed) [8.15a]
AS =0 [8.15b]

The most usual case is one in which the orbital of only one electron in the
atom changes. If the orbital concerned has an angular momentum quantum
number /;, then our discussion of the one-electron atom shows that

AL = =1 [8.15¢]

The case Al; = 0 is not allowed because the parity of the atom must change. If
two or more configurations are strongly mixed in a particular state, then more
than one electron can make a transition simultaneously even though only one
photon is being emitted or absorbed, but this is a rather uncommon circum-
stance and we shall not deal with it.
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8.2 THE SPECTRA OF THE ALKALIS

As we have seen in Chapter 7, the structure of the ground states of the alkali
nfetals (Li, Na, K, Rb, Cs, Fr) is that of a single valence electron moving in an s
orbital outside a core consisting of a closed (sub)shell system. In lithium, the

configuration of the core is (1s)?, in sodium (1s)2(2s)’(2p)®, in potassium (18)* -

(25)2(2p)®(35)*(3p)%, and in each case the total orbital angular momentum and
the total spin angular momentum of the core are zero, designated as 1So. The
cores of rubidium, caesium and francium are also 1S,. Because the core is
spherically symmetric, the valence electron of a neutral alkali atom (N = Z)
moves in an effective central potential V(r), which at large distances approaches
the Coulomb potential

2

(8.16)

VO 7 = Greoyr

since the nuclear charge Ze is screened by the core which contains (Z — 1)
electrons. The lowest state of the valence electron has zero orbital angular
momentum (! = 0) and the corresponding orbital is designated (nos), where, to
satisfy the Pauli principle, ny = 2 for Li, 3 for Na, 4 for K and so on. For small r
the potential V(r) is always more attractive than —e”/(47eo)r, so that the binding
energy of the orbital (ngs) is always greater than that of the (ngs) level of
hydrogen. The excited states of the valence electron, moving with respect to the
unexcited core, are designated (nl) with n = ny. The binding energy of the
orbital (nl) is again greater than that of the (nl) level of hydrogen. For highly
excited states, for which the charge density of the orbital is almost entirely
outside the region of the core, the orbitals approximate closely to true
hydrogenic wave functions, and the energy levels are very close to those of
hydrogen.

As V(r) is not Coulombic at short distances, the energy levels are not
degenerate in [, for a given n. Thus the (2s) level in lithium lies well below the
(2p) level, and for sodium the (3s) level is below the (3p) level, which in turn is
below the (3d) level (see Fig. 8.1). As the excitation increases and the levels
become more hydrogenic in character, there is near degeneracy in /, for a given
n. The valence electron is bound weakly compared with the core electrons. For
cach of the alkalis it requires about 5 eV to detach the valence electron,
compared with over 20 eV for the least bound of the core electrons, and it
follows that the optical spectrum is due to tramsitions involving the valence
electron only, the core remaining inert. The term symbol of the ground state of
an alkali can be written, omitting the core, as (n45)°S,,, where the superscript
denotes the multiplicity of the spin state (2s + 1), in this case with s = 1/2, and
the subscript is the total angular momentum quantum number. Excited states
are of the form (ns)’S,,, (np)°P1,2,3/2, (nd)*D3,2,5/> and so on.

The gross structure of the alkali spectra can be obtained by combining the
selection rules for a one-electron atom (see Chapter 4) with a knowledge of the
energies of the levels (nl) of the valence electron. The energy levels can be
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Configuration: (1s)?nl
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2 2

43487 S P ‘D ’F Ey ¢
40000} 65 gp— 6d —— 6f —— _n_=_6=5.0

5 p— 54— Sf— S

dp— 4d 4f ——

4s o n=4
S
\®

—4.0

30000 n=3 |
3.0

20000}
——_={20
n=2
10000
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0 2s
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(a)

8.1 Grotrian diagrams of energy levels and transitions in (a) lithium and (b) sodium. Energies are
shown relative to the ground state, with the horizontal line at the top of each diagram showing the
ionisation potential of the ground state. The column headed Ey; shows the corresponding positions

of the levels of atomic hydrogen.

represented by the empirical formula

1 1
- -2- m a.u.
The quantities u,,; are known as quantum defects. To a good approximation i,

is (for a particular alkali) a function of [ only; u,; = a(l). Thus we can write the
effective principal quantum number, in a form due to Rydberg, as

n*=n— al) [8.18]

Enl = [8.17]
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Configuration: (1s) (2s)* (2p)® n!

B (em™ 2§ p ) F
* 41449
40000 7d — 7f ——
7s (751; —_ 6d — 6f ——
6s — 5d —— 5f ——
Sp—— 4d af ——
pZ n=4
N 4.0
K
30000 _
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(b)

Fig. 8.1(Cont.)

for lithium, sodium and potassium. A small correction to this formula was made
by Ritz, who wrote [1]

n* =n— a(l) — BW)/n? (8.19]

For example, in the case of the p levels of lithium one has «(1) = 0.040 and
B(1) = 0.024. Some parameters of the energy levels of the alkalis are given in

Table 8.1.

[1] Complete tables of the quantities n* can be found in Kuhn (1970).
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Table 8.1 Parameters of the energy levels of the alkalis

(a) quantum defects o(l)

Atom l= 0 1 2 3

Li 0.40 0.04 0.00 0.00
Na 1.35 0.85 0.01 0.00
K 2.19 1.71 0.25 0.00
Rb 3.13 2.66 1.34 0.01
Cs 4.06 3.59 2.46 0.02

(b) Effective principal quantum numbers n* for the (nys) and (nop) levels

Level Li(ny = 2) Na(ny = 3) K(ng = 4) Rb(ng = 5) Cs(ng = 6)
(108)%S1,2 1.588 1.626 1.771 1.805 1.869
(nop)*Py/2 1.966 2.116 2.232 2.280 2.392
(70p)*P3,2 1.966 2.117 2.235 2.293 2.362

(¢) Ionisation potentials of the alkalis

Li Na K Rb . Cs

Ip(eV) 5.39 5.14 4.34 4.18 3.89

Absorption spectra

The absorption spectra can be obtained by passing light through the vapour of
the alkali metal. Except at very high temperatures, most atoms will be in the
ground state, and the series of absorption lines correspond to transitions from
the (nos) ground state to the (np) levels, with frequencies

1V (1Y
nnos nnp

where R is the Rydberg constant. This series of lines is called the principal series.

Emission spectra

The principal series can be observed in emission as well as in absorption. By far
the strongest line is that corresponding to the transition nop —> 7oS and is called
a resonance line. Because of spin—orbit coupling, which we shall discuss below,
the resonance lines are doublets. The wavelengths of these lines are given in
Table 8.2. Several other series of emission lines can be observed (see Fig. 8.1),
including the sharp series, corresponding to ns — nop transitions, the diffuse
series, which correspond to nd — nop and the fundamental series, which corres-
pond to nf — nod.

The emission spectra of positive ions with one valence electron outside an
inert core can also be observed in a spark discharge. For instance the sequence
of ions iso-electronic with lithium consists of Lil, Bell, BIII, CIV . . . where I
stands for the neutral atom, II for a singly ionised atom and so forth. The energy

362




8.2 The spectra of the albally .

Table 8.2 The resonance lines of the alkali metals: Li, Na, K, Rb, Cs. The most p #
emission lines in the .alkali spectra are the resonance lines corresponding to the |‘h|!

(nop) — (nos)

Atom Frequency (cm™1) Wavelength (A)
Li 14904 6708
Na' { 16956 5896
16973 5890
K {12 985 7699
13043 7665
Rb {12 582 7946
12817 7800
Cs {ll 179 8943
11733 8521

 The yellow lines in this doublet are known as the Fraunhofer D-lines
which occur in the spectrum of sunlight.

levels of such a sequence can be written as

1 7
Enl = —Ema.u. [8.21]

where Z =Z — N + 1, Z being the nuclear charge and N the number of
electrons. The quantity Z is therefore the net charge of the nucleus and the core
electrons, and is equal to the Roman numeral in the symbols Bell, BIII, CIV,
and so on. The quantum defect «(l) decreases smoothly during such a
sequence so that for large Z the spectrum becomes hydrogenic.

Fine structure

All the energy levels of the valence electron in an alkali (except for those with
{ = 0) are split into two; one level corresponding to a total angular momentum
quantum number j = [ + 1/2 and the other to j = ! — 1/2. The interaction
causing this splitting is the spin—orbit interaction, which was discussed in
Chapter 5 in connection with the hydrogen atom. The shift in energy due to this

effect is given by (see Section 5.1)
AE = A [iG+ D -0+ 1) — 3] (8.22]

The constant A, is proportional to the expectation value of r~! dV(r)/dr, V(r)
being the effective central potential in which the valence electron moves:

2
Mt = s < ! dV(’)> - ey (8.23)

2m?c?

r dr
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Table 8.3 Spin-orbit splitting of the (npp) levels of the alkalis

Atom Li Na K Rb Cs

o 2 3 4 5 6

AE 0.337 17.2 57.7 238 554 cm™!
0.42 21 72 295 687 x 107*eV

The magnitude of A, can be estimated by using V(r) as calculated by the
Hartree—Fock method. It turns out to be much larger than for atomic hydrogen
(about S0 times larger for the 3p level of sodium than for the 2p level of
hydrogen), and the other relativistic corrections which are important for
hydrogen are negligible. The observed splitting of the (nop) levels of the neutral
alkali atoms are shown in Table 8.3. For a given atom the splitting decreases
with increasing n and [, while along an iso-electronic sequence of positive ions
the splitting increases with the charge Ze on the (nucleus + core), behaving like
Z*for large Z.

Using the Hartree—Fock potential A,; is found to be positive, and the level
withj = 3/2 has greater energy than that withj = 1/2. This is found to be true
for all terms of lithium, and for the lower lying states of the other alkalis,
although quantitative agreement with the observed magnitude of the splitting is
not good. For the 2D terms of sodium and potassium and for many other higher
terms, the normal order is inverted, this effect being due to exchange
interactions between the valence and core electrons and other small interactions
with the core.

The one-electron selection rules (see Chapter 4) require A/ = *1 and
Aj = 0, =1 withj = 0 < j = 0 forbidden. Thus the principal and sharp series
of lines corresponding to %P3 /2,12 € 2, /2 transitions are doublets, while the
diffuse series 2Ds/;3/2 — 2P3/2,1,, and the fundamental series °Fy/25/; —
Ds,; 3/, are triplets. The frequencies and wavelengths of the split resonance
lines are given in Table 8.2.

8.3 HELIUM AND THE ALKALINE EARTHS

The energy levels of helium and two-electron ions were discussed in Chapter 6.
In the absence of spin—orbit and other spin-dependent interactions, which are in
fact exceedingly small, the total spin is a good quantum number, and the energy
levels can be divided into singlet levels with § = 0 and triplet levels with § = 1.

The electric dipole operator cannot change the spin of an electron, and in the
absence of spin-dependent forces, the selection rule AS = 0 must hold. For
helium and for helium-like ions with small nuclear charge Ze, the spin—orbit
and spin—spin interactions are a small perturbation on the triplet states, but are
not large enough to mix the triplet states with the singlet states to a detectable
extent. Both the total orbital angular momentum L and the total spin S remain
conserved to a very good approximation, and the system is a good example of
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L-S or Russell-Saunders coupling. For helium-like ions with large Z, L-S
coupling becomes a less accurate approximation and lines corresponding to
singlet to triplet transitions can be observed. These are called intercombination
lines and are usually weak. A term diagram for helium is shown in Fig. 8.2. The
terms of the singlet and triplet states can be written (Isns)!Sy, (1snp)'Py,
(1snd)'D; . . . and (Isns)*S;, (1snp)*Py, (Isnd)’Dy. . . . In the triplet states,
the possible values of ¥ for a given L # O are ¥ = L and ¥ = L = 1 while
F =1 when L = 0. Spin-orbit coupling, which removes the degeneracy
in ¥, splits each level with L # 0 into three components.

Helium can also be found in states in which both electrons are excited, for
example (2s2p)'P;. Such states can decay by dipole radiation, for example

(2s2p)'P; — (2515)'S,
but a competing process is energetically possible in which an electron is ejected
He(2s2p) — He"(1s) + e~

This process is called autoionisation and was discussed at the end of
Chapter 6. It is generally a very rapid process, with the result that doubly
excited levels have a very short lifetime and the corresponding spectral lines are
very broad and weak.

The fine structure of helium and two-electron ions

The spin-orbit coupling is of the form A(L - S). The magnitude of the coupling
A depends on the nuclear charge, and for helium it is so small that the magnetic
interaction between the spins of the two electrons is comparable in magnitude,
and in this case the Landé interval rule breaks down. The spin magnetic dipole
moment of each electron is —2ugS;/# (i = 1, 2) and the interaction energy
between them, when separated by a distance r # 0, is
4us[S1-S; CRRICTRR):
V() = %T‘l %3-[—7— -3 —r—i—} [8.24]
The energy shift due to this interaction can be calculated by first-order
perturbation theory. It clearly vanishes for singlet states. There is one further
interaction of significance in helium, namely the interaction between the spin of
one electron and the orbital motion of another, called the spin—other orbit
interaction. This interaction is of the form A'(L - S) and so obeys the interval
rule (for given L and §)
EFH)-EF-D (8.25]

= constant
F

(although the sign of A’ may be different from that of A). The constant A" does
not increase as fast as A does with Z and the spin—other orbit interaction is small
compared with the spin-own orbit interaction in the heavier atoms.
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To bring out some of these points it is interesting to compute the fing:
structure of helium and two-electron ions approximately, following the g

the (Is) electron, exchange can be neglected and the (nl) electron (labey
can be considered to be moving in a Coulomb potential V due to the nug
charge Ze) fully screened by the inner electron

Vi) = =(Z - D/n

Here and in what follows we use atomic units. Since the average vuhm
much larger than the average value of r,, we can replace the inter
distance r in [8.24] by r,. Then the energy due to the spin—spin inte
be shown to be

1 3 az l » ,
AEgs = (nl|Vs(rplnl) = 2a°pf <<r—2) >X =3 <(;;) > u

X = 1/l + 3) for F=1+1 . i
X=-1 for ¥ =1
X=(+1/@2-1) for F=I-1. e

The spin—orbit interaction is

where

1 1\?
E Olz(Z - 1)<<—> >(L2 " S2) [8‘2’]
"2
and the spin-other orbit interaction is
1, /(1Y
— a’2{|— (Lz : S]) [8.28]
2 t2

The two interactions [8.27] and [8.28] together provide an energy shift

3

AE s = <<ri> >—éa2(Z -NFF+D I+ 1 —-SS+ 1D [829]
2

where S = 1 for the triplet levels.

The level shift AE; s obeys the Landé rule. If only the spin-orbit interaction
had been considered (Z — 3) would have been replaced by (Z — 1). For neu-
tral helium with Z = 2, the multiplet is inverted by the spin-other orbit
interaction, but the addition of the spin—spin interaction completely alters the
ratio of the level shifts (see Fig. 8.3). This is true for two-electron ions with
small Z. We have in a *P multiplet, E(¥ = 0) > E(J = 1) > E(J = 2) for
helium; E(¥ = 0)> E(J = 2) > E(J = D) for Li*; while for Z = 8, E{J = 2)
> E(¥ = 1) > E(J = 0). For large Z the spin—orbit interaction dominates and
the order of the levels is normal.
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8.3 Diagram (not to scale) of the splitting of the 23Pj level in two-electron atoms. The experimental
splitting is shown for He I and Li II and for F VIII.

The alkaline earths (Be, Mg, Ca, Sr, Ba, Zn, Cd, Hg)

Just as the spectra of the alkalis have a close connection with those of
one-electron atoms, the spectra of the alkaline earths can be compared with
those of helium and the two-electron ions. The alkaline earths have two valence
electrons moving outside an inert closed (sub)shell core, with L = 0and S = 0.
For example the ground state of Be is (1s)%(2s)’ 'Sy, and that of Mg is
(1s)%(25)*(2p)°(3s)? 'So. The energy required to ionise a valence electron is
9.3 eV for Be and 7.6 eV for Mg. As these electrons are more easily excited than
core electrons, the optical spectrum is formed by transitions involving the
valence electrons alone. As for helium, the energy levels are either singlet (total
spin § = 0) or triplet (total spin S = 1) and the most prominent lines are the
resonance lines between the lowest singlet states (nosnop)'P; — (n9s)? !S,. The
spin—orbit interaction splits the triplet series into three levels, except for S
terms. A term diagram for Ca is shown in Fig. 8.2; the triplet splitting is too
small to be indicated.

8.4 ATOMS WITH SEVERAL OPTICALLY ACTIVE ELECTRONS.
MULTIPLET STRUCTURE

The spectra of atoms with one and two valence electrons consist, as we have
seen, of simple series and the same is largely true of the trivalent elements such
as B and Al Such simple series can be readily identified and analysed, but in the
complex spectra of more complicated systems, series are much more difficult,
and often impossible, to identify. To identify the terms involved in a given
region of the spectrum, the multiplets of lines which arise from transitions
between the members of two terms must be analysed. In Chapter 7 we have seen
how single configurations are split by the electrostatic energy into a number of
terms 25 +1L], which are degenerate in the total angular momentum ¥, for a
given L and S. In L-S coupling the degeneracy in J is removed by the
spin—orbit interaction, but L and § remain good quantum numbers. The
relative spacing of the levels within a multiplet is given by the Landé interval
rule [7.199]

EL,S,J) - EL,S,J - 1) = Af (8.30]
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Another aid to analysis of the observed spectra is the total splitting of the t
which is j
EL,S,y=L+S8)—-EL,S,J= IL - S|)) = AS@L + 1),

=AL2S + 1),

For example, consider the triplet of lines which arise from the tranll‘
in Mg between the (3s4s) 4°S, level and the (3s3p) 3%P,,1 0 levels. The obsery
frequencies are 19286, 19326 and 19346 cm . We see that (1§
[E(F=2-EF=1D]=20cm 'and [E(J =1 — E(F=0]=20 cri
which is consistent with the Landé rule [8.30] with A = 20. For heavy atong
the other hand, L—S coupling breaks down and the Landé rule is not satisf
An example is the corresponding transition in Hg, that is between the 7°S; &
6P, 1 ¢ levels. The observed frequencies are 18307, 22938, 24705 cm” LF
these data, (1/2) [E(F = 2) — E(¥ = 1)} =2315.5cm™" and [E(J = X
E(¥ = 0)] = 1767 cm™!. This time the two differences, which should be
equal to A, if L-S coupling were satisfied accurately, are far from equal.

In general, the heavy elements have spectra which do not conform to the
interval rule, because of the mixing of states with different S. As we have ses
the interval rule can be violated in other circumstances, notably in helium,
where the spin-orbit coupling is not large compared with the spin-spin
interaction.

The number of spectral lines arising from transitions between two terms Is
determined by the selection rules. Consider the group of lines arising from
transitions between members of two triplet terms, for example 3D1'2,3 and
3F,.1,4 terms. The selection rules AS = 0, AL = *1 are satisfied, and the rule

A¥ = 0, =1 allows the following six transitions:
D, ©’Fy; Do F; Dy Fy ’D; < °Fy;
D; & °F3;  °D; < °F,
A particular example of a *°D — °P transition in strontium is shown in Fig. 8.4
(5°D — 5°P).

Intensities

The radial integrals in the matrix element of the electric dipole moment [8.5] are
the same for each transition between members of two terms, so the relative
intensity of the lines forming the multiplet depend only on angular momentum
factors. These have been tabulated and may be consulted in Kuhn (1970) or
Condon and Shortley (1951). It is found that in each multiplet the strongest
lines are those for which A7 = AL, and if several lines satisfy this relation, the
strength among these lines increases with . Under normal conditions of
excitation, the number of atoms in each level of a term is proportioned to the
statistical weight (27 + 1) of that level. This leads to the sum rule of Ornstein,
Burger and Dorgelo, valid for L—S coupling, that the sum of the intensities of all
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14318

8.4 The transitions between the (585d>3Dy and the (SSSP)SP_? terms of strontium. The left-hand side
shows the energies above the (5s9)!S, ground state in cm™'.

the transitions from (or to) a given level of total angular momentum ¥ in a
multiplet is proportional to (2¥ + 1). In some cases, this rule is sufficient to
determine the relative strengths of the lines in a multiplet completely. For
example in a 3P7 to S, multiplet, the intensities of the three lines are in the ratio
5:3:1. In other cases, where both terms are split this is not so. An example is
the 3D] — 3F > multiplet for which the sum rules provide only four equations,
so the relative intensities between the six lines cannot be completely deter-
mined. On the other hand in a doublet system such as 2Ds /2,572 < *Fs;3.7,2, the
relative intensities for the three lines can be found as follows. Let a, b, ¢ be the
intensities of the lines 2D3/2 «> 2F5/2, 2D5/2 «> 2F5/2, ZD5/2 A 2F7/2. Ap-
plying the sum rule to each of the 2D levels, we find

a = 4A
b+ c¢c=6A
Similarly applying the rule to the °F levels we find
a+b=6u
= 8u
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2.4 Atoms with several optically actios elecwons

14:1:20. i

l Displaced terms

I For the most part, we have considered situations in which only one electron in
an atom is excited, the remaining electrons being in the ground state of the
positive ion. In practice, lines can be observed which correspond to situations in
which more than one electron is in an excited state, and we have already shown
how some of these excited states are subject to autoionisation. Frequently,
regular series of lines can be observed which are associated with a particular
state of the excited ion. For example in Be, there is a doubly excited
configuration (1s)?(2p)?, which gives rise to singlet and triplet series of lines
corresponding to transitions (1s)?2pns — (1s)*(2p)>. The series limit (n — ), is
at a higher energy than the series limit for the regular series (1s)*2snp —
(15)%(2s)%, so the terms are said to be displaced. Transitions between the regular
and displaced terms are possible. For example in Be, there is a line at
14320 cm ™!, corresponding to the transition

(1s)(2p)* 'D; — (1s)%(2s2p) 'P,
and another at 28944 cm ! corresponding to
(15)%2p)* 'So — (1)%(2s2p)'P,

Similarly, triplet transitions can be observed forming a multiplet of lines
hetween the (2p)? 3Dj and the (252p)3P] terms (see Fig. 8.5).

Hyperfine structure

We saw in Chapter S, in the case of a one-electron atom, that the magnetic
interaction between the nucleus and an electron splits an atomic term specified
by the total electronic angular momentum J into a number of hyperfine levels
characterised by the value of the quantum number of the total angular
momentum of the whole atom, including the nucleus. The many-electron case is
similar. The total angular momentum F of the atom is the sum of J and the
angular momentum of the nucleus I,

F=1+] (8.32]

Each atomic level is an eigenstate of F? and of F, with quantum numbers

F and My respectively. The eigenfunctions |F, M) satisfy
F)F, Mg) = F(F + DA*F, M)

8.33
F,|F, My) = MphlF, M) ! i .

By examining the equations [5.142] and [5.143], we see that in the one-electron
atom, the magnetic dipole interaction between the nucleus and the atom can be

n
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Beryllium - singlet transitions
(a)

8.5 Grotrian diagram for transitions in beryllium (a) singlet (b) triplet energies are shown relative
to the (1s)? (25)° 'S ground state. Only a selection of transitions are shown, for sake of clarity. The
numbers a