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The dynamics of spiral waves rotating in a thin layer of the light sensitive BelousovÈZhabotinsky reaction
mixture are studied under a homogeneous and steady illumination. At a given composition of the excitable
medium, the spiral waves meand, when no or low intensity light is applied, or rigidly rotate, when the light
intensity is increased sufficiently. There exists, however, a critical value of light intensity above which no wave
activity is supported by the medium, since its excitability is too strongly reduced by the illumination. In the
vicinity of this critical value the basic kinematical parameters of rigidly rotating spirals (such as the rotation
period, wavelength, propagation velocity, and the diameter of the spiral core) are measured as a function of the
illumination intensity. The experimental observations are in good agreement with the predictions based on an
earlier proposed kinematical theory of spiral waves in media of low excitability.

Introduction
Spiral waves have been observed in a variety of excitable
media such as cardiac muscle tissue,1 CO oxidation on platinum surfaces2 and the BelousovÈZhabotinsky (BZ) reacting
mixture.3h5 Among these systems, the BZ reaction is the most
suitable laboratory system to study the dynamics of these
waves, especially when the light sensitive Ru(bpy) 2` catalyst
3
is applied. Here the excitability of the medium (and thus the
dynamics of waves) can be easily controlled by varying the
illumination intensity.6h13
It has been shown, for example, that at a given composition
of the BZ reaction the trajectory of the spiral tip depends
strongly on the illumination intensity.10 Moreover, illumination of sufficiently high intensity can even suppress any
wave activity in the medium. In the vicinity of this critical
intensity level, spiral waves are found to rotate rigidly around
a circular core.13
The rigid rotation of a spiral wave in an excitable medium
can be characterized by well-deÐned kinematical parameters
such as the rotation period, wavelength, propagation velocity,
and the diameter of the spiral core. The properties of this
dynamical regime have been studied experimentally4,5 and
analyzed theoretically.4,14h16 In particular, it was found that
for the case of low excitability certain relations between di†erent kinematical parameters of the rigidly rotating spiral waves
should exist.15
In this paper, we report on the experimental determination
of the kinematical parameters of rigidly rotating spirals as a
function of the illumination intensity allowing, for the Ðrst
time, a direct test of the theoretical predictions.

Experimental method
The experimental set-up is that applied in our previous
studies.11h13 In order to minimize 3D e†ects, a very thin
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(0.33 ^ 0.02 mm) layer of silica gel (2 ml of a mixture of 2 ml
15% water glass, 0.612 ml 0.0206 M Ru(bpy) SO , 0.092 ml 5
3 4
M H SO and 0.296 ml H O) is prepared in a petri dish of 7
2 4
2
cm diameter. The thickness of the layer is always measured by
a microscrewmeter. The light sensitive Ru(bpy) 2` catalyst is
3
immobilized in the gel as described earlier.17 Its concentration
in the gel was kept constant at 4.2 mM.
In all experiments, 2 ml BZ mixture without catalyst
(composed of 1.00 ml 1 M NaBrO , 0.21 ml 4 M MA, 0.45 ml
3
H O, 0.39 ml 5 M H SO and 0.45 ml 1 M NaBr) is placed on
2
2 4
the top of the gel. When the phase equilibrium between the
liquid and gel has been practically established (after a few
minutes), the following concentrations are reached :
[NaBrO ] : 0.2 M, [malonic acid] : 0.17 M, [H SO ] : 0.39 M,
3
2 4
and [NaBr] : 0.09 M. (Note that the slow bromination of
malonic acid was neglected.) In addition, the reservoir can be
enlarged by adding a volume of typically 8 ml of BZ mixture
diluted to half the concentration values speciÐed above. The
gel and the solution were kept at an ambient temperature of
22 ^ 1 ¡C.
The gel in the petri dish is uniformly illuminated from
below with a video projector (Panasonic PT-L555E) controlled by a computer via a frame grabber (Data Translation,
DT 2851). The light of the video projector is Ðltered with a
band-pass Ðlter (BG6, 310È530 nm). The intensity of the light
passed through the Ðlter was measured before each experiment by using a photometer (Tektronix, J 1812). The photometer was put in exactly the position of the Petri dish during
the experiments.
The oxidation waves are observed in transmitted light by a
CCD camera (Hamamatsu H 3077) from above the gel, due to
the di†erence between the absorption of the oxidized and the
reduced state of the catalyst. To further enhance the images a
narrow band pass Ðlter (490 nm) is placed between the gel and
the camera. The images were stored on a video recorder (Sony
EVT 301).
At the beginning of an experiment the oxidation waves
begin to emerge spontaneously, usually at the boundary of the
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petri dish. A cold light source of high illumination intensity
(Schott, KL 1500) is applied to break a spontaneously formed
wavefront in the middle of the dish, where it has a practically
planar shape. The light source provides a circular spot
(diameter, 1 cm) of local illumination of the gel. Since inside
this spot the wave activity is completely suppressed, the front
of a travelling wave is broken and two open ends are formed
that evolve into a pair of counter-rotating spirals. Subsequently, the light spot is applied to the open end of one of the
spirals and slowly shifted along its wavefront towards the
boundary of the dish. This procedure allows one to erase the
spiral as one removes a pen trace with an eraser. The other
single spiral remaining in the center of the dish constitutes the
initial condition for all reported experiments.
In order to characterize the main features of spiral rotation,
it suffices to consider the trajectory of the spiral tip. The location of a given spiral tip is determined by the following procedure. Contour lines (0.6 ] wave amplitude) of spiral images
are extracted from two consecutive frames of the digitized
movie with a time step of 3.12 s. The tip is deÐned as the
intersection point of these two contour lines. The location of
this point in the frame is determined by a special computer
procedure.18 The trajectory of the tip is obtained by connecting the temporal sequence of the points representing the location of the tip for each time step.

Experimental observations
Fig. 1 shows snapshots of rotating waves at two di†erent light
intensities, I \ 1.8 and 2.0 W m~2, respectively. In Fig. 1(a),
the tip rotates rigidly around a closed circle that marks the
boundary of the spiral core. On the other hand, when switching to a higher intensity (I \ 2.0 W m~2), the tip of the spiral
wave moves away from the center of the observation area due
to a pronounced increase in the core radius, as indicated by
the trajectory in Fig. 1(b). The travelling of the spiral tip

Fig. 1 Rigid rotation (a) and disappearance (b) of a spiral wave from
the observation area. Curves show the trajectories of the spiral tip at
I \ 1.8 W m~2 (a) and I \ 2.0 W m~2 (b). In image (b) two snapshots
of the spiral are shown at t \ 164 and 421 s after the intensity was
switched from 1.8 to 2.0 W m~2.

during this experiment is shown by its trajectory overlaid on
the spiral images taken at t \ 164 and 421 s, respectively. One
can foresee that the tip will soon disappear from the observation area.
A systematic study of the inÑuence of the illumination
intensity on the tip movement has been determined in a series
of experiments. The trajectories of the spiral tip shown in Fig.
2(a) illustrate that at rather low light intensities (0.2È0.6 W
m~2) the spiral tip moves on a hypocycloid composed of four
loops. The dynamics of these loops has been discussed in
detail earlier.5,19
Interestingly, under rather strong illumination (0.8 W m~2
and higher), the spiral wave rotates rigidly and the wave tip
moves on a closed circle comprising a spiral core. The core
radius of these rigidly rotating spirals increases with increasing illumination intensity. It can be clearly seen, that there
exists a critical value of the light intensity, above which the
spiral tip travels all the way to the boundary of the gel

Fig. 2 Experimentally determined kinematical parameters as a function of the light intensity, I : (a) diameter of spiral core, d, with overlaid spiral
tip trajectories (10 times enlarged), (b) rotation period, T , and (c) wavelength, j, of spirals and (d) propagation velocity, v , of a propagating wave
0
far away from the spiral core.
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medium, which in turn will lead to the disappearance of the
spiral wave itself (cf. Fig. 1(b)). That is, the spiral wave propagation in the excitable medium is completely suppressed at
these high intensities.
In order to quantify these observations the kinematical
parameters of the rigidly rotating spirals were determined as
follows. The diameter of the spiral core, d, is calculated as the
average diameter of the circular trajectories of the spiral tip.
The rotation period, T , is determined as the average time
during which two consecutive wavefronts reach a predeÐned
measuring point. The wavelength, j, is computed as the
average length of the normal vector connecting two consecutive wavefronts. The propagation velocity, v , was derived
0
from the timeÈspace plot of a propagating wave. Parameters
T , j and v were determined from data measured relatively far
0
away (at a distance of at least 2È3 j) from the center of rotation, where the curvature of the front is very small.
Obviously, the variation in the light intensity a†ects all of
the characteristics of a rotating spiral. The solid dots in Fig.
2(a) indicate a signiÐcant growth of the core diameter as the
light intensity is increased from 0.6 to 1.8 W m~2. The experimentally determined values of T , j and v are plotted as a
0
function of the light intensity in Fig. 2(b), (c) and (d), respectively. Both T and j increase to inÐnity as the light intensity is
increased, which is similar to the Ðnding for the core size d
(Fig. 2(a)). Note that v varies only within a small range
0
(^5%) around an average value.

Kinematical consideration
In order to interpret the obtained dependences of the measured parameters on the illumination intensity, let us consider
the kinematics of a rotating spiral wave. A scheme of a rigidly
rotating spiral wave is shown in Fig. 3. Points q and Q on the
contour line of the excitation wave correspond to the shortest
and the tangential radius-vectors, r and r , respectively. Each
q
Q
point of the contour line is involved in a visible rotatory
motion that occurs at the speed u \ wr, where w is the rotation frequency and r is the distance from the rotation center.
On the other hand, the real displacement of the wave front
occurs in the normal direction with respect to the contour line
due to the physical nature of the travelling excitation waves.
Point q does not move in the normal direction. Its location
can be determined as the intersection of contour lines plotted
at two close instants (see Experimental method). This corresponds to the deÐnition of the spiral tip used in our experiments. Indeed, the circle in Fig. 3 is the trajectory of the spiral
wave tip determined as the intersection of contour lines
plotted at two close instants separated by time step *t \ 3.12
s. In the theoretical limit *t ] 0 the spiral wave tip should
coincide with point q.
Point Q also plays an important role in the kinematical
description of the spiral wave, because its visible rotation

Fig. 3 Scheme of the rotating spiral wave, where d is the diameter of
the spiral core and u is the rotation frequency of the spiral tip. The
circular path shows the trajectory of the spiral tip. Points q and Q on
the contour line of the excitation wave (shaded area) correspond to
the shortest and the tangential radius-vectors, r and r , respectively.
q
Q

around the center coincides with the displacement in the
normal direction to the wave front. The trajectory of the point
Q can be considered as the boundary of a circular hole around
which the spiral wave circulates. Under the assumption of a
constant normal propagation velocity v \ v , it was shown
0
that the shape of the spiral around such a hole represents the
involute of the hole.4,20 This geometrical consideration agrees
well with Ðndings from experiments in nonhomogeneous
media.21,22
In our experiments we are dealing with a spiral that rotates
freely in a homogeneous medium. The size of the spiral wave
core in this case is a natural feature of the medium, rather
than the diameter of an artiÐcially made hole. However, the
shape of the rotating spiral is very similar to the involute of
the circular trajectory of the point Q, and some basic relationships between the spiral wave parameters are valid and useful.
For example, in the framework of the Wiener model,20 the
rotation period of a spiral wave circulating around a hole is a
linear function of the diameter d :
T \ pd/v

(1)
Q
and the wavelength j of the spiral should also be proportional
to the diameter d :
j \ pd.

(2)

These predictions agree rather well with the dependences
shown in Fig. 4, where the mutual relationships between the
measured kinematical characteristics are presented. Indeed,
the period, T (left axis), and the wavelength, j (right axis), are
practically linear functions of d. The experimental data can be
well approximated by using the following equations
(calculated with linear regression) : T /s \ 15.12 ] 107.5d/mm
and j/mm \ 0.74 ] 3.35d/mm. Note that the intercepts are
not equal to zero for both functions. The reason for this discrepancy is that the measured value d is not the diameter of
the trajectory of point Q, as is clearly seen in Fig. 3. More
precise formulae for T (d) and for j(d) can be written as
T \ p(d ] D)/v

Q

(3)

and
j \ p(d ] D)v /v ,
(4)
0 Q
where D is the di†erence between the diameters of the trajectories of points Q and q, and v is the normal propagation
Q
velocity at point Q. The calculated intercept for j(d) allows
one to estimate the di†erence D \ 0.22 mm corresponding to
our experiments. It is not surprising that this value is relatively small, because in media of low excitability the wave is
rather thin with respect to the core size and, therefore, points
q and Q are close to each other.
A more elaborate kinematical description of a freely rotating spiral in a medium of low excitability is based on the
assumption that the normal propagation velocity, v, of a

Fig. 4 Mutual relations between the kinematical parameters : rotation period, T , and wavelength, j, as a function of the core diameter,
d.
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curved wavefront is a linear function of its curvature, i.15 If
the curvature is considered positive for a convex wavefront,
the so-called eikonal equation is written as
v(i) \ v [ Di,
(5)
0
where v is the velocity of a plane wave and D is the di†usion
0
coefficient of the activator species in the medium.
Far away from point Q the curvature of the wavefront vanishes and the propagation velocity is practically constant :
v \ v . However, the curvature at point Q, i , is positive and
0
Q
v \ v . Due to this, the shape of a freely rotating spiral
Q
0
di†ers from the involute of the trajectory of point Q.
In order to determine this shape, it is useful to specify the
curvature i as a function of the arc length s : i \ i(s) (the
natural equation of a curve). All the points of a spiral wavefront move in the normal direction with velocity v(i), which
results in a variation of the local curvature. On the other
hand, the resulting displacement of the front as a whole looks
like the rotation of the spiral without any change in its shape.
In order to fulÐll these conditions, the function i(s) should
obey the following integrodi†erential equation15
D

di
\i
ds

P

s

iv ds@ [ u

(6)

0

with two boundary conditions
i(0) \ i ; i(O) \ 0.
(7)
Q
Here u \ 2p/T is the rotation frequency. The value of u can
be obtained as a solution to the nonlinear boundary problem
(eqn. (6) and (7)). Obviously, the value of the rotation frequency, u, should be a function of the parameters in the
eikonal equation : v , D and i . Taking into account the
0
Q
dimensions of these parameters, the rotation frequency can be
expressed as15
v2 gr(g)
u \ v i r(g) \ 0
,
0 Q
D

(8)

where t(g) is a well deÐned function of the dimensionless curvature, g
Di
Q.
(9)
v
0
The exact functional form t(g) is not known. However, the
numerically determined values can be well approximated by
the following expression15
g\

r(g) \ 0.685g1@2 [ 0.06g [ 0.293g2.

(10)

An important limiting case is g \ 1 which corresponds to
the maximal possible curvature at the point Q : i \ v /D.
Q
0
According to eqn. (10), t(1) \ 0.33. We note that the same
value has been found earlier in numerical solutions to the
problem of crystal growth.14 The other limiting case is g @ 1
corresponding to a very small curvature i . In this case the
Q
shape of the wavefront has been found analytically, and an
expression for the rotation frequency has been obtained that
coincides with the Ðrst term of eqn. (10).23
According to eqn. (8), the dimensionless parameter g plays
an important role in determining the frequency of spiral rotation. Experimental values for D and v are readily available
0
but, unfortunately, it is quite difficult to determine the value of
i from the contour lines of spiral waves detected with a CCD
Q
camera. Therefore, one has to Ðnd an indirect way to determine the value of g.
According to the eikonal eqn. (5), the normal velocity at
point Q is deÐned as
v \ v [ Di .
(11)
Q
0
Q
As mentioned above, in media of low excitability the wavefront is rather thin, and points q and Q are so close to each
4750
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other that v B v . Therefore, we can rewrite eqn. (11) :
Q
q
v B v [ Di ,
q
0
Q
yielding

(12)

v [v
q.
g\ 0
(13)
v
0
The value of v is proportional to the measured diameter of
q
the core according to
pd pdv
0.
v \ \
q T
j

(14)

Thus we obtain the following equation
g\1[

pd
,
j

(15)

which in turn allows one to calculate g from the experimentally determined kinematical parameters d and j at di†erent
light intensities. The values of the dimensionless curvature g as
a function of the illumination intensity I calculated in this way
are shown in Fig. 5. The tendency is quite convincing : the
larger the intensity, the smaller the curvature.
Finally, by knowing the experimental values of g and v , we
0
can calculate the theoretically expected value of the rotation
period as follows :
2p 2pD
,
(16)
u gr(g)v2
0
where D is a free parameter. The theoretically predicted values
of T are compared in Fig. 6(a) with the experimental data
measured at di†erent light intensities. The best agreement is
reached when using D \ 1.6 ] 10~5 cm2 s~1, which is consistent with the value for the BZ reaction in solution, 2.0 ] 10~5
cm2 s~1 used by other authors.24h30
Another important characteristic parameter of the spiral
wave propagation is a universal rescaling number M.25 Its
value, which is often referred to as the dimensionless spiral
di†usion number,26h29 can be calculated by the following
equation
T\

M\

v2 T
j2
\ 0 .
TD
D

(17)

According to eqn. (17), the experimental value of M can be
directly calculated from the measured rotation period and
propagation velocity. The calculated values of M (multiplied
by D) as a function of light intensity I are shown with solid
circles in Fig. 6(b).
According to the kinematical theory, we can estimate the
value of M by knowing the value of g only. Substituting eqn.
(10) into eqn. (17) gives
M\

2p
.
gr(g)

(18)

In Fig. 6(b) the estimated values (multiplied by D) are shown
with open circles. There is an excellent agreement between the
predicted and experimentally determined values.

Fig. 5 Dimensionless curvature, g, as a function of the light intensity.

Fig. 6 Comparison of experimental data (solid circles) with the theoretical predictions (open circles) (a) rotation period, T , (b) dimensionless spiral di†usion number, M (multiplied by D), and (c) curvature,
i .
Q

Based on eqn. (9), we can now make an estimate of the
curvature at point Q by using the experimentally determined
values of g (see Fig. 5) and v . In Fig. 6(c), the predicted values
0
of i are shown with open circles, while the average of the
Q
experimentally determined values are shown with solid circles.
This average has been obtained from more than 100 contour
lines of the rigidly rotating spiral wave.
The experimental error (shown by the bars) is quite large
for the following reasons. In order to determine the curvature,
one has to to compute the second spatial derivative of the
front coordinates x, y with respect to the arc length s of the
contour line determined from an experimentally observed
image. This is, however, a difficult task because of the high
level of the pixel noise. (Note that only a relatively small
section (D20 ] 20 pixels) of the whole image area of
512 ] 512 pixels is considered to determine the curvature.)
Still the agreement between the predicted and experimentally
obtained curvature values is fairly good.

ly high value, one can observe the complete disappearance of
spiral waves from the medium. In this regime, the excitability
of the medium is reduced to a critical value which corresponds
to the existence boundary of spiral waves.25 In the vicinity of
this boundary, both the dimensionless curvature, g, and the
curvature, i , decrease to zero, while the diameter of the
Q
spiral core, d, the rotation period, T , and the dimensionless
spiral di†usion number, M, grow to inÐnity.
The experimentally determined values of T , M and i are
Q
in good agreement with the predictions based on the kinematical theory of spiral waves, as shown in Fig. 6. The Ðnding
that the three functional dependences are well represented by
the theory with only one free parameter (the di†usion coefficient D), underline the validity of this approach. The experimental data also show that in the vicinity of the existence
boundary the propagation velocity, v , varies only within a
0
narrow range (D5%) around an average value. This strengthens the key assumption of the kinematical theory that in this
case the main physical reason for the unrestricted growth of
the rotation period, T , is the decrease in the curvature, i .
Q
It was demonstrated earlier that the dimensionless spiral
di†usion number, M, remains more or less constant even
under rather strong variations in the chemical composition of
the excitable media.26h29 However, in weakly excitable media,
like that studied in this work, the value of M is not constant,
but rather increases to inÐnity as the system approaches the
vicinity of the spiral existence boundary. According to eqn.
(18), the value of M depends on the dimensionless curvature g
only, and for small g the value of M can be inÐnitely large.
The limiting case g \ 0 corresponds to the existence boundary
of a spiral wave. Numerical simulations with the Oregonator
model25 also show the pronounced growth of M near to this
boundary. Similar results have been observed during the aging
of the BZ solution in a closed reactor, where the value M
grows because the aging medium becomes less and less excitable in the course of time.30
In the presented experiments the lowering of the excitability
was achieved by a well controlled increase in the light intensity, which in turn allowed us to establish several important
relationships between di†erent kinematical characteristics of
these waves. The agreement with the predictions of the kinematical theory proves that these relationships should be also
valid for media of low excitability of di†erent origin.
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