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Spiral wave dynamics controlled by a square-shaped sensory domain
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Abstract
Spiral waves rotating rigidly in a thin layer of the light-sensitive Belousov–Zhabotinsky (BZ) reaction are subjected to a timedependent uniform illumination. A non-local feedback algorithm computes the illumination intensity to be proportional to the
average wave activity within a square-shaped sensory domain. The investigations show a broad spectrum of dynamical responses
which results in square- and cross-shaped trajectories of the spiral tip, including reﬂections at the virtual walls. The geometry of the
sensory domain is crucial in determining size and shape of the tip trajectories. A theoretical approach is proposed to explain the
observed phenomena.
 2004 Elsevier B.V. All rights reserved.

Controlling the evolution of complex processes in
time and space is a major research issue of nonlinear
dynamics [1,2]. It is important for many dynamical
phenomena including the formation of spatio-temporal
patterns in chemical reactions like the CO oxidation on
platinum surfaces [3,4] or the Belousov–Zhabotinsky
(BZ) reaction [5,6]. Some of the eﬀective control methods have been applied to chemical waves propagating in
excitable media, such as external (periodic) forcing [7–9].
Methods involving a time-delayed feedback [2], require
more complex algorithms [10,11] that are based on
collecting data on the activity level of the medium.
In this report we investigate spiral waves rotating in
an excitable layer of the BZ reaction. The activity level
in this medium can be measured at one point (local
feedback) [9,12], in a given domain (non-local feedback)
[13,14] and at all points (global feedback) [10]. Of both
theoretical and practical interest is the eﬀect of shape
and size of the applied ‘sensory domain’ on the dynamics of rotating spiral waves under feedback control.
We apply square-shaped domains and ﬁnd a broad
spectrum of dynamical responses, including square*
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shaped and cross-shaped trajectories of the spiral tip.
Numerical simulations using the light-sensitive Oregonator model [15,16] reproduce this behaviour. We suggest that the feedback method introduced in this work
oﬀers an eﬃcient tool for controlling also the dynamics
of other excitable media.
We study spiral wave dynamics in thin layers of the
BZ reaction with the light-sensitive Ru(bpy)2þ
3 catalyst
[17]. This catalyst promotes the autocatalytic production
of HBrO2 , the activator species of the BZ system. The
applied illumination enhances the production of
the bromide ion, an inhibitor species, and thus decreases
the system’s excitability which, in turn, results in slowing
down the wave activity in the medium. This provides an
experimentally accessible method to control spiral wave
dynamics, in that the light intensity inﬂuences parameters such as the wavelength and the diameter of the
spiral core.
In our experiments, the Ru(bpy)2þ
3 catalyst was immobilized in a silica gel matrix [18] (thickness 0.3 mm,
diameter 5 cm) at a concentration of 4.2 mM. The reactants and their concentrations (disregarding bromination of malonic acid) were: NaBrO3 (0.20 M), malonic
acid (0.17 M), H2 SO4 (0.39 M) and NaBr (0.09 M)
[12]. The experiments were carried out at an ambient
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temperature of 25  1 C. We created a spiral wave by
using a spot (diameter, 1 cm) of intense light from a cold
light source to break a propagating wave front (this
creates two wave ends) and suppressing one of the open
ends with the light spot to leave a single spiral in the
center of the dish [12]. The reaction layer was uniformly
illuminated from below with a video projector controlled by a computer via a frame grabber. The oxidation waves were observed in transmitted light by a CCD
camera and stored on a computer. The main features of
spiral rotation, the trajectory of spiral tip, is determined
by a special computer procedure given in [9].
In our non-local feedback algorithm, the illumination
intensity applied to the reaction layer is given by
Kheowan et al. [13]
IðtÞ ¼ I0 þ kfb ½BðtÞ  B0 ;

ð1Þ

where I0 is a constant background intensity. BðtÞ is the
average grey level of the pixels in the square-shaped
sensory domain
n
1X
BðtÞ ¼
Gi ðtÞ;
ð2Þ
n i¼1
where 0 6 Gi 6 255 is the grey level of a given pixel, and
n is the total number of pixels in the domain. Note that a
larger grey level corresponds to higher concentration of
the oxidized form of the catalyst (bright fronts). The
intensity of the feedback illumination IðtÞ is controlled
by the gain kfb , and the value of BðtÞ. The constant B0 is
the BðtÞ averaged over one period of a spiral placed in
the center of the square domain and illuminated with
background intensity I0 .
The eﬀects of such non-local feedback on a rigidly
rotating spiral wave are shown in Fig. 1. For a side
length d of the domain signiﬁcantly smaller than the
spiral wavelength k (d ¼ 0:5k), the spiral leaves the
center of the sensory domain, where its circular core was
initially placed (arrow in Fig. 1a), by drifting outwards
until it makes a turn to follow a circular path with a
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radius of about 0:76k. This motion resembles that observed in earlier reported experiments applying a small
size, circular-shaped sensory domain [13].
For a domain size equal to the spiral wavelength
(d ¼ k), the spiral core ﬁrst drifts away from the domain
center (Fig. 1b), then it approaches a stable, squareshaped trajectory with a side length of about 1.33k,
which is rotated by about 45 with respect to the domain. Note that the drift velocity of the spiral wave core
changes periodically: it is slower at the corners and
faster at the sides of the trajectory.
Fig. 1c shows the trajectory of the spiral tip in an
experiment with a still larger feedback domain,
d ¼ 1:25k. In this case, the spiral tip was initially placed
close to the domain boundary. The feedback control
induces ﬁrst a drift towards the center and subsequently
towards the middle region of the adjacent side of the
domain. This process occurs several times and consequently the spiral tip is caught inside the square,
bouncing from and to the ‘virtual walls’. Fig. 1a–c indicate that increasing the size d of the feedback domain
has a pronounced eﬀect on the shape and size of the
spiral tip trajectory. In certain ranges of increasing d,
the size of the square trajectory is reduced. Experiments
also show that the trajectories act like attractors: the
spiral tip always approaches them independently from
its initial position.
We complemented the experiments by numerical
simulations using the Oregonator model [15], extended
by a term / ¼ /ðtÞ accounting for the eﬀect of bromide
ion produced due to the illumination [16]:


ou 1
uq
2
¼ u  u  ðfv þ /Þ
ð3Þ
þ r2 u;
ot

uþq
ov
¼ u  v:
ot

ð4Þ

Here, the variables u and v describe the evolution of the
concentration of the autocatalytic species HBrO2 and

Fig. 1. Experimental trajectories of a spiral wave tip subjected to the feedback control Eqs. (1) and (2) for diﬀerent sizes of the sensory domain: (a)
d ¼ 0:5k (k ¼ spiral wavelength) with B0 ¼ 24, kfb ¼ 0:2, (b) d ¼ 1:0k with B0 ¼ 24:5, kfb ¼ 0:8, and (c) d ¼ 1:25k with B0 ¼ 19, kfb ¼ 0:45. I0 ¼ 0:70
mW cm2 for all experiments. The domains and the initial spiral core locations are indicated by squares and thick arrows, respectively. The spiral
images are shown for the start of the trajectory in (a) and (b) and the end of the trajectory in (c). Scale bar: 1 mm.
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the oxidized form of the catalyst, respectively. Due to
the immobilization of the catalyst, variable v does not
diﬀuse in this model. The parameters e ¼ 0:05, q ¼ 0:002
and f ¼ 3:5 are kept constant. Non-local feedback is
introduced into the model by varying the value of /ðtÞ
according to [10]
~ B
~ 0 ;
/ðtÞ ¼ /0 þ kfb ½BðtÞ
Z
1
~
BðtÞ ¼
vds;
S s

ð5Þ
ð6Þ

~
takes
where /0 is constant ( ¼ 0.01). The integral BðtÞ
into account the eﬀect of the average wave activity in the
~ 0 refers
square-shaped sensory domain S. The constant B
to this integral averaged over one period of a spiral
placed in the domain center with constant production
term /ðtÞ ¼ /0 .
Fig. 2a shows the result of calculations based on Eqs.
(3)–(6) with d ¼ k (41 s.u.) and kfb ¼ 0:1. The spiral core
was initially located at the center of the sensory domain.
Switching on the feedback control induces the drift of the
spiral core ﬁrst outwards from the center and then along
a square-shaped trajectory, in good agreement with the

(a)

(c)

experimental results (Fig. 1b). In the parts of the trajectory labeled 1 and 4 the center of the core drifts approximately along a straight line. In part 2 the trajectory
starts to bend and to slow down and then turns by 90 in
part 3. Corresponding changes in the illumination intensity /ðtÞ are shown in Fig. 2b. The feedback algorithm
is turned on at t ¼ 20 (after about 3 rotations) resulting
in large amplitude oscillations of the / values. To show a
slight shift in the phase of this oscillation, black dots
have been plotted on the abscissa at an interval equal to
the oscillation period measured at the part of the trajectory labeled 1. Using these ‘stroboscopic’ dots, the
phase shift, for example, between points labeled 1 and 4
can be determined as 0.54p, which agrees well with the
angle diﬀerence of the drift directions (90) at points 1
and 4 of the square-shaped trajectory in Fig. 2a.
The oscillations in /ðtÞ are due to corresponding
changes of the value of the integral in Eq. (6), which we
analyze by considering unperturbed spirals (without
feedback) placed inside and outside the quadratic sensory domain. The location of the spiral tip is indicated
by black circles labeled with letters P–S, as indicated in
the quadratic insert of Fig. 2c. These black circles depict

(d)

(b)

Fig. 2. Spiral wave simulated by Eqs. (3)–(6) under feedback control derived from a square domain with d ¼ k. The computations were performed by
the explicit Euler method, using a ﬁve-point approximation of the Laplacian on a 384 · 384 array with a grid spacing Dx ¼ 0:5 and time step triangle
t ¼ 0:001. (a) Trajectory of spiral wave tip under a feedback control with kfb ¼ 0:10. (b) Value of /ðtÞ corresponding to the trajectory in (a). The
feedback was switched on at time ¼ 20. a is the rotation phase. (c) Analysis of integral (Eq. (6)) as a function of the rotation angle h of the spiral
wave (without feedback) for diﬀerent locations of the spiral wave core. Each curve is labeled by letters that correspond to those in the square domain
~
(inset) and indicate the location of the spiral core. B~0 is the average value of BðhÞ
for one rotation of a spiral placed at the domain center. Rotation
phases given by arrows are: aR ¼ 1:48, aS ¼ 1:97. (d) Flow map of spiral core trajectory. Arrows indicate the velocity and the direction of the drift.
~ at that point (arrow tail)
Distance between data points is 1=8k. The direction of each vector is determined from the diﬀerence between the phase of B
~
and a reference phase (in this case p=4). Its modulus is calculated as the integral of jBðhÞ–
B~0 j over one period of the rotation angle h.
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the locations of the spiral core along the trajectory in
Fig. 2a. For example, points R and S in the insert correspond to the parts of the trajectory in Fig. 2a, labeled
1 and 4, respectively.
~
The B-values
are calculated and plotted in Fig. 2c for
one rotation of the spiral (0 6 rotation angle h 6 2p),
~ can be written as a function
without feedback. Here, B
of the rotation angle hðtÞ, which is proportional to time
~ ¼ BðhÞ.
~
t, i.e. B
The horizontal line in this graph corre~
sponds to B~0 , as speciﬁed in the caption. Curves BðhÞ
oscillate with diﬀerent shape and amplitude for diﬀerent
locations P–S. Considering the extrema of these curves
~
BðhÞ,
their high values at location P result in a large
perturbation and therefore, a fast drift of the spiral wave
core, as observed in Fig. 2a. Around location Q, corresponding to one of the corners of the square-shaped
trajectory in Fig. 2a, the values of these extrema drop,
therefore, the drift around the corners is slow. In order
to explain the direction of the drift, the phase of curve
~
BðhÞ
must be characterized. Note that all shown curves
~
cross the reference line, BðhÞ
¼ B~0 , with a positive slope
only once during a rotation period. In order to further
characterize these curves, the value of the rotation angle
at the intersections is deﬁned as the rotation phase a.
~
One can see that the shapes of the BðhÞ
curves at locations R and S (with drift directions that are perpendicular to each other) are similar, but their phases diﬀer by
about 0.5p (compare aR and aS in Fig. 2c). This corresponds well to the phase shift of 0.54p in the feedback
signal in parts 1 and 4 of Fig. 2b.
For a more detailed analysis, the local values of
~
~ x;y ðhÞ were determined on a ﬁner grid of core
BðhÞ
¼B
locations (x; y). This provides the possibility to construct
a ﬂow map shown in Fig. 2d. As described in the caption,
this ﬂow map is based on phases representing the drift
~
directions. The integral of jBðhÞ–
B~0 j over one period is
taken as a measure for the magnitude of the perturbation
and represents the drift velocity. Most of the ﬂow vectors
are attracted towards a square trajectory, on which they
are caught in a counterclockwise motion, in agreement
with the observed attractor in Fig. 2a.

(a)

(b)

(c)

Fig. 3. Simulation results of the spiral wave dynamics under a feedback
control derived from diﬀerent sizes of the domain: (a) d ¼ 0:5k,
kfb ¼ 0:10, (b) d ¼ 1:25k, kfb ¼ 0:20, and (c) d ¼ 2k, kfb ¼ 0:50. Trajectories (a) and (b) correspond to experiments shown in Fig. 1a and c,
respectively.
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The dynamics of such an attractor changes with the
size of the integration domain. For a rather small domain (d ¼ 0:5k) one obtains a circular attractor
(Fig. 3a), similar to that of Fig. 1a. Here, the four-fold
geometry of the sensory domain is not reﬂected in the
shape of the trajectory. For domains larger than the
spiral wavelength, the size of the attractor decreases, as
shown in Fig. 3b where d ¼ 1:25k. The 90 turns of the
drift direction close to the virtual walls agree with the
experimental observation (Fig. 1b). An interesting crossshaped trajectory is created by further increasing the
domain (Fig. 3c).
Our experimental and numerical results demonstrate
that the considered nonlocal feedback algorithm is
highly eﬃcient to control spiral wave dynamics. The
method can be transferred to control such dynamics in
other types of spatially extended systems, e.g. in cardiac
[19] and neuronal tissue [20] or in the context of intracellular calcium dynamics [21]. The size and shape of a
sensor by which we collect information about the activity level of a dynamical system turns out to be crucial
and decisive on determining the size and shape of the
spatio-temporal attractor governing the behaviour of
the system under feedback control.
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