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Dynamics of oscillations in electrochemical systems are aﬀected by both chemical and physical
properties of the systems. Chemical properties include the type of electrochemical reaction, the
electrode material, the composition of the electrolyte, etc., while physical properties include the
solution resistance, the cell constant, the electrode size, the rotation rate, the external resistance,
etc. Earlier, we proposed the application of cell-geometry-independent phase-diagrams to
characterize the oscillatory regions in the electrode potential vs. external resistance parameter
plane. In this report, we investigate how this type of phase diagram changes with the surface area
(electrode radius) and the rotation rate of an electrode. Based on linear stability analysis of a
general, two-variable model for negative-diﬀerential resistance (NDR) type electrochemical
oscillators we propose a scaling relationship. It predicts that all scaled data points derived from
the critical values of parameters (resistance and potential) characterizing the onset of oscillations
should fall—independently of the size of the electrode and the rotation rate—on a single plot.
The analytical predictions are tested in both numerical simulations and experiments with copper
electrodissolution in phosphoric acid.

1. Introduction
Electrochemical systems exhibit a wide range of oscillatory
behaviour including smooth or relaxation type periodic,
quasi-periodic, and chaotic waveforms.1–4 The dynamical
behaviour depends not only on the surface concentration of
electrochemically active species but also on the potential drop
across the double-layer. It has been noted that when the
electrode potential plays an essential role in the origin of
current oscillations, the electrochemical system exhibits (at
least hidden) negative diﬀerential resistance (NDR) in a
certain region of the overpotential. Chemical reactions that
can produce negative diﬀerential resistance include metal
passivation, potential dependent adsorption of an inhibitor,
desorption of a catalyst and reactions exhibiting Frumkineﬀects or chemical autocatalysis.2
However, the presence of NDR is only a necessary, but not
suﬃcient condition for current oscillations. The occurrence of
oscillations in an electrochemical cell is aﬀected not only by
the chemical properties of the system (the type of electrochemical reaction, the electrode material, the composition of
the electrolyte, etc.) but also by several physical eﬀects related
to the rate of mass transfer (e.g., the rotation rate of a rotating
disk electrode, the electrolyte viscosity) or to the potential
drop in the solution or in the external circuitry (e.g., solution
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resistance, cell constant, electrode size, external resistance,
etc.).1–4 Whether an electrochemical system is oscillatory
or not strongly depends on the physical parameters of the
electrochemical cell. Many of the observations indicated that a
minimal uncompensated potential (IR) drop is required:
current oscillations were observed on large electrodes3 and
at large rotation rates.5–7 The minimal IR drop was experimentally measured for iron electrodissolution for diﬀerent
sulfuric acid concentrations and rotation rates.8 These
observations are expected to hold for a large class of electrochemical systems, because the underlying mechanisms
(presence of NDR with suﬃcient external IR drop) are
common features of electrochemical oscillations. We have
proposed a non-traditional phase diagram with the use of
impedance spectroscopy: the oscillatory regions were mapped
in the electrode potential vs. external resistance parameter
plane9 and thus were independent of the presence of IR drop
in the cell.
In this paper, we determine the quantitative dependence of
the oscillatory regions of NDR systems on two important
experimental parameters: the electrode surface area A (or
electrode radius r) and rotation rate d. Based on linear stability
analysis of a general, two-variable model for NDR-type
electrochemical oscillators an analytical relationship is
proposed for the A and d dependence of the non-traditional
phase diagrams. The analytical approximations are tested in
both numerical simulations and experiments with copper
electrodissolution in phosphoric acid. Finally, the signiﬁcance
and limitations of the obtained results are discussed
concerning the predictability of oscillatory regions in electrochemical systems.
Phys. Chem. Chem. Phys., 2009, 11, 7669–7677 | 7669

2. Analytical prediction: a scaling relationship
for NDR-type electrochemical oscillators
A general, two variable model of a potentiostatic NDR type
electrochemical oscillator10 is given by the following set of
ordinary diﬀerential equations:
Cd

de V  e
 nFkðeÞc
¼
dt
ARs

ð1Þ

dc
2
2Do
¼  kðeÞc þ 2 ðco  cÞ
dt
a
a

ð2Þ

Eqn (1) and (2) describe the charge and mass balance,
respectively, for an electrochemical process. The dynamical
variables are the electrode potential e and the near-surface
concentration of the electroactive species c. Cd is the double
layer capacitance, A is the surface area of the electrode, V is
the circuit potential, Rs is series resistance (including solution
resistance), F is the Faraday constant, n is the number of
electrons in the reduction reaction, a is the Nernst diﬀusion
layer thickness, Do and co are the diﬀusion constant and the
bulk concentration of the electroactive species, respectively.
k(e) is the potential dependent rate constant; for NDR systems
considered in this study k(e) exhibits N-shaped dependence on
e with a negative diﬀerential resistance region.2
In a typical potentiostatic experiment the current i(t) =
(V  e(t))/Rs is measured while the circuit potential V is kept
constant. The dynamical behavior of the equations has been
analyzed in great detail.2,4 It was shown that oscillation can
develop if dk(e)/de o 0, i.e., when there is negative slope on
the polarization curve (N-NDR system).
At the steady state (ess, css) the limiting current density jl is
deﬁned as
jl ¼

V  ess
¼ nFkðess Þcss
ARs

ð3Þ

Based on eqn (2), its value can be calculated as follows:
jl ¼

nFDo
ðco  css Þ
a

ð4Þ

By considering that in the mass transfer region css E 0, and
taking into account the known relationship between the
thickness (a) of the Nernst diﬀusion layer and the rotation
rate (d) of the electrode11
a¼

b
d 0:5

ð5Þ

where b is a constant, one arrives at the Levich equation:11
jl ¼

nFDo co 0:5
d
b

ð6Þ

Linear stability analysis (see the Appendix) predicts that the
locus of Hopf points (onset of oscillations through Hopf
bifurcations) varies with rotation rate d as follows
RH A ¼ Cðess Þ þ

Dðess Þ
d 0:5
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ð7Þ

where RH is the solution resistance at the Hopf point,
Cðess Þ ¼ 

1
ss Þ
nFco dkðe
de

ð8Þ

and
Dðess Þ ¼ 

kðess Þb
ss Þ
nFco Do dkðe
de

ð9Þ

Note that in these equations both C and D depend on the
electrode potential at the bifurcation point. The relationship
deﬁned by eqn (7) can be interpreted qualitatively with the
assumption that there is a minimal IR = constant potential
drop, which is required to induce oscillations.8 According to
the Levich equation11 the current will be proportional to d0.5
(see eqn (6)). Therefore, the critical resistance at which
oscillations are expected to occur should scale with 1/d0.5. By
rearranging eqn (7), one can predict a similar but somewhat
more complicated dependence: the RHA value minus a
potential dependent constant (C) will be inversely proportional
to the square root of the rotation rate as follows:
RH A  Cðess Þ ¼

Dðess Þ
d 0:5

ð10Þ

This scaling relationship has been tested experimentally during
the anodic electrodissolution of a rotating copper disk
electrode in phosphoric acid electrolyte and numerically by
using the three variable Koper–Gaspard model of this system.

3. Experimental
Experiments were performed by using a standard threeelectrode electrochemical cell equipped with a copper rotating
disk electrode (RDE), a saturated calomel electrode (Radelkis
OH-0933P) as reference, and a Pt-sheet counter electrode
(Radelkis OH-9437, area 5 cm2). A computer controlled
potentiostat (Elektroﬂex EF451) was applied to set the potential
(resolution 0.01 mV) between the working and reference
electrodes. All potentials are given with respect to the SCE.
The current was measured with an ammeter (accuracy
0.001 mA) built in the potentiostat. The sampling frequency
for data acqusition was 200 Hz. The cell was thermostated at
20  0.1 1C. Orthophosphoric acid (Merck or Reanal, 85%)
was used as received. A small cut of a copper rod (3, 5, and
7 mm diameter) was ﬁxed in the Teﬂon holder of a Tacussel
RDE apparatus that allowed the variation of rotation rate
with an accuracy of 1 rpm. The surface of the copper electrode
(99.99% purity) was freshly polished by a series of wet sanding
treatments. To remove the oxide layer from the surface of the
copper electrode, the potential was ﬁrst set to 500 mV for
2 min then swept in several cycles between 0 and 750 mV with
a scan rate of 10 mV s1. Next the series (ohmic) resistance Rs
of the solution was determined from impedance measurements
in the frequency range of 5–10 kHz at 100  20 mV rest
potential. The value of Rs was determined by averaging the
results of three independent measurements: linear extrapolation
of the impedance spectrum to inﬁnite frequency where the
imaginary part of the total impedance is zero.
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4. Model equations
The Koper–Gaspard dimensionless model12 is applied to
simulate anodic electrodissolution of a rotating copper disk
electrode in phosphoric acid electrolyte
de V  e
¼
 mkðeÞu
dt
Rs A

ð11Þ

du
5
¼  d 1=2 kðeÞu þ 2dðw  uÞ
dt
4

ð12Þ

dw 8
¼ dð2  3w þ uÞ
dt 5

ð13Þ

setting dw/dt to zero in eqn (13), it is possible to eliminate w
as a variable. The resulting two dimensional system is
dynamically equivalent to the general skeleton model
(eqn (1)–(2)). By formally applying the scaling relationship
to this reduced 2D system for the conditions given above we
obtain:
1
 ¼ 4:134  103
Cðess Þ ¼  
dkðeÞ
m de
and
Dðess Þ ¼ 

15 kðess Þ

 ¼ 5:789  103
16 m dkðeÞ
de

where V is the applied circuit potential, e is the electrode
potential, Rs is the serial resistance, A is the electrode surface
area, d is the rotation rate, u and w are the concentrations of
some electroactive species, respectively, in the surface- and
diﬀusion-layers. The potential dependent rate constant k(e) is
deﬁned as:
k(e) = 2.5y2 + 0.01 exp[0.5(e  30)]

(14)

where y is related to the potential dependent surface coverage
by the electroactive species:

1
for e  35
ð15Þ
y¼
exp½0:5ðe  35Þ2  for e435
The experimentally measured quantity, the current, is
obtained as i = (V  e)/Rs. Dynamics of model eqn (11)–(13)
have been studied in detail by Koper and Gaspard.12 For an
appropriate range of parameters (m = 120, d = 0.1–0.2,
RsA = 0.01–0.05) the model simulates well the dynamical
behaviour of Cu electrodissolution in phosphoric acid observed
in our experiments.9,13 In this study, the dynamical features
are further explored by systematically varying the electrode
size and rotation rate.

5. Results and discussion
5.1

Numerical simulations

Numerical integration of eqn (11)–(13) at d = 0.14 and
RsA = 0.02 results in an onset of oscillations at V = 36.659.
The corresponding (mean) electrode potential is e = 35.803.
The RsA value corresponding to the given rotation rate and
electrode potential could also be approximated using the
scaling relationship (eqn (7)–(9)). Note that the relationship
has been derived from the general two variable model of an
NDR type electrochemical oscillator (eqn (1)–(2)). However,
the main sources of (simple) periodic dynamics both in the two
variable skeleton model and the three variable Koper–
Gaspard model12 are the same: the presence of NDR in the
polarization curve and the slow diﬀusion of the electroactive
species from the solution bulk to the electrode surface. The
third variable w in the Koper–Gaspard model was introduced
in order to account for the experimentally observed mixedmode and chaotic oscillations. We note that w is a slow
dynamical variable in the model and, therefore, it is nonessential for simple periodic oscillations. Consequently, by
This journal is
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ð16Þ

ss

ð17Þ

ss

Based on these values, the scaling relationship (eqn (7))
predicts RHA = 0.0196 for d = 0.14. This approximated
value is only 2.0% less than the exact value used in the
numerical integrations (0.02). They are not identical because
of the approximations in obtaining equation A5 from A4 and
of some small eﬀects of w.
These results imply that (i) the analytical predictions based
on the skeleton model are transferable to a more realistic 3D
model and (ii) the approximation of neglecting the second
term on the right hand side of equation A4 is justiﬁed for the
oscillatory condition.
The dependence of Hopf bifurcation points on the circuit
potential (V) and cell resistance (RsA) are often shown in
‘traditional’ phase diagrams where the oscillatory regions are
depicted in V vs. RsA plane.2,4 In our earlier study,9 we
proposed a non-traditional phase diagram in which the
(inverse) resistance at which Hopf bifurcations occur are
plotted as a function of the electrode potential at which the
bifurcations appear (Hopf potentials). This non-traditional
phase diagram oﬀers the advantage of separating IR drop
eﬀects from kinetic eﬀects on the oscillatory dynamics. For
model eqn (11)–(13), the locus of Hopf bifurcations points in
the non-traditional phase space was determined by a twoparameter (V and RsA) branch following continuation method
using the AUTO interface of XPPAUT.14 The obtained bell
shape curve at d = 0.1 is shown in Fig. 1. Based on the curve
one can predict the oscillatory region at any RsA value:9 the
intersections of a horizontal lines 1/(RsA) with the bell-shape
locus deﬁne the Hopf bifurcation points of the system. That is,
the relative position of the 1/RsA lines and the locus of Hopf
bifurcations determine the region of oscillations. Thus the
eﬀects of electrode radius and rotation rate on the region of
oscillations can be described by the eﬀect of these parameters
on the 1/RsA line and the Hopf curve.
Eﬀect of electrode radius. The non-traditional phase
diagram (electrode potential vs. 1/RHA) is independent of
the presence of IR drop in the cell. Note that the surface area
(electrode radius) appears only in the ﬁrst term of the right
hand side of eqn (1) that deﬁnes the IR drop. Therefore, one
can foresee that the change of the electrode radius does not
change the position of the bell shaped Hopf curve in the phase
diagram.
However, changing the surface area (the electrode radius)
will change the RsA value and thus the position of the 1/RsA
Phys. Chem. Chem. Phys., 2009, 11, 7669–7677 | 7671

The appearance of current oscillations at the bifurcation
points are shown in the polarization scan is consistent with
prediction of the phase diagram and implies the existence of
oscillations above a minimal electrode radius. Note that the
bell shape curve ends for large values of RHA. Therefore, in
accordance with the theory of electrochemical oscillations2,4
there is also a maximum electrode radius above which current
oscillations cannot be found.
Eﬀect of rotation rate. The eﬀect of the rotation rate on the
oscillatory region is diﬀerent from that of the electrode radius.
The rotation rate will not aﬀect the RsA values and thus the
position of the 1/RsA line; instead it aﬀects the Hopf curve as it
was shown by the linear stability analysis (see eqn (7)). The
location of Hopf points varies with the rotation rate d such
that the bell shaped curve moves upward as d is increased.
Therefore, at a ﬁxed electrode size there is a minimum rotation
rate above which oscillation can occur.
Fig. 2 shows the eﬀect of rotation rate on the dynamics of
the model system. The bell shaped locus moves upward as the

Fig. 1 Simulation: eﬀect of electrode radius on current oscillations.
Top ﬁgure: locus of Hopf bifurcation points at d = 0.1. For a given
electrode RsA = 0.03545r. The intersections of the horizontal line
1/(RsA) and the Hopf curve give the oscillatory range in the electrode
potential e. At r = 0.63 (dotted) and r = 0.605 (dashed) oscillations
are expected, while at r = 0.564 (solid) oscillations are not possible.
Bottom ﬁgure: anodic polarization scans with vscan = 0.001, d = 0.1,
RsA = 0.03545r and r = 0.564 (top), 0.605 (middle), and 0.63
(bottom).

line. For a disk electrode15 RsA = rp/4k, where k is the speciﬁc
conductivity of the electrolyte. Therefore, RsA linearly varies
with radius r. Consequently, at suﬃciently small electrode the
1/RsA line can be pushed above the maximum of the bell
shaped curve, and the oscillations can be eliminated. Since
there is a minimal electrode radius above which oscillations
can develop, current oscillations could be induced by increasing
the size of the electrode.
The eﬀect of radius on the oscillatory region is illustrated in
Fig. 1 for d = 0.1. For our model calculations, we assume that
RsA = 0.03545r; this hypothetical dependence reﬂects the
linear dependence of RsA on electrode radius. For relatively
small electrode, r = 0.564, the 1/RsA line (solid line in Fig. 1)
does not have intersection with the Hopf curve. Therefore,
oscillations do not occur in the polarization scans (see top
scans in Fig. 1). In contrast, at r = 0.605 the 1/RsA (dashed)
line crosses the Hopf curve and thus a small oscillatory region
is observed in the (middle) polarization scan. For r = 0.63, the
1/RsA (dotted) line gives two well separated intersections with
the Hopf curve, therefore, the (bottom) polarization scan
produces a relatively wide oscillatory region.
7672 | Phys. Chem. Chem. Phys., 2009, 11, 7669–7677

Fig. 2 Simulation: eﬀect of rotation rate on current oscillations. Top
ﬁgure: locus of Hopf bifurcation points at three representative rotation
rates d = 0.14 (top, dotted), 0.12 (middle, dashed), and 0.1 (bottom,
solid). For the electrode radius r = 0.564 (RsA = 0.02) the intersections of the horizontal line 1/(RsA) and the Hopf curves give the
oscillatory range in the electrode potential e. For d = 0.14 and 0.12
oscillations are expected, while for d = 0.1 oscillations are not possible.
Bottom ﬁgure: anodic polarization scans with vscan = 0.001, at electrode
radius r = 0.564 and d = 0.1 (top), d = 0.12 (middle) and d = 0.14
(bottom).
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value of rotation rate d is increased. For the electrode radius
r = 0.564 (RsA = 0.02) the intersections of the horizontal line
1/(RsA) and the Hopf curves give the oscillatory range in the
electrode potential e. For d = 0.14 and 0.12 oscillations are
expected, while for d = 0.1 oscillations are not possible. In
the polarization scans (see Fig. 2) there are no oscillations for
d = 0.1; there is a narrow and wide oscillatory region for
d = 0.12 and 0.14, respectively. These polarization scans are in
agreement with the prediction based on the changes in the
position of the Hopf curve in the phase diagram at various
rotation rates.
Eqn (7) also predicts that at a given electrode potential the
RHA values corresponding to the Hopf points are inversely
proportional to the square-root of the rotation rate. Fig. 3
shows the calculated series of loci as the rotation rate d is
varied between 0.1 and 1.0 with 0.1 increments from which the
critical 1/RHA values corresponding to a given electrode
potential e can be determined. The series of RHA vs. d0.5
type plots (bottom Fig. 3) at diﬀerent electrode potential
values conﬁrm the predicted scaling relationship.
Eqn (10) predicts that all scaled data points derived from
the critical values of parameters (resistance and potential)
characterizing the onset of current oscillations should
fall—independently of the size of the electrode and the
rotation rate—on the diagonal of (RHA  C) vs. D/d0.5
coordinate system. We determined the C (ess) and D (ess)
values by linear least square ﬁt of data points in Fig. 3
according to eqn (10). Fig. 4 shows that the general scaling
relationship holds for all data points in the simulations.
5.2

Fig. 4 Simulation: scaling relationship (RHA  C) vs. D/d0.5 for all
the data shown in Fig. 3.

Experiments

Eﬀect of electrode radius. The locus of Hopf bifurcation
points in the experimental system has been obtained by
impedance spectroscopy (see ref. 9 for details) using disk

Fig. 5 Experiments: top ﬁgure: scaled locus of Hopf bifurcation
points in the experimental system obtained by impedance spectroscopy
at rotation rate 1000 min1 (see ref. 9 for details). The diameter of the
electrodes are 3 (m), 5 (K) and 7 (’) mm. Bottom ﬁgure: Scaled locus
of Hopf bifurcation points in the experimental system measured with
3-mm electrode at rotation rate 1500 min1. The horizontal bars show
the 1/(RsA) values for electrodes of diﬀerent sizes (determined with
impedance spectroscopy); the thickness of the bar indicates error
values in determining Rs values. Only the 7 mm electrode is expected
to oscillate.

Fig. 3 Simulation: eﬀect of rotation rate on the phase diagram. Top
ﬁgure: locus of Hopf bifurcation points at diﬀerent rotation rates d
varying between 0.1 and 1.0 with 0.1 increments from the bottom
curve to top one. Bottom ﬁgure: RHA vs. d0.5 curves from bottom to
top in the order of e = 35.1, 35.13, 35.24, 35.41, 36.1, and 36.8
conﬁrming the scaling relationship.
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electrodes of 3, 5 and 7 mm diameter. Fig. 5 shows that
regardless of the electrode radius very similar bell shaped
curves apply to each electrode at a rotation rate 1000 min1.
Although the surface area has been increased by a factor of
5.44 the peak of the locus of bifurcation points are reproduced
within ca. 20% in the 1/RHA quantities. The curves are also
quite well reproduced in the horizontal (i.e., electrode
Phys. Chem. Chem. Phys., 2009, 11, 7669–7677 | 7673

potential) direction within 25 mV. In other words, similar to
the calculations, the scaled locus can be considered invariant
to the size of the electrode. The series resistance was
determined for each electrode (3, 5 and 7 mm diameter) with
impedance spectroscopy; none of the 1/RsA lines would intersect the bell shaped curves, therefore, no oscillation is expected
to occur at rotation rate of 1000 rpm.
In the bottom ﬁgure the scaled locus is shown at rotation
rate 1500 min1 and measured with an electrode of 3 mm
diameter. The horizontal bars give the 1/(RsA) values for the
applied electrodes; the thickness of the bar indicates the error
values in determining Rs with impedance spectroscopy. Based
on the experimental data, only the 7 mm electrode intersects
the bell shaped curve and thus only this largest electrode is
expected to show current oscillations.
Fig. 6 shows polarization scans of the 5 and 7 mm diameter
electrodes at diﬀerent rotation rates. As it is expected from the
phase diagrams in Fig. 5, a scan of a rotating copper disk
electrode of 5 mm diameter does not exhibit oscillations (top
ﬁgure of Fig. 5). (We note that oscillations were not observed
with the 3 mm diameter electrode either.) In contrast, the
7 mm diameter electrode does exhibit oscillations at the larger,
1500 min1 rotation rate without any attached external
resistance as shown in the bottom ﬁgure of Fig. 6. These
results indicate that the phase diagrams in Fig. 5 can predict

the diameter of the electrode at which spontaneous current
oscillation can be observed without attaching an external
resistance to the cell. Because the electrode diameter only
aﬀects the position of 1/(RsA) lines, there will be a minimum
electrode diameter above which current oscillations can be
observed.
Eﬀect of rotation rate. The eﬀect of rotation rate on the
oscillatory region can be interpreted both qualitatively and
quantitatively using the results of the linear stability analysis
summarized in eqn (7).
Qualitatively, we expect that, by increasing the rotation
rate, the locus of Hopf bifurcation points shift to upwards
direction at each Hopf potential; because the position of the
1/RsA line does not change it is expected that a small enough
electrode that does not exhibit oscillations can show transitions
to oscillations at larger rotation rates. This qualitative eﬀect is
well reproduced in Fig. 6 where the 7 mm diameter electrode
starts to exhibit oscillations at a rotation rate of 1500 rpm.
We conclude that the experiments qualitatively conﬁrm the
predicted eﬀect of rotation rate: current oscillations are
induced through shifting the bell curve in the upward direction.
In order to quantitatively test the validity of the scaling
relation eqn (7), the locus of Hopf bifurcation points has been
determined in a large range of rotation rates with an electrode
of 3 mm diameter. The series of curves is shown in the top
ﬁgure of Fig. 7. As expected from eqn (7), the bell shaped
curve is being moved upward as the rotation rate is increased.
Plots of RHA vs. d0.5 curves created at various electrode
potentials from the top series of the scaled locus of Hopf
points are shown in the middle and bottom ﬁgures. In these
plots a linear variation is expected to occur with C and D
values changing with the potential. The experimentally obtained
linear trend in these Figures indicate that the scaling relationship eqn (7) holds well in a large potential region of
285 mV–380 mV; the scaling relationship is diﬃcult to evaluate
in a 20 mV range at the beginning (265 mV–285 mV) and the
end (380 mV–400 mV) of the potential region where the
locus of bifurcation points of diﬀerent rotation rates starts
to overlap.
Similar to the numerical simulations, the scaled data points
again fall on the diagonal of (RHA  C) vs. D/d0.5 coordinate
system (Fig. 8). This ﬁnding also shows that the critical
resistance at which oscillations occur in case of NDR-type
electrochemical oscillators is inversely proportional to the
square root of the rotation rate. We consider this scaling
relationship as a type of dynamical Levich equation11 for
electrochemical oscillators.

6. Conclusions

Fig. 6 Experiments: top ﬁgure: anodic polarization scans of a rotating
copper disk electrode of 5 mm diameter at diﬀerent rotation rates.
Scan rate: 10 mV s1. Bottom ﬁgure: anodic polarization scans of a
rotating copper disk electrode of 7 mm diameter at diﬀerent rotation
rates. Scan rate: 10 mV s1.
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Traditional non-equilibrium phase diagrams16 map systems’
behaviour in a (typically two-dimensional) parameter space.
Such phase diagrams have been proven to be useful tools to
characterize the qualitative behaviour (e.g., number of steady
states, types of oscillations and patterns) of nonlinear systems.
In electrochemical systems two important parameters that
set the dynamics and thus characterize the onset of current
oscillations are the series cell resistance and the applied
This journal is
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Fig. 7 Experiments: top ﬁgure: locus of Hopf bifurcation points from
top to bottom at rotation rates 3000, 2500, 2000, 1500 and 1000 min1.
The diameter of the electrode is 3 mm. Middle and bottom ﬁgures
conﬁrm the scaling relation in the experiments at various electrode
potentials. The scaling relationship holds at all potentials. E  Eo
(mV) in the middle ﬁgure: J 285, & 295, n 305, * 315, } 325, x 335,
and in the bottom ﬁgure: J 340, & 350, n 360, * 370, } 380 where
Eo is the equilibrium potential.

Fig. 8 Experiments: scaling relationship (RHA  C) vs. D/d0.5 for all
the data shown in Fig. 7.

external potential. Potential vs. resistance type phase diagrams
are useful for a speciﬁc electrochemical cell;2,4 however, they
strongly depend on the cell geometry (e.g., relative position of
working, reference, and counter electrodes, size of the electrodes)
of the cell. A non-traditional phase diagram9 for the oscillatory
regions can be constructed by replacing the circuit potential
with the corresponding electrode potential. The two quantities
diﬀer by the potential drop in the electrolyte and the external
This journal is
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circuitry. Because the external IR drop is subtracted from the
applied potential, the obtained phase diagrams do not depend
on the cell resistance. Moreover, the non-traditional phase
diagrams provide a convenient way of studying the eﬀects of
physical parameters on the dynamics of electrochemical oscillators.
The phase diagram (when the resistance is given per surface
area) does not depend on the surface area of the working
electrode. We showed in numerical simulations and experiments
with NDR electrochemical oscillators, that in this case, the
eﬀect of surface area can be interpreted by a change of the cell
resistance. In the phase diagram, the increase of the electrode
potential region for oscillatory dynamics with increasing the
surface area is contributed to the decreased 1/RsA values. We
note that by increasing the electrode size to a large extent, the
oscillations could become strongly non-uniform by changing
the synchronization characteristics of the oscillations or by
spatial bifurcations resulting in oscillations with complicated
spatial characteristics.2 However, the focus of our approach is
on the prediction of the onset uniform oscillations and thus
spatial eﬀects are discarded.
The phase diagram strongly depends on the rotation rate of
the electrode. Since electrochemical oscillations are induced by
a minimal IR drop2,8 and the limiting current has a Levichtype square-root dependence on the rotation rate,11 it is quite
reasonable that the resistance at which oscillations arise scales
with the inverse square root of the rotation rate. Therefore, the
derived scaling relationship (eqn (7)) can be considered as a
dynamical Levich-type equation for oscillatory electrochemical systems.
In contrast to the eﬀect of the electrode size, the increased
potential region for the oscillation with increasing the rotation
rate can be interpreted by the upward shift of the bell-shaped
curve of the locus of Hopf bifurcations in the phase diagram
while the cell resistance remains constant. The limitations of
the obtained relationship are similar to those of the Levich
equation including laminar ﬂow around the electrode;11 at
very large rotation rates turbulent ﬂow, at very low rotation
rates the appearance of diﬀusive mass transport would
complicate the description. We note, however, that many
NDR oscillators require mass transport that diﬀusion cannot
provide1 and thus the laminar, well-deﬁned ﬂow of the rotating
electrode is a common way of studying electrochemical
oscillations.
The obtained relationships considering the external
resistance, surface area and rotation rate imply that the phase
diagrams measured at a certain parameter sets can be transformed to other parameters. Such a transformation thus can
be applied to either search for electrochemical oscillations, or,
alternatively, to map the conditions for stable cell operation.
The phase diagrams are constructed with impedance measurements under stable conditions; if such conditions are not
found IR compensation can be used along with the impedance
measurements.
The phase diagrams could also provide a way for studying
the eﬀects of other experimental parameters, e.g., temperature.
Our studies show that by changes of temperature the
oscillatory region is not greatly aﬀected in the Cu phosphoric
acid system. The increase of cell resistance due to temperature
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decrease to 273 K is compensated by a downward shift of the
phase diagrams; the two eﬀects are similar in magnitude and
thus the oscillatory regions do not change signiﬁcantly.
The presented phase diagrams could be useful tools for the
investigations of the non-trivial temperature eﬀects on oscillations,
for example, temperature compensation or inverse
temperature eﬀects.17
Our analysis is based on the investigation of NDR electrochemical oscillators with supercritical Hopf bifurcations.
However, electrochemical systems can also exhibit subcritical
Hopf bifurcations18 or homoclinic bifurcations.19 With
subcritical bifurcations the oscillatory region is often underestimated since the oscillatory boundary in this case is often
marked by the saddle-node bifurcation of periodic orbits that
accompany subcritical Hopf bifurcations in low-dimensional
nonlinear systems.16 An NDR oscillator with hidden negative
resistance can exhibit saddle-loop bifurcation;19 in this case
the oscillatory region is overestimated by the Hopf bifurcation
points since the stable limit cycle is destroyed in a homoclinic
bifurcation. In both examples, however, our analysis would
give an indication of the possible occurrence of oscillations in
the predicted parameter regions.

From eqn (2), the value of css is as follows
css ¼

At the Hopf bifurcation point (e = ess, c = css), where Rs = RH,
Tr J = 0, that is
dkðe Þ

nFcss dess
1
2kðess Þ 2Do
 2 ¼0



Cd RH A
a
Cd
a

ðA2Þ

It follows from eqn (2) that at the steady state (ess, css)
2
2Do
2Do co
:
 kðess Þ  2 ¼  2
a
a
a css

1
RH A

1
dkðess Þ 2Do Cd co

¼ nFcss
RH A
de
a2 css

RH A ¼ 

Our numerical simulations indicated that the ﬁrst term on the
right hand side of eqn (A4) is the major contributing term to
the positive 1/RHA value in the oscillatory NDR region where
dk(ess)/de o 0. The second, negative term typically decreases
the 1/RHA value by about 2%. (See section 5.1 for a speciﬁc
example.)
Assuming that the ﬁrst term of the above equation is much
greater than the second one, eqn (A4) is simpliﬁed to eqn (A5).
1
dkðess Þ
¼ nFcss
RH A
de
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ðA5Þ

ss Þ
nFco dkðe
de

ðA7Þ

1 þ kðeDssoÞa

1
ss Þ
nFco dkðe
de



kðess Þb

1

ss Þ d 0:5
nFco Do dkðe
de

ðA8Þ

Applying the following deﬁnitions
Cðess Þ ¼ 

1
ss Þ
nFco dkðe
de

ðA9Þ

and
Dðess Þ ¼ 

kðess Þb
ss Þ
nFco Do dkðe
de

ðA10Þ

we arrive at eqn (A11) (eqn (7) in the text) that will be tested
numerically and experimentally:
RH A ¼ Cðess Þ þ

Dðess Þ
d 0:5

ðA11Þ

The other necessary condition for a Hopf bifurcation to occur
is that Det J 4 0. For the general, two variable model system
(eqn (1) and (2)) the determinant is as follows


ss Þ
2 kðess Þa þ Do þ RH ADo nFcss dkðe
de
Det J ¼
ðA12Þ
Cd RH Aa2
By taking into account that at the Hopf point Tr J = 0, and
substituting the resulting expression for the derivative from
(A2) into (A12), we obtain a simpliﬁed formula for the
determinant that does not contain the derivative of the rate
constant:
Det J ¼

ðA4Þ

¼

Taking into account the relationship between the thickness (a)
of the diﬀusion layer and the rotation rate (d) as deﬁned by
eqn (5) leads to the following scaling relation

ðA3Þ

Substituting eqn (A3) into (A2) results in the following
condition for the Hopf bifurcation:

ðA6Þ

Therefore, the locus of Hopf points can be given by eqn (A7):

Appendix
The locus of Hopf points as a function of rotation rate d at
constant double-layer potential e can be predicted by linear
stability analysis. The Jacobian matrix of the general two
variable model for NDR type electrochemical oscillators
deﬁned by eqn (1) and (2) is as follows:
0
1
dkðeÞ
nFc
 Cd R1 s A  Cdde
 nFkðeÞ
C
d
A
J¼@
ðA1Þ
dkðeÞ
2c
2kðeÞ
2Do
 ade

a
a2

co
kðess Þ Dao þ 1

2kðess Þ
4kðess ÞDo 4D2o

 4
Cd RH Aa
a3
a

ðA13Þ

For an oscillatory system at the bifurcation point eqn (A13)
should be positive with 1/RHA deﬁned in eqn (A4). These
conditions cannot be satisﬁed for arbitrary value of rotation
rate d; therefore, the scaling relationship (eqn (A9)–(11)) shall
be observed only for a range of rotation rates. General
analysis of this range is diﬃcult, however it is easy to show
that oscillations are not possible for very low and very high
rotation rates. At high rotation rates when d - N, a - 0, and
RHA - C, the value of Det J goes to negative in eqn (A13).
It means that at inﬁnite large rotation rate there are no
oscillations. At low rotation rates when d - 0, a - N, and
css - 0, the 1/RHA values will become negative in equation
A4. However, negative 1/RHA values will always produce
negative Det J in eqn (A13) and thus oscillations are again
not possible.
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Based on this simple argument, it is expected that the scaling
relationship (eqn (A9)–(11)) can be applied within a certain
range of rotation rates where simple periodic oscillations occur
through Hopf bifurcation; this range has been determined
numerically in the Koper–Gaspard model.12
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