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1 Determinants
1.1 Defining the determinants

DEFINITION. Let o;; 1 <7 <m,1 < j <n be real numbers. Then

aip 12 ... Qlp
921 9292 e Qon
A =
Am1 Q2 e Amn,
is a matrix of type m x n. The diagonal of the matrix is a1, a92,ass,.... The

transposed of the matrix A is obtained by reflecting the elements to the diagonal:

aq1 Q21 e A1
At Q12 Q929 e (6 7%°%)
A1 Q2p cee Omn

NOTATION.

1. The matrix A with entries a;; of type m xn is also denoted by A = (aj)mxn-
The element in the i-th row and j-th column of the matrix A is also denoted

2. The i-th row (1 <i < m) of the matrix A is
Ai = (i1, g, .o, Qi)
the j-th column (1 < j < n)

AW —

Therefore

and
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DEFINITION. An ordering (i1,%2,-...,4,) of (1,2,...,n) is called a permutation
of (1,2,...,n).

In the permutation (iy,4a,...,%k,..,%¢,-..,%,) the numbers iy and i, are in
inversion, if kK < ¢ but i > 4.

I(iy,i9,...,in) denotes the total number of inversions in the permutation
(i1, ... in).

The permutation (i1,4s, .. .,4y,) is even, if I(iy,ia,...,4,) is even, otherwise it

is an odd permutation.
The determinant is a number corresponding to a matrix of type n x n.

DEFINITION. Let a;;(1 < i,j < n) be real numbers. The determinant of the
square matrix

aq1 12 Lo Oqp
a21 Q929 co. Qgp
A =
Ap1 Qp2 ... Qpp
of type n x n is
a11 12 oo Oqn
Qo1 Qg2 ... Q2p
D=|Al=| . . o=

Ap1 Qp2 ... Qpp

I(i1yiz,osin
= Z (—1)frietn) oy g, o,

(41,82,..y0n )EPy

where P,, denotes the set of all permutations of (1,2,...,n). If the matrix A is of
type n x n then D is a determinant of order n. .

LEMMA.Sarrus rule

Q11 Q12
Qa1 Qg2

‘ = (11022 — (2112

and
Q11 Q12 Qa3
Qo1 Q2 Qg3 | =
Q31 Q32 (33

= (1122033 + QrjaQra3(r3] + 1321 (32 — Q31 Q22 (V13 — (3223 (K11 — (33021 (V]2

Proof. Obvious by the definition of the determinant. ]

REMARK. Not valid for determinants of higher order.
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1.2 Elementary properties of determinants

0. If all elements in a row of the matrix A are zero, then the determinant is

zero.

1. The determinant of the transposed matrix is equal to the determinant of the
original matrix.

Proof.
11 Q12 . A1n
Qp1  Op2 oo Opn
I(i1,82,...,%
= Z (1) Ert2esin) gy, g,
(9158250500 ) EPp
and

Q11 21 e (6751

, . 12 922 . [67°%)
A1p  Q2n ... OQpp

= > (~D)fUdzi)ag g, ag,,

(J1,925-+:9n) EPn
O

2. If all elements in a row are sums of two numbers, then the determinant is
the sum of two determinants:

a1 12 o Q1
B ';‘%‘1 Biz ';‘%‘2 oo Bin -|- Yin | =
(e 7%} Qp2 e Qpn
Q11 Q12 ... Qln Q11 Q12 ... Oln
= 511 ﬁzz e ﬂm + ’7;1 7;2 e ’Y;n
Qpl  Qp2 ... Qpp Qpl Qp2 ... Qpp

3. If we interchange two rows, then the sign of the determinant changes.
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Proof.

Al =

Ay

Ap

_ Z (_1)I(i17~~,ik,-~,iz-~7in)

(ilvn-vika“'vil--~7in)epn

on the other hand

|B| =

— Z (_1)1(1'1,...,1'[,

(%1505 es Bk evnsin ) EPn

The permutations (41,...,%,...,%k,. ..
opposite parity.

Ay
A

Ay

Ap

ceyleeyin)

1 DETERMINANTS

Oy oo e Oy oo Oy o

Qlgq oo e Qg oo Oy v e

,in) and (il,...,ik,...,il,...

4. If two rows are equal, then the determinant is zero.

anina

Qny,, -

,in) are of
O

5. If a constant can be extracted from all elements of a row, then this constant

can be extracted from the determinant:

Qi1 12 ce Qin
Yo Y Q2 .. Y O
[67°%1 Ap2 e Apn

Proof.

Z (_1)I(j17~--,ji7

(J1seessJiseeesn) EPn

~~-7Jn)a1j1

a1 Q12 ... QOqp
(6731 Q2 Qin
ap1 p2 N Y )

...(fy-ajij)...,anj”
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— I(15e30i5-0n) gy g .
=7 > (=D ) Qs - g,
(J1se-Fiseesdn) EPn

|

6. If the elements of a row are equal to the constant multiple of the elements
of another row, then the determinant is zero.

11 Q12 ... Qip
Y1 V@2 ... YQn
=0
Q1 Q2 . Qjn
(67951 Qp2 e (679

7. The value of the determinant remains the same if we add a constant multiple
of the elements of a row to the elements of another row.

11 @12 - A1n Q11 Q12 ... Qqp
o1+ Y051 Qi Y02 L. Qip T YQp Q1 Q2 ... Qg
Q51 &7 D] . Qjn Q51 (&7 D] s Qgn
Qn1 Qp2 oo Qnn Qpl Qp2 ... Qnpp

Proof. By properties 2.,6. the left hand side determinant is

11 12 oo Qqn a1 12 Lo Oqp
;1 Q2 (779 a1 Qo Qjn
+ -
Qj1 Q59 e Qyp a1 [e7P] s Qg
On1 Qp2 ... Qpp Qnp1 Qp2 ... Qg
and the second determinant is zero. a

8. The properties 0,2-7 are valid for columns, as well.
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1.3 Expansion of the determinant

DEFINITION. Let A = (w;) be a of type n x n with real elements (a;;). The
subdeterminant D;; belonging to the element «;; of D = |A| is the determinant
of order n — 1 that we obtain from D by deleting the i-th row and j-th column
from D.

11 Qaq 51 Qg 541 A1p
D — Ai—1,1 - @—145-1 Qi—14541 ... Ai—1n
1) T
i1, oo Op15-1 0 Ag41541 --- Qiyln
Qn1 [N Qp j—1 Qo j4+1 “ee Qp.n

The algebraic subdeterminant belonging to the element «y; is

Aij = (1) Dy;.

LEMMA.
Proof.
I.
a11 O O
a921 22 . Qon (v ia in)
. . . = E (*1) TR O g Oy - Ol
(7;177;2a-<-7in)epn
Qnp1 Qp2 ... Qg

I(1,i2,...,0n
= Z (—1)f e Jagiasg, . . g,
(1,i27-~-7i71)ep7z

922 o Qop
I(i2,...,1, —
a11 E (—1)IC2ind o, g, = an
(i2,.-sin)EPr_1 QAp2 ... Qpp
II.
11 aq -1 Qaqj Q541 q1n
®i—1,1 ... Q_15-1 Q145 Oi—14541 .. Qi—1np
Qip1,1 -vr Qplj—1 Qiplj  Qipl g4l - Qiqln
(6751 “ee Qn,j—1 Qnj Qnj41 RN Ann




1.3 Expansion of the determinant

a1y 11 aq,5-1 Q15+1 U1n
j—14i—1
(=1)7 i—15 O—11 . Q_15-1 QG141 Qi —1,n
Qi1 Q411 oo G151 Q41 541 Qit1,n
Q5 Qni cee Qn,j—1 Qn j+1 Qnn
O
THEOREM. Expansion theorem
n n
|A| = E g A = g g A
k=1 k=1
Proof.

a1 Q12 e A1n

Q1 Q2 ... Qyp | =

(07751 ap2 oo Qpn
11 Q12 ... Qin 11 Q12 U1n

= a1 0 0 + 0 Qo 0 +
Qp1 Qp2 ... Qpp Qnp1  Qp2 Qpn
11 12 . A1n
+...+ 0 0 . Qin = OéilA“ + 041‘2141'2 + ...+ ainAin

(67751 [67%%) N Qpn

THEOREM. Skew expansion theorem Ifi # j, then

n n
E aikAjk = E akiAkj =0.
k=1 k=1

27
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Proof.

Qnl

Qa2

Q2

Q2

Qn?2

DEeFINITION. Upper triangular matrix

i1
0

Lower triangular matrix

Q2]

Qnl

THEOREM.

Q12 (013
Qa2 (ig3
0 Q33

OOS
j

Qp2

A1n
Q2n
A3n

ann

1 DETERMINANTS

Qin

(€779

A1n
Q2n

ann

ann

= 11 ...0nn

Calculating the determinant with elimination process: using the elementary
properties of the calculation of the determinants we bring the matrix to an upper

triangular form.



2 Matrices
2.1 Operations with matrices

DEFINITION. The matirices A = (®j) € Mupxn and B = (Bi;) € Mupxn are
equal, if they are of the same type and a;; = ;5,1 <i<m,1 < j < n.

DEFINITION. The sum of the matrices A = (a;;) € Mpyxn and B = (8;;) €
M xn of the same type is C' = (7;;) € My,xn, where

YVij =i+ B (1<i<m,1<5<n).

THEOREM. (M, xn,~+) is a commutative group.
DEFINITION. If A = (a;j) € Myxn A € R then AA is a matrix of type m x n such

that
(/\A)Zj = /\O{ij (1 S 1 S m,l S] S n)

THEOREM. M« is a vector space over R.

DEFINITION. The product of A = (a;) € Mpyxn and B = (8;5) € Myuxy Is
C = (7ij) € Myxx with

n
Yij = E ik B
k=1

THEOREM. If A € Myxn, B € Myxi,C € My, then
A(BC) = (AB)C

Proof. Let A = (a;j), B = (8i5),C = (vi5), then

n n k
(A(BC))ij =Y ig(BC)gj = > g <Z 5gh7hj>
g=1 h=1

g=1

n k k n
- Z Z QigBghYnj = Z Z QigBghThj

g=1h=1 h=1g=1

n k
= Z <Z Oz,'g,@gh) Yhi = Z(AB)ih’th = ((AB)C)ij

h=1 \g=1 h=1

35
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THEOREM. (M xn,") is a semigroup.

2 MATRICES

THEOREM. (M, xn,+,") Is a non-commutative ring with unit element.

Proof.

(A(B+Q));; = Zaik(ﬂkj + ki) = Zaikﬂkj + Zaik’)’kj =
k=1 k=1

k=1

The unit matrix is
1 0
0 1
E =

THEOREM. M, «,, is an algebra over R.
Proof.

AAB) = (\M)B = A(\B),

THEOREM. Multiplication theorem of determinants
IfA, B S MnX" then

|AB| = [A] |B|.
Proof.
11 A1p O O
0 0
C| = Qni Qnn
‘ ‘ -1 e 0 611 Bln
0 oo =1 B Brn
|C| = [A] B
0 0 (AB)11 (AB)ln
Oy = 0 ... 0 (AB)m (AB)nn
-1 ... O B11 Bin
0o ... -1 Bn1 Brn




2.2 The inverse of matrices 37

|01| — |AB|(_1)n(_1)(n+1)+...+(2n)+1+...+n

2.2 The inverse of matrices

DEFINITION. The matrix A € M, «, Is invertible , if there exist B € M, «, such
that
AB=BA=F

The matrix B is the inverse of A.

NoOTATION. B = AL,

THEOREM. The matrix A € M, «,, is invertible if and only if it is regular, that is
| Al #0

Proof. Assume AB = E. Then
|A||B| = |[AB| = |[E| =1

hence |A| # 0.
Assume A = (o) is regular. Let B = (8;;):
A
T4

(AB)Zj = ;azkﬁkj = ;azkm = W ;alkAjk = W((Slj‘A')?

(BA)y =Y Binar; =Y T‘ﬁakj ] D Ay = m(%‘\AI)-
k=1 k=1 k=1

2.3 Calculation of the inverse matrix with elimination

DEFINITION. Elementary row operations on a matrix:
1. Multiplication of a row by A # 0.

2. Addition of the A\-multiple of a row to another row.

3. Interchanging rows

THEOREM. Let A € M, «,, and let E € M, be the unit matrix. If the matrix
(A|E) of type n x (2n) can be transformed by elementary row operations to the
form (E|B) , then A is invertible its inverse is B.
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2.4 Further properties of matrix operations

THEOREM. The regular matrices of type n X n form a non-commutative group for
multiplication

THEOREM. If A, B € My, xn, A € R, then
(A+B) = A"+ B

(AA)" = NA".
Ha A € M, xn, B € M, akkor

(AB)t = B A,

Proof.

n n
((AB)")ij = (AB)ji = > ajufu = Y _(Ba(A")y; = (B'A")y
I=1 =1
THEOREM. If A, B € M, are regular, then A®* and AB are also regular and
(At>—1 _ (A_1>t,

(AB)™' =B7'A™%

Proof.
(A71)A = (AA™YY = E' = E.

(B'A™Y)(AB)=B ' (A'A) B=B'B=E.



3 Vector spaces

3.1 The concept of a vector space

DEFINITION. A non empty set V is a vector space over R if addition is defined
and (V,+) is a commutative group, further for any A € R and a € V there exist a
Aa € V, such that

AMa+b) = da+ b
A+pa = Ada+pa
(Aw)a = A(pa) = p(Aa)
la = a

for any A\, € R and any a,b € V.

REMARK.
1.
A0 = 0
0-a = 0
Ara = 0<= =0 vagy a=0
(~a) = (-1)-a
EXAMPLES.

1. Vectorspace of directed segments in the plain or in the space.

2. n-tuples of real numbers: R"

%1 B1 ar + B
S R I N
(e70) Bn an + Bn
a1 Aovg
- =
anp, Ao,

3. Polynomials of degree at most n with real coefficients: R,,[z].
4. All polynomials with real coeflicients: R[x]

5. Matrices of type m x n

43
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3.2 Subspaces

DEFINITION. A non-empty subset L of the vector space V is a subspace if it is
itself a vectorspace with the operations in V.

THEOREM. Criterion for subspaces
Let L be a non-empty subset of the vectorspace V. L is a subspace in V if and
only if

Va,beL: a—beL (1)
VAeT,Vvae L: M€l (2)

EXAMPLES.

1. In the vectorspace of directed segments all vectors, the representatives of
which, starting from a fixed point O and showing to any point of a straight
line through O from a subspace.

2. In R* the following sets are subspaces:
{(21,0,22,0) | 1,22 € R}
{(z1, 22, 23,24) | 1, T2, 23,24 € R, k1 — x2 + 323 = 0}.
3. R3] is a subspace in Rs[z] and in R[z],
4. In M3y all matrices A = (a;;) with a11 = az; = 0 form a subspace.

5. In M,,«, the symmetric matrices form a subspace: (A! = A).

THEOREM. Let V be a vector space, I' an arbitrary index set. L., (y € I") subspaces
in V. Then

ne

~el’
is a subspace in V.

We use the Criterion for subspaces.

DEFINITION. Let V be a vector space over R, aj,...,a, € V and A\y,..., A\, € R.
Then Mai + ...+ A\pa, € V is the linear combination of aq,...,a, with
coefficients Ay, ..., Ay

DEFINITION. Let V' be a vector space, H a non-empty subset in V. The subspace
generated (spanned) by H is the smallest subspace of V' containing H.

REMARK.
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1. L(H) is also called the linear closure of H.

2. L(H) is the intersection of all subspaces containing H.

THEOREM. L(H) is the set of all linear combinations composed of the vectors of
H:

E(H):{)\la1++Anan ‘ /\iGT,aiGH,lSign,nzl,Q,...}.

DEFINITION. The subset H of the vectorspace V is a generating system of V' if

L(H)=V.

DEFINITION. A vector space is finitely generated if it admits a finite generating
set.

EXAMPLES.
1. In T3 {(1,1,0)%, (1 — 2,1)%, (1,3, —1)%,(3,1,7)!} is a generating set.
2. In Tofz] {22 + x,2% — 22 + 1,22 + 3z — 1,322 + x + 7} is a generating set.

3. T[z] is not finitely generated.

3.3 Linear dependence, independence, basis, dimension

DEFINITION.  The vectors ai,...,a, are linearly independent if a linear
combination
/\1a1—|—...—|—)\nan:0

can only be zero if
AM=...= =0

In the opposite case aq, . ..,a, are linearly dependent.
An infinite set of vectors is linearly independent if any finite subset of it is
linearly independent.

REMARK. A vector set containing the zero vector is always linearly dependent.

DEFINITION. A linearly independent generating set is called a basis.

REMARK. Any vectorspace admits a basis.

DEFINITION. A set of vectors H is maximal linearly independent, if
1. H is linearly independent
2. for any a € V the set {a} U H is linearly dependent.
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THEOREM. The vectorset (a1, ...,ay) is a basis if and only if it is maximal linearly
independent.

THEOREM. In a finitely generated vector space all bases are of the same cardinality
(consist of the same number of vectors.)

Proof. Indirect proof:

(a1,...,am) are (by,...,b,) bases with m < n.
bi = Mar + ...+ A, (3)
If A # 0 then
1 /\1 /\m—l
S L L A 4
Ay, )\m bl )\m ay )\m Am—1 ( )
We show that (b1, a1,...,am,—1) is a basis.

l/bl +rviar + ...+ Vn_10m—1 = O,

(WA +r)ar + ...+ WAm—1 + Vim—1)@m—1 + vAmam, = 0.

then by A, # 0 we have v = 0, therefore vy = ... =v,,_1 =0

(bi,a1,...,am—1) is obviously a generating system.

Similarly, (b1,b2,a1,...,am—2), etc, (b1,...,bm—1,a1), (b1,...,by) are bases.
But then (by,...,bm,...,by,) is linearly dependent which is a contradiction. m|

DEFINITION. The common cardinality of bases of a vectors space is the dimension
of the vector space.

NOTATION. dim V'

REMARK.

1. If V has dimension n, then any set of n linearly independent vectors is a
basis.

2. If V has dimension n, then any linearly independent system of less than n
vectors can be extended to a basis.

3. If L is a subspace in V', then 0 < dim L < dim V.

EXAMPLES.

1. In the plain any two nonlinear verctors form a basis.

2. In R™ ((1,0,...,0)%(0,1,...,0)%(0,0,...,1)!) is a basis. We call it the
natural basis.

3. In R3 ((1,2,1)%,(3,-1,2)%,(1,0,1)*) is also a basis.

4. In R, [z] (1,2,2%,...,2") is a basis.
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THEOREM. If (ai,...,ay) Is a basis in V, then for any a € V there uniquely exist
AL, .-y Ay € R with
a=Aaj+...+\an.

DEFINITION. These Ay, ..., \, are called the coordinates of a € V' with respect to
the basis (a1, ..., ay).

REMARK. We write the coordinates as column vectors. If a has coordinates
(A1, .-+, M)t and b has coordinates (p1, ..., pn)?, then by

a+b:(>\1+ﬂl)al++(>\n+un)a"

va= (vA\)ar + ...+ (VAn)an
a+Db has coordinates (A1 +i1, . .., Ap+/un)t, and va has coordinates (vAq, ..., vA,)t

3.4 Linear mappings of vector spaces

DEFINITION. Let Vi, V5 be vector spaces over R. ¢ : Vi — V5 is linear, if it is
additive and homogeneous:

Va,beVi: pla+b)= ¢(a)+p(b)
VaeVi,VAeT: oha)= Ap(a)

NoTATION. The set of linear mappings ¢ : V3 — V4 will be denoted by L(Vi, Va).

THEOREM. Basic theorems on linear mappings. 1 Let (ey,...,e,) be a basis
in Vi. If o, : Vi — V5 are linear mappings and ¢(e;) = ¢ (e;),1 <1 < n, then for
any a € V we have p(a) = ¢(a).

Proof. Let a = M\e1 + ...+ \pe,. Then

pla) = Aipler) + ...+ Applen) = Mip(er) + ...+ Aptb(en) = (a).

O
THEOREM. Basic theorems on linear mappings. 2 Let (e1,...,e,) be a basis
in Vi and let aq,...,a, € V5 be arbitrary vectors in V5. There uniquely exist a

linear mapping ¢ : V1 — Vo with ¢(e;) = a;,1 <i < n.
Proof. For any a = A\e1 + ...+ A\pe, let

pla) = Aa1 + ...+ Apay.
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This is a lineaar mapping. Let a = Y_i" | N\je;, b=, pie;, v € T. Then
pla+b) = ¢ <Zn:(/\l + Nz‘)@i) = i()\i‘f’ﬂi)ai = Zn: Aiai+imai = ¢(a)+o(b),
i=1 i=1 i=1 i=1
on the other hand
pva) = (i(y/\i)q) = i(l/)\i)ai = I/i Aia; = vp(a).
i=1 i=1 i=1
The uniqueness follows from the preceeding theorem. O

DEFINITION. Let Vi,V be vector spaces over R. The mapping ¢ : Vi — V5 is
isomorphic if it is bijective (that is injective and surjective). The vector spaces
V1, V4, are called isomorphic if there exist an isomorphic mapping ¢ : Vi3 — V5

NOTATION. V] &2V,

THEOREM. The vector spaces V1, Vo are isomorphic if and only if dimV; = dim V5.

Proof.
I. Assume V; and V5 are isomorphic, that is there exist an isomorphic mapping
p: Vi = V. If (e1,...,ey) is a basis in Vi, then (¢(e1), ..., ¢(en)) is a basis in V5.

Apler) + ...+ Apple,) =0

p(Ater+ ...+ Aen) =0

Ater + ...+ Apen =0, whence Ay = ... =\, =0.
If b € V5 then there exist a € Vi, with p(a) =b. If a = Aeg + ... + A\, then
az

b=v(a) = eler) + ...+ A\plen),

hence (p(e1),...,¢(en)) is a generating system in Va.

IT. Conversely, assume that dimV; = dim V. Let (e1,...,e,) be a basis in
Vi-ben, and (fi,..., fn) be a basis in Vo. Then the mapping ¢ : V; — V5 with
ple;) = fi (¢=1,...,n) is isomorphic. O
THEOREM. Let V' be a vector space of dimension n with a basis (e1,...,e,). The

mapping assigning to a vector a € V' the coordinate column vector of a with respect
to this basis, is an isomorphic mapping of V onto R™.

CONSEQUENCE. Any vector space of dimension n is isomorphic to R™.
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3.5 Transformation of basis and coordinates

DEFINITION. Let (e) = (e1,...,en) and (f) = (f1,...,fn) be bases in V. The
transition matrix (e) — (f) is a matrix S = (oy;) € Myx, having the
coordinates of f; with respect to the basis (e) in its j-th column (1 < j < n),

that is
n
fi= Z QkjCk
k=1

NOTATION. (e) 5 (f)

THEOREM. Let (e) = (e1,...,en) and (f) = (f1,..., fn) be bases in V. Denote by
S the transition matrix (e) — (f) and by T the transition matrix (f) — (e). Then
S,T are regular and T = S~1.

Proof. § = (a;;), T = (Bi;). For any j (1 <j<n)
fi= Zakjek = Zakj (Z 5lkfl> = ZZakjﬁlkfl
k=1 k=1 =

=1 11=1

=> (Z 5Zk04kj> fr=="> (TS)i;
=1 \k=1 =1
whence (T'S);; =6,;(1 <1,j<n), TS=E. a

1,---,en) and (f) = (f1,..., fn) be bases in V, let S be

THEOREM. Let (e) = (e
e) =~ (f). Let a=zie1+ ...+ xpen =11 f1+ ...+ Ynfn,

the transition matrix (

1 Y1
X = , Y=
Tn Yn
Then
Yy =S5 1X.
Proof.
n n n n
k=1 j=1 =1 k=1
n n n n
= Z (arjyjer) = Z QkjY;j | €k
j=1k=1 k=1 \j=1
whnece

n
apjy; =z (1<k<n)
j=1

that is X = SY. ]
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3.6 Rank of a vector system, rank of a matrix

DEFINITION. The rank of the system of vectors ai,...,a, € V is defined as.
dimL(ay,...,an).

NOTATION. p(ay,...,a,)

THEOREM. The rank of a system of vectors does not change if we

1. multiply a vector by X # 0

2. add the A-multiple of a vector to another vector

3. delete vectors that are linearly depending on the remaining vectors.
4. interchange the order of vectors.

DEFINITION. The rank of a matrix is defined as the rank of its system of row
vectors.

NOTATION. p(A)

DEFINITION. A non-vanishing minor is a subdeterminant of non-zero value.
A non-vanishing minor of maximal order is a non-vanishing minor such that
there is no non-vanishing minors of larger order.

THEOREM. Let D be a non-vanishing minor of maximal order of the matrix A.
Then the rows of A appearing in D form a maximal linearly independent system
in the system of row vectors of A.

Proof. Assume that the maximal non-vanishing minor D is in the upper left
corner of the matrix. Denote by r the rank of D.

We show that
1. Ay,..., A, are linearly independent in T™
II. Ay = MA1 + ...+ N\ A, for every r + 1 < s < m, with some scalars A\1,..., A\,
depending on s.

I. If Ay,..., A, were linearly dependent in T"—ben, then a similar linear
connection would hold also for their first » components. This would imply that
the rows of D are linearly dependent, which would contradict to D # 0.

II. Assume A = (oy;) and let r +1 < s < m. The equation A; =
AMAL+ ...+ N\ A, yields for components:

Aok + .o+ o =ag, (1 <k <n). (5)

where the scalars A, ..., A, are the same for all k. We show that there exist such
scalars. For this purpose consider following the determinant of order r + 1:

Qi ... o1 g
D(s, k) =

Qrp ... Qpp  Qpg
Qs1 ... Qgp Ok
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This determinant contains the entries of D in its upper left corner. If 1 < k < r
then D(s, k) has two equal rows. If r +1 < k < n then D(s,k) is a monor of A
of order (r + 1). In both cases we have D(s, k) = 0. Expand D(s, k) using its last
column:

0=oaippr + ...+ arppr + aspD

where the coefficients do not depend on k. This way we obtain the constants of
(5), taking \; = —p;/D (1 <i<r). O

THEOREM. The rank of a matrix is equal to the common order of its maximal
non-vanishing minors.
CONSEQUENCE. The rank of a matrix is equal to the rank of it transposed.

CONSEQUENCE. The rank of a matrix is equal to the rank of its system of column
vectors.

3.7 Calculation of the rank of the matrix by elimination
method

see tutorial

3.8 Sum and direct sum of subspaces

DEFINITION. The sum of the subspaces Ly, Lo of V' is

Li+Lo={li+1z |1 € Ly,l5 € Ly}

THEOREM. L1 + Lo is a subspace of V.

Proof. Let Iy +1o,15 +15(11,1} € Ly;15,1l5 € Ly) be arbitrary vectors in Ly + Lo,
let A € T. Then

(h41)— 0 +15) =11 — 1))+ (s —15) € Ly + Lo,

)\(11 + lg) = ()\ll) + ()\lg) € Ly + Lo,
O

THEOREM. If Ly, Lo are subspaces in V', then Ly + Lo is just the subspace spanned
by L1 U Lg.

Proof. Obviously Ly C L1 4+ Lo and Ly C Ly + Lo, hence L1 U Ly C Ly + Lo.
Further we know that L+ Lo is a subspace, therefore it also contains the subspace
generated by Li U Lo.

On the other hand, for any l; € Ly,ly € Lo the vector I3 + I3 is contained in
the subspace generated by L; U Ls. This implies that also Ly + Ly is contained in
the subspace generated by L; U Ls. a
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REMARK. If Lq,...,L; are subspaces in V, then their sum is the set of sums
li+ ...+ 1, where l; € L;;1 <i<k. L1 +...4 L is also a subspace.

DEFINITION. The sum Ly + Lo of the subspaces Li,Ls is a direct sum if
Ly N Ly ={0}.

NOTATION. L{ & Lo

REMARK. If Lq,..., L are subspaces in V, then their sum is a direct sum, if for
any 1 <4 < k we have

k
L; ﬂ Z Ly = {0}

J:
JFi

S =

THEOREM. Let Li,Ly be subspaces in V. Then the following properties are
equivalent:

1. Iy + Lo is a direct sum.

2. Any vector of Ly + Lo can be uniquely represented in the form a = 1 + lo with
l1 € Ll,lg € Lo.

3. dim (L1 + Ly) = dim Ly + dim Lo.

Proof. We show that 1—2, 2—3, 3—1.

1—2. If the vector a € Ly + Lo had two different representation a = I + Iy =
15 +15 (11,15 € Li;lo, 15 € Ly), then the non-zero vector I3 — I} =15 — I3 would lay
in Ly N Ly. But Ly N Ly = {0}, therefore 1 = 1{,ls = I}, hence the representation
is unique.

2—3. Let (e1,...,ex) be a basis in L1, (f1,..., fi) a basis in Ly. We show that
(e1,... €k, f1,--., f1) is a basis in L; + Lo, that is 3 holds. Since any vector of
Ly + Ly is of the form Iy + 13 (I3 € Li;ls € L) hence (eq,... ek, f1,..., f1) is
obviously a generating system in L; + Lo. If these vectors were linearly dependent
the we had

)\161+...+)\kek+u1f1+...+ulfl:O.

This can only hold if non of [ = Aje1+.. .+ gex € Ly and ly = py fr+. . .+uifi € Lo
are non-zero. (Otherwise both were zero and all \;,u; were also zero.) For
these vectore we have l; + lo = 0. Now if any vector a has the representation
a=11+1,e€ L1+ Ly (If € Ly;ly € Ly) then a = (I3 +1}) + (I + 1}) would be a
different representation, contradicting 2.

3—1. Assume that L; N Ly is fo dimension k > 0.We show that 3 implies
k = 0, that is 1 holds. Let (ey,...,er) be a basis of Ly N Ly. As an extension
of this basis we obtain a basis (e1,...,ex, f1,...,f1) of L1 (I > 0) and a basis
(e1,---, €k, G155 gm) of Ly (m > 0). We have dim Ly = k + [,dim Ly = k + m.
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Obviously (e1,...,ex, f1,---,f1:915---,9m) IS a generating system of L; + Lo
therefore dim (L 4+ Lg) < k 4+ + m. By 3 we have for the dimensions

which can only be satisfied with k& = 0. a

3.9 Quotient space of a vector space

DEFINITION. Let V' be a vector space, L a subspace in V, a € V. The coset of a
is

a+L={a+!|leL}

The vector a is a representing element of the coset.

THEOREM. Let a,b € V the cosets a+ L and b+ L are equal if and only ifa—b € L.

Proof. If a — b € L, then there is an [ € L, such that a —b=1. If t € a+ L
thenx=a+10; (4 € L). Thenzx=a+1l; =b+1+1; € b+ L. On the other hand,
assume that y € b+ L. Theny =b+1ly (lo€ L), y=b+la=a—-1l+1ly€a+ L.
Therefore a + L = b+ L.

If a4+ L = b+ L, then there are I1,ly € L with a + {1 = b+ 5, which implies
that a—b=1y—1; € L. O

REMARK. Equivalence relation: a =bifa—be€ L

THEOREM. The cosets of L form a partition of V' compatible with the operations.

Proof.
a€a+ L
Ifxca+L,xeb+Lthena+1ly =x=0b+1Is, hence a—b =105 — Iy € L which
impliesa+ L=b+L
Ifa+li €a+L,b+1s€b+ L then
(a+l)+(b+bk)=(a+b)+ (1 +1)€(a+b)+L
Ma+h)=Xa+ N1 €(ha)+ L 0

THEOREM. The cosets {a + Lla € V} form a vectors space with the following
operations:

(@+L)+(b+L) = (a+b)+L
Ma+L) = (Ma)+L

where a,b € V,\ € T are arbitrary.

REMARK.
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1. The result of the operations is independent from the representing elements
of the cosets.

Proof. 0+ L, (—a) + L.
A+ ua+L)=((A+pa)+L=Na+pa)+L=
=Aa+L)+(pa+L)=XNa+ L)+ ula+ L).
0O

DEFINITION. The vectors space of the cosets {a + L|a € V'} is called the quotient
space of V' with respect to L.

NotAaTION. V/L
THEOREM. The codimension of L in V is

dim (V/L) = dimV — dim L.

Proof. Let (eq,...,ex) beabasisin L. Extend it to a basis (e1, ..., €k, €k41, .-, €n)
of V. We show that (ex+1+ L,...,e, + L) is a basis in V/L.
If a linear combination of these cosets were zero, then we would have

0+ L=Xey1(ext1+L)+ ...+ Xp(en + L) = (Met1€p41+ ...+ Anen) + L
that is Agy1€x+1 + ...+ Apen € L. Then there would be constants Aq, ..., A\; with
)\k+1ek+1 + ..o+ e, = e + .+ e

Using the linear independence of eq,...,eg,€xt1,...,6, this implies that all
coefficients are zero, that is Agy41 = ... = A, = 0, whence {ex11 + L,...,e, + L}
are linearly independent in V/L.

Let a = Me1 +... + Ageg + Agr1€k+1 + - - - + Apep, be an arbitrary vector in V.
Then

a+L=Mkt1€k11+ ...+ \nen) +L=dgr1(egr1 + L)+ ...+ \(en + L)

using @ — (Mgy1€p+1 + .- + Anen) = Aier + ... + Ager € L. Therefore
(eg+1+ L,...,e, + L) is a generating system in V/L. ad



4 Systems of linear equations
4.1 General properties

DEFINITION. Let A = (a;j) € Myxn be a matrix, b= (81,...,0m)" €R™ a
column vector. The system of equations

oz + ..o amr, = B

Q121+ .o+ AT = ﬁm

is called a system of linear equations. The matrix A is the coefficient matrix
the vector b is the constant vector

a1y .. o B
(A[p) = :
Qm1 DR Qmn Bm

is the augmented matrix. The vectors

e57)
a; =
Ay
are the columns of the coefficient matrix (1 < i < n). X = (x1,...,x,)" is the
vector of unknowns.
(V1y---,vn)t € R™ is a particular solution if substituting 1 = Y1,...,%Tn = Yn

we have equations in the system.

The system of linear equations is consistent if it has particular solutions,
inconsistent otherwise.

A consistent system of linear equations is said to be uniquely determined if
there is only one solution, otherwise it is called indetermined.

The general solution of the system of linear equations is the set of all
particular solutions.

DEFINITION. The matrix form of the system is
AX =0,

the vector form is
r1a1+ ... +xTpa, =b

THEOREM. Rank criterion 1, Kronecker—Capelli theorem The system of
linear equations is consistent if and only if

p(4) = p(Alb).

61
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REMARK.
play,...,an) = play,...,an,b).

THEOREM. Rank criterion 2 A consistent system of linear equations is uniquely
determined if and only if
p(A) = n.

DEFINITION. The system of linear equations is homogeneous, if 31 = ... = (,, =
0, inhomogeneous, otherwise.

THEOREM. The set of all particular solutions of a homogeneous system of linear
equations is a subspace in R™ of dimension n — p(A).

REMARK.
1. This is called solution space

Proof. Assume p(A) =r and (ay,...,a,) is a basis in L(ay,...,an).

For any Ay41, ..., A, there uniquely exist Ay, ..., A such that (A,..., Ar, Apg1, ...

is a solution. Ajaj + ...+ Arar + Argp1ar41 + ...+ Apa, =0.

Assume

t
frer = (@g115-0,0051,,1,0,0,...,0)
t
f?”+2 = (057’-1-2,13'"aar+277’7071303"'30)
t
f7'+3 = (057'-‘,-3,1’ ceey Opg 3, 07 Oa la ey 0)

t

fn — (anl,"'aan’r‘aovovov"'71)

are solutions. These vectors form a basis in the solution space. O

THEOREM. The set of particluar solutions of a consistent inhomogeneous system
of linear equations Ax = b is a coset of the form

c+H={c+h | he H}

where H is the solution space of Ax = 0 and c is any particular solution of Az = b.

THEOREM.Cramer’s rule Assume that in Ax = b we have
1. a square coefficient matrix, m = n,

2. |A| £ 0.

) An)ta
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Then the system of equations is consistent, uniquely determined, and its solution
is

Al
where Ay, is the determinant of the matrix obtained from A by replacing its k-th
column with b:

Tk (k=1,...,n)

ari; ... o arp-1 Bioorggr ... Qap
Ak: . .

Qpl ... Qpk—1 /871 Qp k4+1 .- Qnpp

Proof. Ac=b, c= A~1b.

. —~ A 1 ¢ A
= (AT =Y (A piBi=>_ ITlTﬁi =14 > ApBi = ‘7']
i=1

i=1 i=1

4.2 Gaussian elimination

Equivalent operations (the set of solutions remains the same) on a system of linear
equations:

1. Multiply an equation by A #£ 0

2. Add the A-multiple of an equation to another equation

3. Omit an equation which is the linear combination of the remaining equations.
4. Interchange equations

5. Interchange unknowns together with their coefficients.

DEFINITION. A matrix A = (;) € Myxn is of trapezoid form if
ai; # 0 if k <n for all i, and
aj; =0 for all i > j.

EXAMPLE.
12 31 -1 4 7 8 17 2
0 23 4 -5 0 0 34 21
0o 0 27 2 2 0 0 67

THEOREM. If Ax = b is consistent that it can be transformed to trapesoid form
by equivalent operations:

01171 + 1T + .o+ QTR+ QL k1 TR T, = B

P2

Q22T + ... + Q2T + Q2 k4+1Tk41 T - - - + Q2,Th

QkkpTl + O k1 Tht1 + - oo+ UenTn = Bk
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where k < n,a;; #0,1 <1< k.

For any values xp11 = Vk+41,---,Tn = Yn of the free variables xyi1,...,2,
there exist uniquely 71, ...,y such that
(V1y -y Yhs Vhals---» Vo)t is a solution. Further all solutions are obtained this way.



5 Linear mappings and transformations
5.1 Linear mappings on vectors spaces
DEFINITION. Let Vi, Vs be vector spaces over R and let ¢ : Vi — V5 be a linear
mapping. The image of ¢ is
(V1) ={w(a) |a € Vi}
and the kernel of ¢ is
Kerp = {a € V1 | ¢(a) = 0}.

REMARK. ¢(V7) C Vo and Kerp C V3.
THEOREM. The image is a subspace in Vo and the kernel is a subspace in V.
THEOREM. Theorem on homomorphisms

Let Vi, V5 be vector spaces over R and let ¢ : Vi — Vo be a linear mapping. Then
Vi/Kerp = o(V1).

Proof. The natural homomorphism:
F(a+ Kerp) = ¢(a)
is an isomorphism V; /Kerp — ¢(V7).
F((a+ Kerp) + (b+ Keryp)) = F((a+ b) + Kerp) = p(a+b) = ¢(a) + ¢(b)
= F(a + Kerp) + F(b+ Kery),
F(Ma+ Kerp)) = F(Aa + Kerp) = p(Aa) = Ap(a) = \F(a + Kergp).

If F(a + Kerp) = F(b + Kery), then p(a) = ¢(b), p(a —b) = 0, hence
a — b € Kerg, but then a + Kerp = b + Kerp.
Any element of ¢(V1) is of type ¢(a) with (a € V1), and F(a + Kerp) = ¢(a).

a
REMARK. ¢ is surjective if and only if ¢(V7) = V5.
THEOREM. ¢ : Vi — V is injective if and only if Kergp = {0}.
NOTATION. The rank of ¢ is
plp) = dimp(V1).
CONSEQUENCE. If ¢ : Vi — V5 is linear, then
dimVy = dimKergp + dim p(V1). (6)

69
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5.2 Linear transformations

DEFINITION. Let V' be a vector space, ¢ : V — V a linear mapping. Then ¢ is a
linear transformation (or linear operator) on V.

NoTATION. The set of all linear transformations on V' is denoted by 7y .

EXAMPLES.

1. The identical mapping, the zero mapping and ¢(a) = Ma are linear
transformations.

2. The orthogonal projection on a plane or line is a linear transformation.

3. For any matrix A of type n x n the mapping ¢(x) = Az is a linear
transformation on R™.

THEOREM. A linear transformation ¢ € Ty is injective if and only if it is surjective.

Proof. ¢ is injective if and only if Kerp = {0}. On the other hand
dim V' = dim Kerp + dim ¢(V)
therefore the kernel is of dimension 0 if and only if the image is of dimension dim V',
that is (V) = V. O

DEFINITION. Let (e) = (e1,...,e,) be a basis of V and let ¢ € 1. The matrix of
the linear transformation ¢ in the basis (e) is a matrix A = (;) € My, which
contains the coordinates of ¢(e;) in the basis (e) in its i-th column (1 < i < n),
that is

n
pler) =Y ajie;.
j=1

THEOREM. Let V be a vector space with basis (e¢) = (e1,...,e,) and let
@ € Ty, with matrix A in the basis (e). Let a = x1e17 + ... + z,e, € V,
QD(G‘) =€l +...+ Yn€n, and

Then
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Proof.

Zygej = ¢(a (Z l’zez) = Z%‘P(ei) = Z T Zajiej

= Z Zajixiej = Z (Z ajiﬁh‘) e; = Z(AX)jej.

i=1 j=1 j=1
O

THEOREM. Let V' be a vector space and let (e) = (e1,...,en) and (f) = (f1,.- -, fn)
be bases in V. Denote by S the matirx of the basis transformation (e) — (f).
Denote by A the matrix of ¢ € 1y in the basis (e) and by B its matrix in the basis
(f). Then

B=S5""AS.

Proof. Let A = (w;), B = (8i),S = (vi;). For any j (1 < j < n) we have
= (Z vijez') = qele) =Y (Z Oékiek>
i=1 i=1 i=1 k=1
ZZ VijOki€k = Y (Z aki%‘j) ex =Y (AS)kjen

i=1 k=1 k=1 \i=1 k=1
On the other hand

i) = Zﬂijfi = Zﬁij (Z 7k¢€k> = Z Bij i€k
i=1

i=1 k=1 i=1 k=1

i (i '71%61]) € = Z(SB)kjek~

k=1 k=1
Comparing these results we get AS = SB, whence B = S~1AS. a

LEMMA. Let Vi, Vs be vector spaces, ¢ : Vi — V, an isomorphic mapping. Then
for any {ai,...,ar} C V1 we have

plar;... ax) = p(p(ar), ..., p(ar))-

THEOREM. Let V be a vector space, (e) = (e1,...,e,) a basis in V, let ¢ € Ty,
and denote by A the matrix of ¢ in the basis (e). Then

p(p) = p(A).
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REMARK. p(y) is independent of the basis.

DEFINITION. Let V' be a vector space, ¢, € Ty, A € T. For any a € V let

(p+9¥)(a) = ¢(a)+9(a)
(pot)(a) p(¥(a))
(Ap)(a) Ap(a).

THEOREM. ¢ + ¥, p o, Ap are also linear transformations.

THEOREM. Ty is an algebra over T.

Proof.
(po(ep))(a) =e((¥op)(a) = p(d(p(a)) = (#o¥)(p(a)) = ((pot) o p)(a)
O
THEOREM. Let V be a vector space with basis (e) = (e1,...,e,), let ¢ € 7. Let A

and B be the matrices of ¢ and v in the basis (e), respectively. Then the matrices
of ¢ + 1, ¢ o1 and Ay in the basis (e) are A+ B, AB, \A, respectively.

Proof. Let A = (wj;), B = (Bij)-

(p+v)(ei) = plei) +1(es) Z%zea + Zﬂazea = Z oji + Bji)ej =
7j=1

=Y (A+B)jie;,

Jj=1

(pot)(er) = p(v(e;) = ¢ (2 ﬂﬁej) = Biigle;) =Y Bii (Z akjek>
j=1 j=1 j=1 k=1

3

j=1k=1 k=1 k=1

Z szakjek Z (Z O‘k]ﬂjz) € = Z(AB)kiekv

k k
(Ap)(e;) = Mp(e;)) = )\Z ajie; = Z Aojie; = Z (AA)jie;j,
j=1 j=1
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DEFINITION. Let Ay, As be algebras over the field T. A; is isomorphic to As, if
there is a mapping F' : Ay — Ay which is bijective, linear, moreover

Va,b € Ay : F(ab) = F(a)F(b).

THEOREM. Let V' be a vector space over T with basis (e) = (ey,...,e,). Denote
by F : 7v — M,xn the mapping for which for any ¢ € 7 F(yp) is the matrix of
of ¢ in the basis (¢). Then F' is an isomorphic mapping of Ty onto M, xp, .

CONSEQUENCE.
2

dimry, = n”.
5.3 Similar matrices

DEFINITION. The matrices A, B € M, «, are similar, if there is a regular matrix
S € My, xn, such that
B =S"1AS.

THEOREM. Similarity of matrices is an equivalence relation.

Proof.
A=FE"1AE,
If B=S"1AS, then A= (S~1)"1B(S™ 1)
If B=S"1AS and C = T~ !BT, then C = (ST) 1 A(ST). |

THEOREM. Similar matrices have the same rank and determinant.

REMARK. Similar matrices have also an equal characteristic polynomial.

Proof.
p(B) = p(SAS) = p(S(SAS)) = p(AS) = p((AS)") = p(S'A")

— p((8")71(S'A") = p(4") = p(A).

|B| = |ST1AS| = [ST] A S| = |SI7" |A] |S] = | Al
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5.4 Automorphisms

DEFINITION. If V is a vector space and ¢ € Ty is bijective then it is an
automorphism.

THEOREM. Let ¢ € Ty .

1. ¢ is an automorphism if and only if it has a regular matrix in any basis.

2. If ¢ is automorphic, then ¢~ is also automorphic and if ¢ has matrix A in the
basis (€) = (e1,...,ey,), then ¢~ has matrix A=! in this basis.

THEOREM. The following statements are pairwise equivalent.
. @ is automorphic

.  Is injective

. Ker(p) = {0}

.  Is surjectiv

(V) =V

p(p) =n

. ¢ has a regular matrix in any basis.

NS O A LN~

5.5 Invariant subspaces of linear transformations

DEFINITION. The subspace L is an invariant subspace of ¢ € Ty if

VYa € L : ¢(a) € L.

REMARK. V, {0}, p(V),Ker(yp) are always invariant.

THEOREM. Any subspace of V' is invariant subspace of ¢ € Ty if and only if there
is a A € T such that
VYa €V : p(a) = Aa.

DEFINITION. Let L be a subspace in the vector space V, let ¢ € 7y,. Assume that

L is an invariant subspace of p. The restriction of ¢ on L is a linear transformation
w/L: L — L such that

VaeL: (p/L)(a)=¢(a).

THEOREM. Let L, M be invariant subspaces of ¢ with L& M = V. Let (ey,...,ex)
be a basis in L, denote by A the matrix of p/L is this basis. Let (f1,..., fi) be a
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basis in M, denote by B the matrix of ¢/M in this basis. Then the matrix of ¢ in
the basis (e1,..., €k, f1,...,fi) of V is

(0 5)



6 Spectral theory of linear transformations
6.1 Eigenvalue, eigenvector

DEFINITION. Let V' be a vector space over T and let ¢ € Ty. If
pla) = Aa
for some vector 0 # a € V and scalar A\ € T, then X is an eigenvalue of ¢ and a is

an eigenvector of .

THEOREM. If \ is an eigenvalue of o, then then vectors a with p(a) = Aa form a
subspace in V.

DEFINITION. If )\ is an eigenvalue of ¢, then the subspace
Ly ={a|¢(a) = Aa}

is called the eigenspace corresponding to .

REMARK.
1. L) contains the eigenvectors corresponding to A and the zero vector.

2. Let A be the matrix of ¢ in a basis of V. Denote by Xy € T" the coordinates
of a € V in this basis. ¢(a) = Aa is equivalent to AXy, = AXj, that is
(A— AE)X, = 0. Therefore the coordinate n-tuples of the eigenvectors are
the solutions of the system of homogeneous linear equations

(A—XE)X =0
3. The eigenspace is an invariant subspace of ¢.
THEOREM. Let V' be a vector space, ¢ € 7. The eigenvectors corresponding to

pairwise distinct eigenvalues of ¢ form a linearly independent vector system.

Proof. A\i,..., A\, a1,...,ax
proof by induction:

H1a1 + ..o+ plp—10k—1 + prag =0 (7)
Apiar + .o A ipk—1ak—1 + Agprar = 0,
Appiar + ... Appip—1ax—1 + Agprar = 0.
(M = Ag)mar + ..o+ (Ae—1 — M) ptg—1ax—1 = 0.
By induction we obtain p; = ... = ux—1 = 0, hence pgar = 0. a

THEOREM. The sum of eigenspaces corresponding to distinct eigenvalues of ¢ € Ty
is a direct sum.
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6.2 Characteristic polynomial

DEFINITION. The characteristic polynomial of a matrix A € M, «, with elements
inT is
f(z) = |A—2E]

where E € M, «,, is the unit matrix.

REMARK. If A = (a;;), then the determinant

Q11 — T Q12 N A1n
Q21 Qoo — T ... Qon
flz) =|A—zE| =
an1 Qn2 cee Opp — X

is a polynomial of = of degree n.
THEOREM. Cayley—Hamilton theorem Every square matrix is the root of its
characteristic polynomial.
REMARK.
f@)=anz™ +ap_ 12" M+ F a4 o

f(A) = anAn + a?z—lAn_l + ...+ OélA + OéoE =0

THEOREM. The caharcteristic polynomials of similar matrices are equal.
Proof. B = S"tAS. Akkor
|B—zE|=|S"'AS —2E| = |S7'AS —2S'ES| = |ST}(A - zE)S|
= |S7Y|A - 2E||S| = |A - zE|.
0O

DEFINITION. Let ¢ € 7y and denote by A the matrix of  in the basis (e1, ..., ey,)
of V. The characteristic polynomial of ¢ is

f(a) = |A—2E].

REMARK. The characteristic polynomial is independent from the basis.
DEFINITION. The characteristic roots of ¢ € Ty are the roots in T of its

characteristic polynomial.

REMARK. If T = C, then all roots of the characteristic polynomial are in C. If
T = R then in general not all roots are in R.
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THEOREM. A € T is an eigenvalue of ¢ € 1y if and only if it is a characterictic
root of ¢.

Proof. A € T is eigenvalue if and only if there is a non-zero vector a € V with
w(a) = Aa.

(A—AE)X =0

DEFINITION. Let A € T be an eigenvalue of .

The algebraic multplicity of M\ yields the multiplicity if A as a root of the
characteristic polynomial: mult.

The geometric multiplicity of X is the dimension of its eigenspace. dim L.

THEOREM. If \ is an eigenvalue of ¢ € Ty, then

dim Ly < mult\.

Proof. Let (e1,...,er) be a basis of Ly. Extend this basis to be a basis of V:
(617 <o Chy Chtly ey en)~

A 0 a1 k+1 e in

0 A Ak k41 e Aen

0 0 k4141 --- Qktin

0o ... 0 Qn k41 e Opn
The characteristic polynomial of the matrix is divisible by (A — z)*. Therefore
multA\ > k =dim L. O

6.3 The spectrum of linear transformations

DEFINITION. The spectrum of ¢ € Ty is the set of its eigenvalues, each taken with
multiplicity according to its algebraic multiplicity. The spectrum of ¢ is complete
if it consits of dimV = n elements.

NOTATION. Spey

REMARK. If T = C then Spy is always complete, if T = R then not always.

THEOREM. There exists a basis of V' consisting of the eigenvectors if ¢ € Ty if and
only if the following two conditions are satisfied:
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1. Spyp is complete
2. For each eigenvalue A of ¢ we have mult\ = dim L.

THEOREM. Any linear transformation in a vector space over R or C admits an
invariant subspace of dimension at most two.

Proof.
|A— (a+iB)E| =0,

(A—(a+iB)E)X =0
0=(A—(a+i8))(Xo+iYy) = (AXo — aXo + 8Y)) + i(AYy — aYy — BX)).
AXy = aXy — Yy, AYy = aYy + X,

p(a) = aa — b, ¢(b) =ab+ fa
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6.4 Nilpotent operators

DEFINITION. Let V' be a vector space, ¢ € Ty. @ is nilpotent if there is a positive
integer r such that ¢" = O, the zero operator. The smalles such r is called the
index of nilpotency of .

THEOREM. If ¢ € Ty is a nilpotent operator of index r, and for e € V we have
©""1(e) # 0, then

L (e,p(e),...,o""t(e)) are linearly independent

IL. M = L(e,p(e),...,o" "t(e)) is a p—invariant subspace and there is a p—invariant
subspace N with M & N = V.

THEOREM. If ¢ € 7y is nilpotent of index r, then there are positive integers
r1,...,T, and vectors ey, ..., ey such that

1.7y >...271

2. (er,0(e1), - 9™ Her), .. en, o(ex), .., ™ (ex)) is a basis in V

3. oM (e1) =... =" (ex) =0.

REMARK. ¢/M; has the following matrix in the basis (e;, p(e;), ..., "7 71 (e;)) of
the subspace Mj:

0 0 0 0 0
1 00 0 0
010 0 0
0 0 1 0 0
000 ... 10

According to the theorem there is a basis of V' in which the matrix of ¢ consists
of such blocks along the main diagonal.

6.5 Jordan normal form

In this section we assume that V is a vector space over the complex numbers, or
the spectrum of ¢ is complete if V' is over the real numbers.

THEOREM. For any ¢ € 1y there are invariant subspaces R, N such that ¢/N is
nilpotent, ¢ /R is automorph and V.= R@® N.

THEOREM. Let Aq,...,\, be the distinct eigen values of ¢ € Ty with (algebraic)
multiplicities mq, ..., myp, respectively. Then there are subspaces My, ..., M, inV,
such that

1L.LV=M®...®M,

2. dimM; =m;(1 <j<p)

3. M, is a p-invariant subspace of V (1 < j < p)

4. ¢—M\je is nilpotent on M;—n (1 < j < p), where ¢ is the identical transformation.
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REMARK. ¢;/M; is nilpotent, therefore there is a basis of M; in which the matrix

of p;/M; consits of blocks of type

oSO = O

0

o OO

0

= O O O

0

OO OO

1

o O o o

Since ¢ = ¢; + Aje, hence in the same basis the matrix of ¢/M; consists of blocks

of type

>
<

o O =

0

o~ o

0

—> oo

0

OO OO

1

O O OO

Aj

These are called blocks of Jordan type. Constract such a basis in all subspaces
M;. The union of these bases is a basis in V. In this basis the matrix of ¢ consists
of Jordan type blocks along the main diagonal. Such a matrix is said to have a

Jordan normal form.



7 Linear, bilinear and quardatic forms
7.1 Linear forms

DEFINITION. The linear mapping ¢:V — T is called linear form.

7.2 Bilinear forms

DEFINITION. The mapping L:V xV — T is a bilinear form if it is linear in both
variables, that is

LMz + Xoxa,y) = M L(x1,y) + Ao L(z2,y)

L(z, Miy1 + A2y2) = MiL(z,y1) + Ao L(z, y2)
for any x,x1,%2,Yy,y1,y2 € V and A\;, Ao € T

If (by,...,b,) is a basis in V-ben, then the matrix of the bilinear form L in this
basis is the matrix of type n x n consisting of the elements a;; = L(b;,b;). If the
coordinate columns of the vectors z,y € V in the basis (b1,...,b,) are X, Y € T™,

respectively, then we have
L(z,y) = X' AY,

because

= L(Z xibi,Zyj szzyj bwb
i—1 J=1

i=1 j=1

n n
= Z Z TiYjQ5 = XtBY.
i=1j=1
REMARK. The matrix of a bilinear form is unique in a given basis.

STATEMENT. Let (by,...,b,) and (f1,...,fn) be bases in V, assume that the
transition matrix of (b) — (f) is S. If the bilinear form L has matrix A and B in
the above bases, respectively, then

B=StAS

Proof. Let S = (s;5),A = (ij), B = (8ij). then

fj = Z Skjbk.
k=1
‘We have

Bij = L(fi, f;) = Zé’mbk,zslzbz
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n n n n
= skistiL(bx, b) = Z Z Ski Ok Sli-
=1 1=1 k=1 1=1
O
As a consequence, the rank of the matrix of a bilinear form is the same in any
basis. This is called the rank of the bilinear form.

DEFINITION. A bilinear form L:V x V — T is symmetric if L(x,y) = L(y,x) for
any z,y € V.

The bilinear form L is symmetric if and only if its matrix in any basis is
symmetric.

DEFINITION. If L:V x V. — T is a symmetric bilinear form, then Q(x) =
L(z,z), Q:V — T is a quadratic form.

The quadratic form uniquely determines the bilinear form, since for any

xz,y € V-re

Qx+y) =Lz +y,x+y) L(z,z) + 2L(z,y) + L(y,y)

Q(x) + 2L(z,y) + Q(y)

therefore 1
L(z,y) = 5 (Qz +y) - Qz) - Q(y))
STATEMENT. If (by,...,b,) Is a basis in V, then any quadratic form can be
represented as Q(x) = Z a;jx;x; with a symmetric matrix A = (a;;), where
i,j=1
(21,...,2y,) denotes the coordinate column of the vector x in the basis (by, ..., by)

. Conversely, for any symmetric matrix A, the above formula defines a quadratic
form.

7.3 Canonical form

A canonical basis of a bilinear form L is a basis in which the bilinear form admits
the canonical form

L(z,y) = Mz1y1 + - - + A\nTnyn
A canonical basis of a quadratic form L is a basis in which the quadratic form
admits the canonical form

Q(x1,...,xp) = M2 + ...+ N2
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THEOREM. Lagrange’s theorem. Any symmetric bilinear form admits a
canonical basis.

As a consequence any quadratic form admits a canonical basis.

THEOREM.Sylvester theorem, inertia law In any canonical form
L(.’E, y) = )\1£U1y1 +...+ )\nxnyn

of a bilinear form the positive, negative and zero coefficients among A1, ..., \, are
independent of the canonical basis.

Practical method to transform a quadratic foem into a canonical form

Lagrange method

Let Q(z) = Q(x1,...,2n) = Z a;;x;x; be a quadratic form.
ij=1
A)Ifay; =0foralli =1,...,n, but e.g. az2 # 0. Then perform the coordinate
transformation

1
] = 5(901 + z2)
1
/ —_ — —
Ty = g(@1-12)
=z, ha i=3,....n

B) If e.g. aq1 # 0, then let

n n
Yy
2 11
Q(l‘l,...,xn) = 11 <1171 + 2 E o I1Ii> + E QT T 5
X 11
=2

ij=2

n o 2 n a2

il 2 : il 2

= 11|21 + E o xX; — 11 ?2 LUZ-
i=2 11 i=2 11

i10G1
—2 E T;Tj + E QT 5
o
ij=2 11 ij=2

Introducing the transformation

"
i1
Ty = $1+§ Z;
— oy
=2

’ -
T, = T ha 1=2,...,m
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we obtain )
Q(x1, ..., xn) = anna? + Q(zh, ..., x7,).

THEOREM. Jacobi theorem.

Let L(z,y) = sz;l ag;2;y; be a symmetric bilinear form. If the minors
Q11 ... Q4

Ay = | are all non-zero, then there exists a basis, in which L
Qi1 Qg

has the canonical form

Ay -1
L(Z’,y) = A—lxlyl + ...+ Ann TnYn,
where (z1,...,x,) and (y1,...,y,) are the coordinate columns of the vectors x and

y corresponding to the basis, and Ag = 1.

CONSEQUENCE. Jacobi theorem on quadratic forms.

n
Let Q(z1,...,2,) = E a5 be a quadratic form. If the minors A; =
1,5,=1

o117 ... Q41
are all non-zero, then there exists a basis in which ) has the

Qi1 cee Oy
canonical form
An—l 2

An yn)

where (y1, . ..,Yyn) denotes the coordinate column of the vector y in this basis and
Ag=1.

A
Q(yl,...,y”)zA—Oyf+...+
1

DEFINITION. The quadratic form @ is positive definite, if Q(z) > 0 for all x # 0.

A quadratic form
Q(w1, ..y mp) = M23 + .+ N2l

is obviously positive definite if and only if Ay > 0,..., A, > 0.
The following theorem gives a criterion for this property without using canonical
forms.

THEOREM. A quadratic form is positive definite if and only if all minors A,
(i=1,...,n) of its matrix are positive.



8 Inner product spaces
8.1 The concept of an inner product space

DEFINITION. An inner product (or scalar product) on a real vector space is a
symmetric bilinear form L such that the quadratic form Q(x) = L(x,x) is positive
definite.

Notation: (z,y) = L(z,y) An inner product space (or Euclidean space) is a
real vector space equipped with an inner product. The norm of a vector is

|zl = v/ (z, 2)

STATEMENT. Cauchy-Bunyakovszkij-Schwarz inequality
For any vectors x,y of an Euclidean space E we have

(@ )| < [l]] - [lyll-

Proof. For any A € R we have
(x+ Ay, z+Ay) >0

that is
(z,2) + 2X\(z,y) + A (y,y) > 0

The discriminant of the second degree polynomial is D < 0 :
Az,y)? — (z,2)(y,y) < 0.
O
DEFINITION. For any non-zero vectors x,y, the angle of the vectors is the o with

(z,9)

COSQ = ="
=[] - [lyll

STATEMENT. Minkowski inequality For any =,y € E we have

[z +yll < [l=[] + [ly]l-

Proof.
|z +yll* = (@ +y,2+y) = (z,2) +2(2,9) + (y,9) <||2l*2[(z, y)| + |ly[I?
<l + 2[2(] - llyll + [yl = (=[] + [ly])?

REMARK.

L. d(z,y) = ||z — y|| is a metric on E.
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8.2 Orthogonality

DEFINITION. The vectors x,y in the Euclidean space E are orthogonal if (x,y) = 0.
Notation: x 1 y. The vector x € E is normed (unit vector) if ||z|| = 1. A system
e1,ea,...,ex of vectors in E is an orthonormal vectors system, if it consists of
pairwise orthogonal unit vectors.

The orthonormal property can be expressed as

(e e5) =0i (1<14,5 <n).

STATEMENT. An orthonormed vector system not containing the null vector is
linearly independent.

STATEMENT. Gram—Schmidt orthogonalization algorithm

For any basis (b1, bs,...,b,) € E there exists an orthonormed basis (e1, ez, ..., en)
such that L(ey,...,ex) = L(b1,...,by) is satisfied for k = 1,2,...,n. The vectors
e1,€,...,e, are unique up to sign.

Proof. Set e; = 2. If 1, ..., e are known then let
[[61]] A
/
i1 = b1 — (bry1,e1)er — ..o — (brt1, ex)ex,
and ,
Gk
€Ck4+1 = 7 .
||ek+1H

O

REMARK. If (eq,...,ey,) is an orthonormed basis in E and x = z1e1 + ... + zp€n,

then z; = (x,¢;) for i = 1,...,n-re, since

(z,e;) = (x1e1 4 ...+ Tpen, ;) = x1(er,e) + ...+ xplen, ) = (e, €;) = x4
Further, if z = x1e1 + ... + xpe, and y = y1€1 + ... + yney, then
(x,y) = (z,y1€e1+ ...+ ynen) =y1(x,e1) + ... Fyn(x,€0) = 2191 + . - . + TuYn,

and

l|z])? =22 + ...+ 22.

DEFINITION. The Euclidean spaces E; és Fy are called isomorphic if there exists
a bijective linear mapping ¢: 1 — E5 such that

(p(2), 0(y)) = (x,9) (z,y € En).
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STATEMENT. Two Euclidean spaces are isomorphic if and only if their dimensions
are equal.

Proof. Take orthonormed bases (¢) € E; and (f) € Es is both Euclidean spaces.
The mapping with ¢(e;) = f; is an isomorphic mapping of E; onto Es. a

DEFINITION. The orthogonal complement of a subspace L of an Euclidean
space E is

L*={zxcE|xzLly VyeclL}

REMARK. L% is a subspace of E since if 1,20 € LT, Ai,As € R, then
Mz + Aoz € LT is also satisfied, since

(A1 + Xox2, y) = Ai(21,y) + Aa(22,y) = 0.

STATEMENT. For any subspace L of an Euclidean space E we have
LeLt=E,

and

(LYHt =L

REMARK.

1. According to the Theorem for any = € E there uniquely exist 2’ € L and
x” € Lt with x = 2/+2". The vector 2’ is called the orthogonal projection
of z on the subspace L. The mapping pr: F — E,z + 2’ is linear with the
idempotent property p% = pr.

STATEMENT. Bessel inequatily
If (e1,...,ex) is an orthonormed vector system in the Eucliedean space E, then for
any ¢ € E we have

(z,e1)* + .. 4 (2, e1)* < |||~
Here for any x € E equality is satisfied if and only if (ey,...,ex) is a basis in E.
REMARK.

1. If £k = dim E then we have equality for any x € E. This is called Parseval
equation.
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DEFINITION. The distance of the vector x from the subspace L is

d(x, L) = |lx — 2]

REMARK.
d(z,L) = min{||lz —y[| |y € L}

since

lo = ylI? = Iz = 2') + (&' = y)|* = llz = 2/|* + [|l2" = y|* > |z — «'||*.

8.3 Complex inner product spaces (unitary spaces)

DEFINITION. Let U be a complex vector space. The mapping ¢:U — C is called
conjugated linear form if for any A\, u € C és z,y € U we have

((x + py) = M(z) + al(y)

REMARK. If (b1,...,b,) is a basis in the vector space U, then there uniquely exist
ai,...,a, € Csuch that for any x = x1b1 + ... x,b, € U we have

@(a:) =T1+ ...+ apTy.

DEFINITION. Let U be a complex vector space. The mapping L:U x U — C is a
Hermitian bilinear form, if it is linear in the first variable and conjugated linear
in the second variable. A Hermitian bilinear form L is Hermitian-symmetric, if
for any z,y € U we have

L(y’x) = L(Ivy)

REMARK.
1. If (by,...,by) isabasisin U, X = (z1,...,2,) € C?"and Y = (y1,...,yn)t €
C™ are the coordinates of the vectors = and y in this basis, repsectively, then
n n ‘
L(z,y) = Z Zajkxjyk = XAY
j=1k=1

where A = () is the coefficient matirx of L with ;i = L(bj, by).
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2. We call the basis (b1, ...,b,) canonical, if

L(z,y) = ) A
j=1

DEFINITION. If L is a Hermitian-symmetric, Hermitian-bilinear form, then Q: U —
C with
Q(x) = L(z,x) (z€U)

is a quadratic form on U.

REMARK.

e Q(x) is real, since L(z,z) = L(z, ).

e If (by,...,b,) is a basis in U, then

n n

Q(a:) = Z Z QjpTjT = XAYt

j=1k=1

The basis is canonical, if
Q) =D Ajlayl*.
j=1

Here A\; = L(b;,b;) is real and also for any x € U the value Q(x) is real.

DEFINITION. A complex inner product is a Hermitian-symmetric Hermitian
bilinear form L(z,y) such that Q(z) = L(x,x) is a positive definite quadratic
form.

Notation: (z,y) = L(x,y)

A complex inner product space (or unitary space) is a complex vector spaces
equipped with an inner product.

EXAMPLES.
1. C™ is a complex inner product space with
(,y) = 2191 + - - . + TnTn
for any z = (z1,...,2,)5 ¥y = (y1,...,yn)t € C™.

2. If f, g are complex valued continuos functions on the interval [a, b], then

b
(f.9) = / f(2)9(@) de

is an inner product on the vector space of these functions.
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REMARK.

The majority of statements for Euclidean spaces remain valid also in a complex
inner product space.

e In an orthonormed basis we have

(r,y) = 191+ .. -+ Tuin.
Izl = Jza> + ...+ |zal*.

e In a complex inner product space we can not define the angle of the vectors,
only the orthogonality by (z,y) = 0.

e The Gram-Schmidt orthogonalization process works the same way as in the
real case.

e The Cauchy-Bunyakovszkij-Schwarz and the Minkowski inequalities remain
valid.



9 Transformations in inner product spaces
9.1 Forms represented by inner products

STATEMENT. If W is a real or complex inner product space, and ¢ is a linear form
on W, then there uniquely exists a € W, such that

lz) = (x,a) (xeW).
If ¢ is a conjugated linear form, then there uniquely exists a € W, with

Uz) = (a,z) (xe€W).

THEOREM. If W is a real (or complex) inner product space, then for any bilinear
(Hermitian bilinear) form there uniquely exist linear transformations p,v € Ty
such that for any x,y € W we have

L(z,y) = (¢(x),y) = (z,9(y)).

On the other hand for any ¢, € Ty

L(z,y) = (¢(x),y)
and
L(z,y) = (z,9(y))

are bilinear (Hermitian bilinear) forms on W.

9.2 Adjoints of transformations

DEFINITION. Let W be a real (complex) inner product space, and let p, 1) € Ty .
If

(p(2),y) = (z,9(y))

for any x,y € W, then v is called the adjoint of .
Notation: ¢*.

Note that according to the above statement for any ¢ its adjoint uniquely exists.
The adjoint is defined by

(p(x),y) = (z, ¢ (y))
for any z,y € W.

STATEMENT. Let W be a real (complex) inner product space, v € Tw, A € R
(A € C). Then

(p+¥) =¢" + 9"
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()" = A"
(poh)" =9 oy”
=

Further, in any orthonormed basis the matrix of ¢* is the transposed conjugated
of the matrix of ¢.

Proof.
(z,(p+¥)" () = (¢ +¥)(2),y) =
(p(z) + (), y) = (p(x),y) + (Y(z),y) =
= (z,¢"(y)) + (2,9 (y)) = (2, (¢" +¥")(y))
(z, (Ap)"(2)) = (A\p)(2),y) = AMp(z),y) =
=Xz, 0" (1)) = (2, " (v)) = (z, Ae")(x)),
(z, (p o) (y) = (po)(x),y) = (p(¥(x)),y) =
= (Y(x), " (y)) = (2,9 (¢" () = (z, (¥" 0 ") (v)),
(z,9™(y)) = (¢"(2),y) = (y, *(x)) = (p(y), 2) = (z,p(y))
ek 61 = Za]kej el Zozjk €5, 6[ Za]kd il = )k
(p(er), er) = (er, 9" ( (ex, Zﬂﬂej Z ji(ers ej) Z =B

whence B = Zt. O
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DEFINITION. Let W be a real (complex) inner product space, let ¢ € . We call
12

e symmetric (selfadjoint), if p* = ¢,
1

e orthogonal (unitary), if ¢* = ¢~

e normal, ifpop"=p* oy

We use similar names for matrices.
DEFINITION. The adjoint of a matrix A of type n X n with real (complex) entries
is

—t

A*=A.

DEFINITION. The matrix A of type n x n with real (complex) entries is called
e symmetric (self adjoint) if A* = A
e orthogonal (unitary), if A* = A~!

e normal, if Ac A*=A*0 A

CONSEQUENCE. The rank of ¢ is equal to the rank of ¢*

A\ is an eigenvalues of ¢ if and only if \ is an eigenvalue of ¢*. For any
transformation ¢ the ranks and defects of ¢ and its conjugate are equal. The
eigenvalues of p* are the conjugates of the eigenvalues of .

Proof.
rgp =rg A = rgzt =rgp".
pyo(A) =det (A — AE) = det (A — A\E)" =
det (A" — AE) = det (A — AE) = p~(N).
O
STATEMENT.
Kerg* = (Imy)™*

Kerp = (Im¢*)*.
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9.3 Selfadjoint transformations

 is selfadjoint if and only if for any =,y € W we have

(p(x),y) = (z,0(y))-

In an orthonormed basis it yields A = A’ for the matrices of w and ¢*.

EXAMPLES.

1. Let W be a real (complex) inner product space, let A € R (A € C).
px: W — W, z+— Az is a self adjoint transformation.

2. The orthogonal projection on a subspace of W is a self adjoint transformation.
W = L@LL, T :x’—I—m”, y:y/+y// (x’,y’ c L,x”,y” c LL)7

(pe(x),y) = @'y +y") = (@', ¢) + («/,") =
= (@) +@@"y) =@ +2",y) = (z,p(y))
since (z/,y") = («”,y") = 0.

3. If the matrix of a linear transformation in an orthonormed basis is a diagonal
matrix with real entries, then it is a self adjoint transformation.

STATEMENT. The roots of the characteristic polynomial of a symmetric (self
adjoint) transformation on a real (complex) inner product space are all real
numbers.

CONSEQUENCE. The spectrum of a symmetric (self adjoint) transformation is
complete.

Proof.
We use the precess of complexification

Az, z) = (¢ (), 2) = (2, ()" (2)) = (z,\z) = A(=z, z)
whence A = \. O

STATEMENT. The eigenvectors belonging to distinct eigenvalues of a symmetric
(self adjoint) tranformation on a real (complex) inner product space are orthogonal.

Proof.
o(r) =z,  ply) =py,  AF#p
Az, y) = (Az,y) = (p(2),y) = (z,0(y)) = (=, py) = 1z, y) = p(z,y)
O

LEMMA. If H C W is an invariant subspace of a symmetric (self adjoint)
transformation on a real (complex) inner product space, then H* is also invariant.
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THEOREM. Structure theorem.
If ¢ is a symmetric (self adjoint) transformation on a real (complex) inner product
space, then there exists an orthonormed basis consisting of eigenvectors of .

THEOREM. Principal axis theorem

Any quadratic form in a real (complex) inner product space admits an orthonormed
canonical basis. The coefficients of the quadratic form in such a canonical form
are just the eigenvalues of the matrix of the quadratic form belonging to the
orhonormed basis.

STATEMENT. Any real (complex) valued symmetric (self adjoint) matrix is similar
to a diagonal matrix with real entries.

THEOREM.Spectral representation theorem
Any symmetric (self adjoint) transformation ¢ on a real (complex) inner product
space can be represented in the form

O =MT1+ ...+ X7k

with orthogonal projections mi,...,m, which are permutable with ¢ (that is
pom =m o), withmon; =0, ifi # j, and my + ...+ m, = id., and with
distinct real numbers A1, ..., A\gx. Conversly, any such transformation is symmetric
(self adjoint).

9.4 Orthogonal and unitary transformations

STATEMENT. If L is an invariant subspace of an orthogonal (unitary) transforma-
tion on a real (complex) inner product space. Then the orthogonal complement
L+t of L is also invariant.

STATEMENT. Let W be a real (complex) inner product space, and let o: W — W.
The following statements are pairwise equivalent:

1. ¢ is orthogonal (unitary)

2. ¢ is inner product preserving, that is for any x,y € W we have (¢(x), p(y)) =
(2,9).

3. ¢ is norm preserving, that is for any x € W we have ||p(z)|| = ||z|.

4. ¢ maps any orthonormed basis into an orthonormed basis.

REMARK.
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1. An orthogonal (unitary) transformation can only have eigenvalues of absolute
value 1. If p(a) = Aa, then by

lall = lle(a)[l = lIxall = [ lall,
we have || = 1.

2. Let (e1,...,e,) be an orthonormed basis, denote by S = (s;;) the transition
matrix (e1,...,en) = (f1,..., fn)-

(fis f5) = Zskzekvzsljel

n n

n n n
E skisij(ex,er) E E SkiS10k = E SkiSkj
k=1

k=1 I=1 k=11=1
Z )ikSkj = (ST8)i; = (S*8)s;
Therefore (f) is orthonormed if and only if S is orthogonal (unitary).

STATEMENT. A matrix of type n X n with real (complex) entries is orthogonal
(unitary) if and only if its columns are pairwise orthogonal vectors of norm 1 in
R™ (in C™). The same holds for the rows. An orthogonal (unitary) matrix has
determinant of absolute value 1.

Proof.
(AW A0)) Zamakg

1 = det (E) = det (A" A) = det (A)det (A) = det (A)det (A) = |det (A)[?

9.5 Orthogonal transformations of Euclidean spaces

STATEMENT. In the two dimensional plane all orthogonal transformations are the
identity, reflection onto a line, central reflection on the origin and rotation around
the origin.

Rotation:
M, = ( cosa —sina ) .
sin ov cos &
STATEMENT. If ¢ is an orthogonal transformation on the Fuclidean space E, then

E=L®...0L
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where L; are pairwise orthogonal invariant subspaces of ¢ of dimensions 1 or 2.

REMARK. In a suitable basis the matrix of an orthogonal transformation is a
quasi-diagonal matrix

cosay —sinai
sin o COs a1
0
cosas —sinasg
sin avg COS (g

A1

: 0
0 )\n725

STATEMENT. If A is an orthogonal matrix then there is an orthogonal matrix S
such that SAS is quasi-diagonal.

9.6 Normal transformations of complex inner product spaces

STATEMENT. In a complex inner product space any linear transformation can
be uniquely represented in the from ¢ = 1 + ips, where @1, po are self adjoint
transformations. ¢ is normal if and only if ¢1 0 P2 = g 0 V3.

STATEMENT. If ¢1 and s are symmetric (self adjoint) transformations of a real
(complex) inner product space with p1 o o = g 0 @9, then there exists an
orthonormed basis consisting of common eigenvectors of p1 and @s.

THEOREM.Structure theorem
In a complex inner product space a linear transformation admits an orthonormed
basis consisting of its eigenvectors if and only if it is normal.

STATEMENT. Let ¢ be a normal transformation in a complex inner product space.
v is self-adjoint if and only if its eigenvalues are real. ¢ is unitary if and only if its
eigenvalues are of absolute value 1.

9.7 Polar representation theorem

DEFINITION. The symmetric (self-adjoint) linear transformation ¢ of the euclidean
(unitary) space W is positive definite if for any non-zero x € W we have

(p(2),2) > 0).

THEOREM. A symmetric (self-adjoint) linear transformation ¢ of the euclidean
(unitary) space W is positive definite if and only if all eigenvalues of ¢ are positive.
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THEOREM. If ¢ is a positive definite linear transformation of the euclidean
(unitary) space W, then there is a positive definite linear transformation v of
W, such that

o=y

THEOREM.Polar representation theorem

For any invertible linear transformation ¢ of the euclidean (unitary) space W
there exist a positive definite linear transformation v and an orthogonal (unitary)
transformation T such that

p=tor.



10 Curves of second order

DEFINITION. Let a;;(1 < i,j < 3) be real numbers with a;; = aj;(1 <i,j < 3) and
a}y + a3y + a%; > 0. The set of points (z,y) in the plain satisfying the equation

2 2
a112] + 2a12T122 + a5 + 2a1371 + 202322 + a3z =0

is called curve of second order.

The symmetric matrix
11 G2 0q3
A= | a1 a2 a3
31 (32 (033

is the matrix of the curve.
The symmetric matrix

a1 Qg2
Ass =
Q21 Q22

is the kernel matrix of the curve. Let

X = Y
1

Then the equation of the curve can be writte as
XtAX =0

or
2

2
Z Z QikTiT) + Z a3 + azz = 0.

i=1 k=1 i=1

10.1 Curves of second order and lines

Let x; = d;+tv;(i = 1,2) be a line with a non-zero vector (v1, v2). The intersections
of the curve and the line are at the parameters ¢ satisfying

2 2 2 2 2 2
2 (z 5 ) s (z S o+ 3 ) + (z S andids 43 aud, + ) o
i=1 k=1 i=1 k=1 i=1 i=1 k=1 i=1
(8)
DEFINITION. (v1,v2) is an asymptote direction if

2 2
E E a;pv; v = 0.

i=1 k=1

131
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2 2
a11v7] + 2a1201v2 + agvy =0

2
v v
aii (1> + 2a12 (1> +az =0
V2 V2
D= 4@12 — 4&11(122 = —4|A33|
DEFINITION. The curve is
elliptic if it admits no asymptote directions <= |Az3| > 0

hiperbolic if it admits 2 asymptote directionss <= |A3z3| < 0
parabolic if it admits 1 asymptote directions <= |Az3| =0

DEFINITION. P is the center of the curve if for any point A of the curve there
exists a point B of the curve such that P is the midpoint of the segment AB. The
curve is central if it admits exactly one center.

THEOREM. The curve is central <= |Asz3| # 0

10.2 Diameter of the curve

Assume the line z; = d; + tv;(¢ = 1,2) has two common points Pj, P, with the
curve, corresponding to the parameters t1,ts. The segment P; P, is a chord of the
curve. If D(dy,ds) is the midpoint of the segment P; P, then for the parameters
t1,t2 we have t; + to = 0 whence

2 2 2
Z Z airdivy + Z a;3v; =0
i=1 k=1 i=1

that is (dy, d2) satisfies
(a11v1 + a12v2)x1 + (a21v1 + ag2v2)z1 + (a13v1 + agsvz) =0

which is the equation of a line. This line is called the diameter conjugated to
the direction (v1,v3). The above argument implies that the diameter is a line.

THEOREM. If the curve is central, then its diameters pass through the center.
If the curve is not central, the its diameters are parallel to each other.
10.3 The principal axis of the curve

DEFINITION. If the direction is orthogonal to the diameter corresponding to it,
then the diameter is called the principal axis of the curve.

THEOREM. The principal axes of the curve are exactly the diameters conjugated
to the eigenvectors corresponding to the non-zero eigenvalues of the kernel matrix.

THEOREM. A curve of second order admits 1 or 2 principal axes.
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10.4 Classification of curves of second order

The curve is called degenerate if |A| = 0.

THEOREM. Principal axix transformation
There is an orthogonal transformation of the plane bringing the equation of the

curve to the shape

MYE + Aays + 2c13y1 + 2ca3y2 + 33 =0

where A1, \o are the eigenvalues of the kernel matrix.

Elliptic curves

circle z? + 23 = a?
point circle 2?2+ 23 =0
imaginary circle % + 23 = —a?

ellipse —+t5=1
a; b3
. . xy x5
point ellipse — + ? =0
T x
imaginary ellipse —; + % =1
a b

Hiperbolic curves

2 2
x x
hyperbola —; -2
a b?
xf @}

intersecting lines 2T 0

Parabolic curves

parabola 1?2 = 2pxo
parallel lines 23 =a?
identical lines 2 =

a pair of imaginary parallel lines 2% = —a



11 Fiuggelék

11.1 Algebrai alapfogalmak

Ebben a fejezetben felsoroljuk azokat az algebrai alapfogalmakat, melyeket a
jegyzetben felhasznalunk. Minden esetben adunk példékat, egy kozismert egyszerii
példat és egy linedris algebrai jellegfit.

DEFINITION. A H nem iires halmazon x miivelet, ha barmely a,b € H-hoz
egyértelmiien Iétezik egy ¢ € H, melyre

c=axb.

Ha a H halmazon a * miivelet értelmezve van, akkor (H,*)-ot algebrai
struktiuranak nevezziik.

REMARK. A miivelet H—n tulajdonképpen egy H x H — H leképezés.
DEFINITION. Az (F, %) algebrai struktira félcsoport, ha a miivelet asszociativ:

Va,b,c€ F: ax(bxc)=(axb)*c.

EXAMPLES.
1. Félcsoportot alkot a természetes szamok halmaza a szorzasra nézve.

2. Félcsoportot alkotnak a valds elemii 2 x 2 tipusd matrixok a szorzasra nézve.

DEFINITION. A (G, %) algebrai struktiira csoport, ha
e (G, x) félcsoport
o létezik neutralis elem, azaz olyan e € G, melyre

VaecG: axe=e*xa=a

e és minden elemnek van inverze, azaz

Vo eG Ja' €G: axa =d xa=e.

EXAMPLES.
1. Csoportot alkotnak az egész szamok az Osszeadédsra nézve.
2. Csoportot alkotnak a 2 x 2 tipust valds elemii reguldris matrixok a szorzasra

nézve.

141
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REMARK.

1. A (G, %) csoport kommutativ csoport, vagy Abel—féle csoport, ha (G, *)
olyan csoport, melyen a miivelet kommutativ:

Va,be G: axb=bxa

Az eléz6 példak koziil az els6 kommutativ, a médsodik nem kommutativ
csoport.

2. Ha a miivelet 6sszeadas, akkor a neutralis elemet nullelemnek, ha a mivelet
szorzas, akkor a neutrélis elemet egységelemnek nevezziik.

DEFINITION. Az (R,+, ) algebrai struktira gytrii, ha
e (R,+) kommutativ csoport
e (R,x) félcsoport
e érvényes a disztributivitas, azaz

Va,b,ce R: ax(b+c)=(axb)+ (axc)
(a+b)xc=(axc)+ (bxc).

EXAMPLES.
1. Az egész szdmok halmaza gytirli az 6sszeadas és szorzds miiveletére nézve.
2. A valds elemii 3 x 3 tipusi matrixok gytriit alkotnak a métrixokon szokésos
Osszeadds és szorzas miiveletére nézve.
DEFINITION. A (T, +, %) algebrai struktira test, ha
o (T, +) kommutativ csoport

o (T\{0}, *) kommutativ csoport, ahol 0 jel6li a neutrdlis elemet a + miiveletre
nézve

e teljestil a disztributivitas.

EXAMPLE. A racionilis szdmok testet alkotnak a szokdsos Osszeadds és szorzas
muveletére nézve.

DEFINITION. A (T,+,*) test karakterisztikdja nulla, ha nem Ilétezik olyan n
természetes szam, hogy mindent € T-ren -t =0, aholn-t azn tagit+ ...+t
osszeget jeloli.

EXAMPLE. A raciondlis, valés, komplex szamok teste nullkarakterisztikju.

DEFINITION. A V nem iires halmaz vektortér a T test felett, ha
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o (V,+) kommutativ csoport

e barmely a,b € V vektorok és \,u € T skaldrok esetén fennallnak az alabbi

az0no0ssagok:
Ma+b) = da+ b
A+ pa = da+pa
(wa = Apa) = p(ra)
la = a

ahol 1 a T test multiplikativ egységeleme.

EXAMPLES.

1. A valés szamok halmaza vektortér a racionalis szamok teste felett.

2. A valés elemi szdmharmasok vektorteret alkotnak a valds szdmok teste felett
az aldbbi miiveletekre nézve:

(x1,22,23) + (Y1, 92,y3) = (21 +y1, 22 +y2, 23 +y3)
/\(l’l,wg,xg) = ()\251,)\252,)\253)

DEFINITION. Az A nem iires halmaz algebra a T test felett, ha
o A vektortér T felett
o (A, +, %) gylirii
e Barmely a,b € A és A € T esetén fennall

Maxb) = (Aa) x b= ax (\b).

REMARK. Természetesen a vektortéren és a gytiriiben értelmezett Osszeadds

ugyanaz a mivelet.
EXAMPLES.

1. A komplex szdmok halmaza algebra a racionalis szamok teste felett.

2. A valds elemii, 3 x 3 tipusi métrixok algebrat alkotnak a valés szamok teste
felett.
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11.2 Alapvet6 tudnivalok permutaciokrol

Ebben a fejezetben Gsszefoglaljuk a permutacidk azon tulajdonsagait, melyeket a
determinédnsokrol szdl6 fejezetben felhaszndlunk.

DEFINITION. Az (1,2,...,n) szdmok egy sorrendjét ezen szamok egy per-
mutacidjanak nevezziik.

NOTATION.
1. Az (1,2,...,n) Osszes permutédcidinak halmazit P,—nel jeloljik.
2. Ha 7 = (i1,42,...,1n) az (1,2,...,n) egy permuticidja, akkor azt a jelolést

is szokas alkalmazni, hogy

(1 2 ... n)
™= . . .
i 12 ... 1p

A fels§ sorban a szdmoknak nem feltétleniill nagysig szerint névekvé
sorrendben kell kévetkeznitik.

REMARK.

1. A permutéci6 tekinthetd az (1,2, ..., n) halmaz nmagéra torténd kdlcséndsen
egyértelmii leképezésének is.

2. Az (1,2,...,n) szdmok Osszes permutdcidinak szdma n!.

DEFINITION. Az (1,2,...,n) szdmok (iy,is,...,i,) permutdcidjdban iy in-
verziéban dll i;-lel, ha k <l dei >4 (1 <k<l<n).

NOTATION. Az (iy,is,...,4,) Osszes inverzidinak a szdmét I(iq,is,...,%,)nel
jelsljiik.

EXAMPLE. Az (5,1,4,2,3) permutécié inverzidinak szdma 6.

DEFINITION. Egy permutacié paros, ha dsszes inverzidinak szama paros,
egyébként paratlan.

LEMMA. Bdrmely (iy,io,...,1,) permutdcié létrehozhaté az (1,2,...,n)-bdl
kiindulva, csak elemparok egymasutani cseréjével.

Proof. Az i1—et az els6 szammal megcserélve elérhetjiik, hogy az els6 helyre
keriiljon. Hasonlé médon hozzuk az io—t a méasodik helyre, stb. O0

LEMMA. Két elem cseréjénel az inverziok szamanak paritasa ellenkezéjére valtozik.

Proof. Tekintsiikk az (i1,...,%k,.-.,4,-..,i,) permutdciét és benne cseréljitk
fel az iy és i; szdmokat, igy az (i1,...,%, ..., 0k, ..., i,) permutdciét kapjuk. A
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cserekor ig—nak ellenkezGjére valtozik az inverzidja az iy és i; kozott 1évé s db
szammal. (ha nem voltak inverziéban, akkor inverziéban lesznek a csere utdn, és
ha eddig inverziéban voltak, akkor a csere utdn nem lesznek). Ugyancsak, i;—nek
ellenkezdjére valtozik az inverzidja az iy és i; kozott 1évo s db szammal. Végiil, iy
és 1; egymas kozotti inverzidja is megvaltozik. Mas elemek kozotti inverziéban nem
torténik valtozas. fgy Osszesen 2s + 1 véltozas torténik az inverzidk szaméban.

O

DEFINITION. A

EXAMPLE.
1
2

REMARK.

= DN
— W
(G2 QSN
w ot
~~
7N
>~ =
W N
ot W
N
— ot
~
Il
7N
LW =
NI )
=~
—
(234
~

1. A permutédcidk szorzasa nem kommutativ.

2. A permutéciok ezen miiveletre nézve csoportot alkotnak, melynek egységeleme
az (1,2,...,n) identikus permutécio.

3. Egy m permutéicié inverzén azt a p permutdciét értjiik, melyre mp az
identikus permutécio.

LEMMA. Azonos paritasu permutacick szorzata paros, ellenkezs paritasu
permutéciok szorzata paratlan.

Proof. A mp szorzat elvégzésekor a m permutdaciéban szereplé sorrendet
rendezziik tovdbb a p permutiacidonak megfeleléen. Ha a 7 permutéciét az
(1,2,...,n) permutaciébdl k db elempdrcserével lehet 1étrehozni, a p permutéciot
db elempar cserével, akkor a wp permutéacio létrehozhaté k+1 db elempar cseréjével.
Ha k,[ paritdasa azonos, akkor k 4 [ paros, egyébként k + [ paratlan. ]

REMARK. Konnyen ellendrizhet6, hogy a

( 1 2 ... n)
™ = . . .
1 12 ... 1In
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. 1 dg ... 1p
1 2 ... n

LEMMA. A permutdciénak a paritdsa megegyezik inverzének paritasiaval.

permutéacié inverze

Proof. A szorzatuk az egységpermutacié, ami pédros, tehat az elézd Lemma
értelmében vagy mindketté paros, vagy mindkettd péaratlan. O
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11.3 MAPLE: linearis algebrai programcsomag

Ezen fejezet célja a MAPLE komputeralgebra programcsomag linedris algebréval
kapcsolatos eljarasainak attekintése. Ezen eljarasok igen hatékony eszkozt adnak
felhasznaloik kezébe a linedris algebrai feladatok numerikus megoldasara.

11.3.1 A Maple altaldnos hasznalata

Eldszor megismerkediink a MAPLE programcsomag hasznélatanak néhany altaldnos
vondsaval. Tudnivald, hogy a MAPLE-t lehet interaktiv médon hasznélni és lehet
programot is irni MAPLE utasitdsok felhasznaldsiaval. Mi itt csakis a MAPLE
interakiv hasznélatdnak bemutatasara szoritkozunk. Leirasunk kordantsem teljes,
csak izelit6t ad a lehetséges felhasznalési teriiletekbol.

A MAPLE programcsomagot konkrét installaciéjatol fiiggéen legtobbszor a

maple

paranccsal lehet betolteni. Ezutan a képernyén megjelenik a MAPLE cég
emblémadja, és egy > prompt a sor elején, mely utan lehet a parancsokat beirni. A
parancs altaldban egy ; jellel zarddik. A parancs beirdsa utdn az Enter billentytit
nyomjuk meg, melyre az adott parancs végrehajtodik, és az eredmény a képernyén
megjelenik. Amennyiben a parancsot a : jellel zarjuk, a parancs végrehajtédik, de
az eredmény nem jelenik meg a képernyon.

Kilépés:

> quit;

REMARK.

1. HELP funkcié aktivalasa. A DOS-os verziéban Fl-gyel a Windown-os
verziéban a megfelel6 ikonra valé kattintassal torténik. A help mendben
magatdl értet6d6 modon lehet keresni a kivant informaciot.  Célszerti
mindenképpen kiprobalni. A help funkciét lehet konkrét eljardsok nevével
is hivni, ekkor a konkrét eljards haszndlatardl ad informaciét. Pl. a help
hivésa a det eljarasra vonatkozodan:

> help(det);

2. Visszalapozds a képernyén. A DOS-os verziéban Fb5-tel, a Windows-os
verzioban a szokdsos moédon torténik. Akkor hasznéljuk, ha az eredmény
tul hosszu, vagy korabbi eredményre vagyunk kivancsiak.

3. Parancsok megismétlése, modositisa A DOS-os verzidban a folfelé és lefelé
mutatd kurzor nyilak segitségével, a Windows-os verziéban az egérrel lehet
a mar beadott parancsok kozott keresni. Ha a parancs, melyet hasznalni
akarunk nem sokban tér el egy korabbitol, akkor azt elokeresve és médositva
gyorsabban célhoz ériink, mint djra a teljes parancsot begépelve.
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4. A7 jel a legutoljara kiszdmitott eredményre utal, ”” az azelSttire, stb.

Szimbdlikus véltozdknak betiivel kezd6dd, betiikbél, szamokbdl és egyéb (nem
miiveleti) jelekbdl allé Gsszefliggd jelsorozatokat haszndlunk. A kis és nagy betiik
kozott kiilonbség tevodik. A mar értéket kapott szimbdlumok értékeit (ha azok nem
vektorok vagy métrixok) kifrathatjuk gy, hogy a parancs sorba a szimbdlum neve
mogé ;—t tesziink. Matrixok vagy vektorok értékeit a print utasitassal frathatjuk
ki. Az értékado utasitast := —val jeloljik.

> a:=1/2+3/7+2/11;

> 154%a;

171

A MAPLE a szamokat pontos kozonséges tort alakban tarolja, amig a tizedes tort
alak kiszamitdsat az evalf paranccsal el6 nem irjuk:

> evalf(a);
1.110389610

A tizedes tortek 10 jegy pontossdguak, ami azonban a Digits véltozé megfelel
bedllitasaval valtoztathato:

> Digits:=40;
Digits := 40

\"

evalf(a);
1.110389610389610389610389610389610389610
> Digits:=10;
Digits := 10
> h:=tan(3/7*Pi);
h := tan(3/7 Pi)

\'2

evalf(h);
4.381286277

A Pi E,Irendre a 7, e,v/—1 szimbdlumokat jelolik.
Az alapmiiveletek jele a szokédsos +, *, /, a hatvdnyozas jele a ”haztets 7.

> p:=2"(276)+1;
p := 18446744073709551617

Egész szamokat az ifaktor, egész egyiitthatés polinomokat a faktor eljarassal
bonthatunk szorzatra.

> ifactor(p);
(67280421310721) (274177)
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> f:=x"4-1;

\4

factor(f);

-1 x+1 x +1)

A normal eljards torteket hoz egyszeriisitett alakra.

> g:=(x"2-y~2)/(x-y) "3;
2 2
X -y
g = ~TTTTT
3
x -y
> g:=normal(g);
X +y
g = ~TTTTT
2
x -y

Algebrai kifejezések egyszertisitésére hasznalhatjuk a simplify eljarast is, ennek
elénye, hogy megadhatdak azon Osszefiiggések, melyeket az egyszeriisitésnél fel lehet
hasznalni. Péld4ul, ha z, az 22+ 2 + 1 polinom gyoke, akkor az z° + 23+ 1 polinom
egyszerusitése:

> simplify(x~5+x"3+1,{x"2+x+1=0}) ;

1 -x
A szorzat alakok kiszdmitdsa, a szorzds elvégzése az exrpand eljardssal lehetséges.

> expand ((x-y)*(x+y));

2 2
X -y
A subs eljaras alkalmas algebrai kifejezések helyettesitési értékeinek kiszamitaséara.

> f:= xxy;

f:=xy
> f1:=subs(x=4,y=5,f);

£1:=20
> £2:=subs(x=3,y=7,f);

£2:=21
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Komplex szamok haszndlata esetén az imaginarius egységet az I jeloli.

> a:=3+2xI;b:=1+5%I;
> c:=a/b;

> rc:=Re(c);

> ic:=Im(c);

Bonyolultabb komplex értéki kifejezéseket az evalc eljarassal lehet kiértékeltetni.

Polinomok valds gyokeit az fsolve eljardas szamitja ki, mely a complex
paraméterrel kiegészitve a komplex gyokoket is kiszamitja. Minden esetben az
eljaras elsé paramétere a polinom, masodik pedig a valtozé szimbdluma. A
gyOkoket eltarolhatjuk egy véltozdba is, ekkor ez a valtozé egy vektor lesz, melynek
komponensei a megfeleld sorszamu gyokoket tartalmazzéak.

> f:=3%xx"5-2%xx"2+1;

> fsolve(f,x);

> g:=fsolve(f,x,complex);
> gl1]l;

A MAPLE-ben egyszerii médon lehet fiiggvényeket megadni. Példaul azt a
kétvaltozos fiiggvényt, melynek értéke az (i, ) helyen (—1)"7 {gy lehet definidlni:

> f£:=(1,7)>-1"3G+));
Ezek utan a fiiggvény hivasa:

> £(2,3);

11.3.2 Alapvet6 utasitaselemek

Az if utasitds a szokdsos kétféle alakban haszndlatos (else dggal vagy anélkiil).
Lezardsa fi—vel torténik. Az if, then, else, fi szavak kozotti esetleg tobb utasitds
egy blokkot alkot.

> if a<12 then b:=3 fi;
> if a<12 then b:=3 else b:=4 fi;

A ciklikus utdsitdsok legegyszeriibb forméja a for ciklus, melyet od zér le. Ha
nem adjuk meg a kezddindexet (from) és a 1épéskozt (by), akkor a szadmlédlds 1-t81
1-esével torténik. A do és od szavak kozotti esetleg tObb utasitas alkotja a ciklus
magjat, ezek minden lépésben végrehajtodnak.

> for i from -1 by 2 to 14 do

v

k:=1;
> for j to 6 do k:=kx*j od;
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11.3.3 Linearis algebra programcsomag

A MAPLE programcsomag tartalmaz szdmos olyan eljarast, melyek linedris
algebrai jellegli szamitasok elvégzését teszik lehet6vé. Szemben az eddig targyalt
eljardsokkal, ezek a MAPLE behivdsakor nem keriilnek betoltésre. Hasznalatuk
csak akkor lehetséges, ha a

> with(linalg) ;

paranccsal kiilon betoltjik 6ket.
Adatstruktiarak

A linedris algebraban leggyakrabban vektorokkal és matrixokkal szamolunk.
Ezeket lehet definidlni vagy a méreteik megadédsaval és az elemek értékének
megadasaval, vagy kozvetlentil az elemek megadasaval.  Matrix elemeinek
felsoroldsakor az értékadéds sorfolytonosan torténik. A vektorok ill. métrixok
elemeire a megfelel6 sor és oszlopindexek szogletes zéardjelbeni megadasaval
hivatkozhatunk. Vektorokat vagy matrixokat a print eljards ir ki a képernyore.
Ennek megfelel6en az alabbi vektor illetve matrix definicidk egyenértékiiek.

> v:=vector(3);v[1]:=-1;v[2]:=7;v[3]:=5;
> v:=vector([-1,7,5]1);

K:=matrix(2,3);

K[1,1]:=1;K[1,2] :=-1;K[1,3]:=2;K[2,1]:=5;K[2,2] :=6;K[2,3]:=7;
K:=matrix(2,3,[1,-1,2,5,6,7]1);

K:=matrix([[1,-1,2],[5,6,711);

vV V V V

Alapmiiveletek

Additiv miiveleteket egymaéssal egyezd tipusi vektorokon vagy métrixokon lehet
végezni, és az eredmény is ugyanolyan tipusi lesz. Matrixok szorzasakor az ismert
szabélyok érvényesiilnek a szorzandé és a szorzat méretére vonatkozdan.

Azonos tipusu vektorok vagy martixok Osszeaddsa:

> C:=add(A,B);

Azonos tipusu A, B vektorok vagy martixok linedris kombinacidja cl,c2
egylitthatokkal:

> C:=add(A,B,c1,c2);

Az A vektor vagy métrix elemeinek szorzdsa z—szel:
> scalarmul(A,x);

Az A matrix i—edik sordnak szorzdsa z—szel:

> mulrow(A,i,x);
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Az A matrix i—edik oszlopdnak szorzasa x-szel:
> mulcol(A,i,x);
Egy A métrix i—edik sordnak z—szeresét hozzdadni a j—edik sorahoz:
> addrow(A,i,j,x);
Egy A matrix i—edik oszlopanak z—szeresét hozzdadni a j—edik oszlopdhoz:
> addcol(A,i,j,x);
Az n x n tipusu egységmatrix c-szeresének elGallitasa:
> band([c],n);

7 s

Olyan n x n tipust matrix el6allitdsa, melyben a f6atl6 alatt cl, a f6atléban ¢2,
a f64tlé folott ¢3 all:

> band([c1,c2,c3],n);

A B matrixba az A métrix bemaésoldsa gy, hogy az A bal fels6 sarka a B
(m, n)—edik elemén lesz:

> copyinto(A,B,m,n);
Az A maétrixban az r,...,s sorok torlése:
> delrows(A,r..s);
Az A métrixban az r,...,s oszlopok torlése:
> delcols(A,r..s);
Az A matrix bévitése m sorral és n oszloppal, az 1j helyeket z—szel feltoltve:
> extend(A,m,n,x);
Az A métrixban az r—edik sor és az s—edik oszlop elhagyésa:
> minor(A,r,s);
Az A métrix i—edik sora:
> row(A,i);
Az A maétrix i—edik oszlopa:
> col(A,i);
A B maétrix Osszedllitasa a vl, ..., vk vektorokbodl:
> B:=concat(vl,...,vk);

A v vektor dimenzidja:
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> vectdim(v);
Az A matrix sorainak szama:
> rowdim(A);
Az A matrix oszlopainak szama:
> coldim(A);
Az A matrix transzponaltja:
> transpose () ;
Az A métrix nyoma (azaz {84tlébeli elemeinek sszege):
> trace(A);

Matrixok vagy vektorok szorzasa. A mivelet csak megfelelé méretii métrixok
vagy vektorok esetén haszndlhaté. TObb Osszeszorzandé matrix vagy vektor is
megadhaté paraméterként.

> multiply(A,B);
> multiply(A,B,C);

Az A maétrix rangja:
> rank(A);

Az A négyzetes métrix adjungiltja. Az adjungélt matrix (i, j)—edik eleme az
a;;—hez tartozé algebrai aldetermindns (A * adj(A) = det(A) x E).

> adj(A);

Az A négyzetes méatrix determindnsa:
> det(A);

Az A négyzetes matrix inverze:
> inverse(A);

Az A vektor vagy matrix norméja. Masodik paraméterként megadhaté a norma
tipusa. Ez matrixokndl 1,2, frobenius,infinity lehet, vektoroknal pozitiv egész
szam, frobenius,infinity lehet. Kiilon specializacié nélkiil a végtelen norma keriil
kiszamitasra.

norm(A) ;
norm(A,infinity);
norm(A,1);
norm(A,2);

vV V V V

Az iq,..., 0, szamokhoz tartozé Vandermonde—féle matrix:
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> vandermonde([il,...,ik]);

Matrixokkal vagy vektorokkal végzett alapmiiveletek kiértékelése. Az evalm
eljaras alkalmazasdval az Osszeadds, skalarral vald szorzas és szorzas miiveleteinek
kiszamitdsat nagyban egyszeriisithetjiik. Példdul, ha A és B azonos tipusi
négyzetes matrixok, akkor A2+ Ax B — 2% A+ 5x B egy utasitdssal kiszamithato.
Jegyezziik meg, hogy a szorzds miiveletét ekkor &* jeloli:

> evalm(A~2+A&*B-2*A+5%B) ;

Vektorterek

A vektorterek és alterek bézisait halmazba lehet foglalni, és az eljarasok
paramétereként a béazisvektorok felsorolasa helyett az Oket tartalmazé halmazokat
is meg lehet adni. Az eljardsok egy részénél az eredmény is egy vektorhalmaz,
melynek adott sorszamu elemére mint komponensére lehet hivatkozni:

a:=vector([1,4,2]);
b:=vector([-1,2,-71);
alter:={a,b};
alter[1];

alter[2];

A vy,..., v (azonos dimenzi6ji) vektorok altal generalt altér bazisa:
> basis({vi,...,vk});

vagy

> w:={vl,...,vk};
> t:=basis(w);

a bazis els6 eleme:
> t[1];
A{vy,..., v} ésa{ws,...,w } bizissal rendelkez6 alterek Osszegének a bazisa:

> sumbasis({v1,...,vk},{wl,...,wl});

vagy

> s:={vl,...,vk};
> r:={wl,...,wl};
> t:=sumbasis(s,r);

a bazis els6 eleme:
> t[1];

A {vy,...,v} és a {wy,...,w;} bézissal rendelkezd alterek metszetének a
béazisa:
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> intbasis({v1,...,vk},{wl,...,wl});

vagy

> s:={vl,...,vk};
> r:={wl,...,wl};
> t:=intbasis(s,r);

a bazis elsé eleme:
> t[1];

Az A matrix sorai dltal generdlt altér bézisa. Ha maésodik paraméterként
aposztrofok kozott megadunk még egy véltozot, akkor abban az altér dimenzidja
tarolédik:

> rowspace(A);
> rowspace(4,’dim’);

a bazis tarolasa, az elos“ baziselem és a dimenzié kiiratdsa:

> s:=rowspace(A,’dim’);
> s[1];
> dim;

Az A matrix oszlopai altal generalt altér bazisa. Ha mdasodik paraméterként
aposztréofok kozott megadunk még egy véltozot, akkor abban az altér dimenzidja
tarolédik:

colspace(A);
colspace(A,’dim’);
s:=colspace(4,’dim’);
s[1];

dim;

V V. V VvV V

Linearis egyenletrendszerek

Az A négyzetes matrix felsé haromszog alakra hozédsa sorokkal végzett elemi
atalakitasokkal. Ha aposztrofok kozott masodik és harmadik paramétereket is
megadunk, akkor az ott szerepld valtozokba a matrix rangja illetve determindnsa
tarolédik:

\4

gausselim(A, ’rang’,’determinans’);
rang;
determinans;

vV Vv

Az Az = b linedris egyenletrendszer (paraméteres megolddsa):

\

linsolve(A,b);
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Linearis transzformaciok

Az A négyzetes matrix nulltere. A nulltér egy bazisa egy vektorhalmazban keriil
tarolasra. Ha aposztréfok kozott még egy paramétert megadunk, abban a nulltér
dimenzidja tarolédik:
> kernel(A);

vagy

> s:=kernel(A,’dim’);
> s[1];
> dim;

Az A (komplex) métrix Jordan—féle normél alakja. Ha aposztréfok kozott egy
masodik paramétet is megadunk, abban a bazistranszformdacié P matrixa keriil
taroldsra, melyre fennall P~1JP = A.

> jordan(A);
> J:=jordan(A,’P’);

n X n tipusi x sajatértéket tartalmazé Jordan blokk el6allitdsa, melyben a
féatléban x, felette 1, mashol 0 van:

> JordanBlock(x,n);

REMARK. A mi targyaldsunktdl eltéréen a MAPLE é&ltal hasznalt Jordan—féle
blokkok nem a f64tl6 alatt, hanem f6lotte tartalmaznak 1-eseket, és a Jordan—féle
normalalak is ilyen tipusu blokkokbdl épiil fel. Beldthatd, hogy ez elvi eltérést
nem jelent, a bazisvektorok megfelel¢ sorbarendezésével egyik alakbdl megkaphaté
a maésik.

Karakterisztikus polinom, sajatérték, sajatvektor

Az A négyzetes matrix karakterisztikus matrixa, x véltozéval, az x F— A méatrix,
ahol E az egységmaétrix:

> charmat (A,x);

REMARK. Mint lathat6, a MAPLE az altalunk hasznalt A — xE matrix helyett
az *F — A matrixot hasznalja. Ez azt eredményezi, az A métrix karakterisztikus
polinomja esetleg eléjelben eltérhet az dltalunk haszndlt polinomtdl, de més (elvi)
eltérés nincs.

Az A négyrzetes matrix karakterisztikus polinomja (det(x * E — A)). Ehhez
természetesen eljuthatunk gy is, hogy a karakterisztikus matrixnak képezziik a
determinénsat.

> charpoly(A,x);

vagy masképpen
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> B:=charmat(A,x);
> d:=det(B);

vagy

> d:=det(charmat(A,x));

Az A négyzetes matrix minimélpolinomja, az a legkisebb fokd polinom, melynek
a matrix gyoke (ez mindig a karakterisztikus polinom osztéja):

> minpoly(A,x) ;

Az A négyzetes métrix sajatértékeinek kiszamitdsa. A sajatértékek egy
vektorban keriilnek taroldsra. Ehhez el lehet jutni a karakterisztikus polinom
megoldasa utjan is:

eigenvals(A);
lambda:=eigenvals(A);
lambdal[1];
evalc(lambdal[1]);
evalf (lambdal[2]);

V V V VvV V

vagy masképpen

> f:=charpoly(4A,x);
> fsolve(f,x);
> fsolve(f,x,complex) ;

Az A négyzetes métrix sajatvektorainak kiszamitdsa. Az eredmény blokkok
forméjaban jelenik meg, minden blokk tartalmazza a sajatértéket, annak multip-
licitasat, és a hozzatartozd sajataltér egy bazisat. Ehhez a karakterisztikus matrix
nullterének kiszamitasa utjan is el lehet jutni.

> eigenvects(4);
vagy masképpen
> nullspace(charmat(A,ei));

ahol ei egy sajatértéke az A métrixnak.
Euklideszi terek

Annak eldontése, hogy az A méatrix ortogondlis—e (eredmény logikai tipusi, true
vagy false):

> orthog(A);
3 dimenzids vektorok kiils6 szorzatanak kiszamitasa:

> crossprod(a,b);
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Azonos dimenziéju a, b vektorok belsé (kompozicids) szorzata:

> dotprod(a,b);
> innerprod(a,b);

Az z, y vektorok belsé szorzata az A métrixra vonatkozéan (37, Y7 Aijziy;):
> innerprod(x,A,y);

A wy,...,v; linedrisan fliggetlen vektorrendszer ortogonalizéldsa, normé&las
nélkiil a Gram—Schmidt—féle eljardssal. A vektorok szeletei dltal generalt alterekre
szokdsos feltételt a kiszamitott vektorok altaldban més sorrendben elégitik ki.

> GramSchmidt ({v1,...,vk});

vagy

> s:={vl,...,vk};
> u:=GramSchmidt(s);
> ul1];

REMARK. Mint lathato, a fenti eljards csak ortogonalizdlja a vektorokat, de
nem normdlja. Ortonormalt bazis kiszamitasdhoz a vektorokat el kell osztani
hosszukkal.

e



AJANLOTT IRODALOM 159

Ajanlott irodalom

Bélteky Kdroly: Analitikus geometria és linearis algebra. Tankényvkiadd, 1987.

D.K. Fagyejev — 1.Sz. Szominszkij: Felsofoka algebrai feladatok. Mtiszaki
Konyvkiado, 1973.

Fried Ervin: Klasszikus és linearis algebra. Tankonyvkiadé, 1979.

I.M. Gelfand: Eldadésok a linedris algebrabdl. Akadémiai Kiadd, 1955.
Hajos Gyorgy: Bevezetés a geometridba. Tankonyvkiadd, 1972.

P.R. Halmos: Véges dimenzids vektorterek. Miszaki Konyvkiadd, 1984.

Kovdcs Zoltan: Feladatgyljtemény linearis algebra gyakorlatokhoz. Kossuth
Egyetemi Kiadd, 1998.

A.G. Kuros: Felsébb algebra. Tankényvkiadd, 1968.

Rozsa Pdl: Linearis algebra és alkalmazésai. Miiszaki Konyvkiadd, 1974.



Targymutato

algebra, 36, 143
altér
altérkritérium, 44

csoport, 141

determinant, 22
algebrac subdeterminant, 26
expansion, 22
order, 22
subaldeterminanant, 26

expansion theorem, 27
félcsoport, 141
gyuri, 142
matrix
inverze, 37
MAPLE, 147
nullkarakterisztikaju test, 142
permutacié, 144
inverze, 146
inverzié, 144
paratlan, 144
paros, 144

szorzat, 145

Sarrus rule, 22
skew expansion theorem, 27

test, 142
nullkarakterisztikdju, 142

vektortér, 142

160



